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Preface 


This volume is an outgrowth of a course intended for first year graduate 
students or exceptionally advanced undergraduates in their junior or 
senior year. The purpose of the course (taught at Northwestern University 
in 1956-1957) was twofold: (a) to provide the necessary elementary back- 
ground for all branches of modern mathematics involving “analysis” 
(which in fact means everywhere, with the possible exception of logic 
and pure algebra); (b) to train the student in the use of the most fundamen- 
tal mathematical tool of our time — the axiomatic method (with which 
he will have had very little contact, if any at all, during his undergraduate 
years). 

It will be very apparent to the reader that we have everywhere 
emphasized the conceptual aspect of every notion, rather than its computa- 
tional aspect, which was the main concern of classical analysis (see [26)); 
this is true not only of the text, but also of most of the problems. We 
have included a rather large number of problems in order to supplement 
the text and to indicate further interesting developments. The problems 
will at the same time afford the student an opportunity of testing his 
grasp of the material presented. 

Although this volume includes considerable material generally treated 
in more elementary courses (including what is usually called “Advanced 
Calculus”) the point of view from which this material is considered is 
completely different from the treatment it usually receives in these courses. 
The fundamental concepts of function theory and of calculus have been 
presented within the framework of a theory which is sufficiently general 
to reveal the scope, the power, and the true nature of these concepts far 
better than is possible under the usual restrictions of ‘classical analysis.” 
It is not necessary to emphasize the well-known “economy of thought” 
which results from such a general treatment; but it may be pointed out 
that there is a corresponding “economy of notation”, which does away 
with hordes of indices, much in the same way as “vector algebra” simplifies 
classical analytical geometry. This has also as a consequence the necessity 
of a strict adherence to axiomatic methods, with no appeal whatsoever 
to “geometric intuition’’, at least in the formal proofs: a necessity which 
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we have emphasized by deliberately abstaining from introducing any 
diagram in the book. My opinion is that the graduate student of today 
must, as soon as possible, get a thorough training in this abstract and 
axiomatic way of thinking, if he is ever to understand what is currently 
going on in mathematical research. This volume aims to help the student 
to build up this ‘‘intuition of the abstract”’ which is so essential in the mind 
of a modern mathematician. 

It is clear that students must have a good working knowledge of 
classical analysis before approaching this course. From the strictly logical 
point of view, however, the exposition is not based on any previous 
knowledge, with the exception of: 

1. The first rules of mathematical logic, mathematical] induction, and 
the fundamental properties of (positive and negative) integers. 

2. Elementary linear algebra (over a field) for which the reader may 
consult Halmos [14], Jacobson [10] or Bourbaki [4); these books, however, 
contain much more material than we will actually need (for instance we 
shall not use the theory of duality and the reader will know enough 11 
he is familiar with the notions of vector subspace, hyperplane, direct sum, 
linear mapping, linear form, dimension, and codimension). 

In the proof of each statement, we rely exclusively on the axioms and 
on theorems already proved in the text, with the two exceptions just 
mentioned. This rigorous sequence of logical steps is somewhat relaxed 
in the examples and problems, where we will often apply definitions or 
results which have not yet been (or even will never be) proved in the text. 

There is certainly room for a wide divergence of opinion as to what 
parts of analysis a student should learn during his first graduate year. 
Since we wanted to keep the contents of this book within the limits of what 
can materially be taught during a single academic year, some topics had 
to be eliminated. Certain topics were not included because they are too 
specialized, others because they may require more mathematical maturity 
than can usually be expected of a first-year graduate student or because 
the material has undoubtedly been covered in advanced calculus courses. 
If we were to propose a general program of graduate study for mathemati- 
cians we would recommend that every graduate student should be expected 
to be familiar with the contents of this book, whatever his future field 
of specialization may be. 

I would like to express my gratitude to the mathematicians who have 
helped me in preparing these lectures, especially to H. Cartan and 
N. Bourbaki, who allowed me access to unpublished lecture notes and 
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manuscripts, which greatly influenced the final form of this book. My 
best thanks also go to my colleagues in the Mathematics Department of 
Northwestern University, who made it possible for me to teach this course 
along the lines I had planned and greatly encouraged me with their construc- 
tive criticism. 


April, 1960 
J. DIEUDONNE 


ERRATA 
p. 40, 18th line from top: ‘a d’ should read ‘and.’ 


p. 169, 12th line from bottom should read: 


that for each » the derivative f(0) exist and that there exist a number A > 0 
and a number ὅ >0 such that, for any ¢ such that lt) << ὃ, |én(t) — fn(0)| < Ale| 
for every ἢ. 


p. 174, 13th line from top: the ‘p’ following ‘ax’ should be a superscript. 


p. 189, 18th line from bottom should read: 


where all the /, are indefinitely differentiable and ᾿υ(3ὺ = f10,.5 0), 
p. 207, 6th line from bottom: change ‘these values’ to ‘small values.’ 
p. 232, 9th line from top: place a colon after ‘follows.’ 


p. 311, paragraph 2) should read: 


2) Let u,v be two elements of “(E), where E is a complex Banach space. Show 
that, with the notations of problem 1, the intersections of S(uv) and S(vu) withC — {0} 
are equal, (Observe that if f,g are two elements of YE) such that 1 — fg is 
invertible, and ἃ = (1 — fg)—!, then 1 + gh/ is the inverse of 1 — ef.) 


p. 334-335, delete the last 8 lines on page 334 and the first 7 lines on page 335. 
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Chapter | 


Elements of the Theory of Sets 


We do not try in this chapter to put set theory on an axiomatic basis; 
this can however be done, and we refer the interested reader to Kelley [18] 
and Bourbaki [3] for a complete axiomatic description. Statements 
appearing in this chapter and which are not accompanied by a proof or 
a definition may be considered as axioms connecting undefined terms. 

The chapter starts with some elementary definitions and formulas 
about sets, subsets and product sets (1.1 to 1.3); the bulk of the chapter 
is devoted to the fundamental notion of mapping, which 15 the modern 
extension of the classical concept of a (numerical) function of one or several 
numerical ‘‘variables’”. Two points related to this concept deserve some 
comment: 


a) The all-important (and characteristic) property of a mapping is 
that it associates to any “‘value’’ of the variable a single element; in other 
words, there is no such thing as a “‘multiple-valued” function, despite 
many books to the contrary. It is of course perfectly legitimate to define 
a mapping whose values are subsets of a given set, which may have more 
than one element; but such definitions are in practice useless (at least 
in elementary Analysis), because it is impossible to define in a sensible way 
algebraic operations on the “‘values’”’ of such functions. We return to this 
question in chapter IX. 


b) The student should as soon as possible become familiar with the 
idea that a function / is a single object, which may itself ‘“‘vary” and is 
in general to be thought of as a “‘point”’ in a large “functional space’ ; 
indeed, it may be said that one of the main differences between the 
classical and the modern concepts of Analysis is that, in classical mathemat- 
ics, when one writes /(x), / is visualized as “‘fixed’’ and x as ‘‘variable’’, 
whereas nowadays both f and x are considered as “‘variables’’ (and sometimes 
it is x which is fixed, and / which becomes the ‘‘varying’’ object). 
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I, ELEMENTS OF THE THEORY OF SETS 


The last section (1.9) gives the most elementary properties of denu- 
merable sets; this is the beginning of the vast theory of ‘cardinal 
numbers’’ developed by Cantor and his followers, and for which the 
interested reader may consult Bourbaki ([3], chap. III) or (for more 
details) Bachmann [2]. It turns out, however, that, with the exception 
of the negative result that the real numbers do not form a denumerable set 
(see (2.2.17)), one very seldom needs more than these eementayy properties 
in the applications of set theory to Analysis. 


1. Elements and sets 


We are dealing with objects, some of which are called sets. Objects 
are susceptible of having properties, or relations with one another. Objects 
are denoted by symbols (chiefly letters), properties or relations by combina- 
tions of the symbols of the objects which are involved in them, and of 
some other symbols, characteristic of the property or relation under consid- 
eration. The relation x = y means that the objects denoted by the symbols 
x and y are the same; its negation is written x + y. 

If X is a set, the relation x € X means that x is an element of the set X, 
or belongs to X; the negation of that relation is written x ¢ X. 

If X and Y are two sets, the relation X C Y means that every element 
of X is an element of Y (in other words, it is equivalent to the relation 
(Vx)(xeX=>xeEY)); we have XCX, and the relation (XC Y and 
YCZ) implies XCZ. If XC Y and YCX, then X = Y, in other words, 
two sets are equal if and only if they have the same elements. If XCY, 
one says that X is contained in Y, or that Y contains X, or that X is a 
subset of Y; one also writes Υ 5 X. The negation of X C Y is written X ¢ Y. 

Given a set X, and a property P, there is a unique subset of X whose 
elements are all elements χα X for which P(x) is true; that subset is 
ees {x € X|P(x)}. The relation {x € X|P(x)} c {x ε X|Q(x)} is equivalent 

o (Vx ε X)(P(x) > Q(x)); the relation {x € X|P(x)} = {x ε X|Q(x)} is 
pik ne to (Vx ε X)(P(x) = Q(x)). We _ have, for instance, 
X = {xe X|x = x}, and X = {x ε X|x € X}. The set O, = {χ ε X|x A x} 
is called the empty subset of X; it contains no element. If P is any property, 
the relation x ες > P(x) is true for every x, since the negation of x EO, 
is true for every x (remember that Ὁ =P means “not Q or P’’). Therefore, 
if X and Y are sets, x EO, implies x € Oy, in other words 0, C Gy, and 
similarly Oy COy, hence OG, = Oy, all empty sets are equal, hence noted @. 

If a is an object, the set having a as unique element is written {a}. 


2. BOOLEAN ALGEBRA 3 


If X is a set, there is a (unique) set the elements of which are all subsets 
of X; it is written P(X). We have Ge $(X), X € P(X); the relations 


xeEX, {x}e P(X) are equivalent; the relations YCX, Υ ε $(X) are 
equivalent. 


PROBLEM 


Show that the set of all subsets of a finite set having elements (n > 0) is a finite 
set having 2” elements. 


2. Boolean algebra 


If X,Y are two sets such that YC X, the set {x ε X|x ¢ Y} is a subset 
of X called the difference of X and Y or the complement of Y with respect 
to X, and written X — Y or {, Y (or § Y when there is no possible 
confusion). 

Given two sets X,Y, there is a set whose elements are those which belong 
to both Χ and Y, namely {x ε X|x EY}; it is called the intersection of 
X and Y and written XN Y. There is also a set whose elements are those 
which belong to one at least of the two sets X,Y; it is called the union of 
X and Y and written XU Y. 

The following propositions follow at once from the definitions: 


(1.2.1) X—X=dQ, X—GO =X. 
(1.2.2) X UX = X, XM X= xX. 
(1.2.3) XUY=YUX, XNY=YNnX. 


(1.2.4) Therelations XC Y, XUY = Y, XN Y = X are equivalent. 
(1.2.5) ΠΟ XeXuy, Xnycx.. 
(1.2.6) The relation “XCZ and YCZ” is equivalent to XUYCZ; 
the relation “ZCX and ZC Y” is equivalent to ZC XNY. 
(1.2.7) XU(YUZ) = (XUY)UZ, written XU YUZ. 
XN(YNZ) = (XNY)NZ, written XN YNZ. 
(1.2.8) XU(YNZ) = (XUY)N(XUZ) 


XN(YUZ) =(XNY)U(XNZ) (distributivity). 
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(1.2.9) ον subsets X,Y of a set E (with ( written for €,) 
CCX) =x; 
Cixuyy=CXn€yY, C&aY)=CxuUCy). 


The relations XC Y,{ XDQY are equivalent; the relations XNY = @, 
XCEY, Yc{X are equivalent; the relations KUY=E, (xc yY, 
CY ς X are equivalent. The union {x}U{y} is written {x,y}; similarly, 
{x} Ὁ {y} U {z} is written {x,y,z}; etc. 


3. Product of two sets 


To any two objects a,b corresponds a new object, their ordered pair 
(2,6); the relation (a,b) = (a’,b’) is equivalent to “a—a' and b=b’”’; 
in particular, (a,b) = (b,a) if and only if a=. The first (resp. second) 
element of an ordered pair c = (a,6) is called the first (resp. second) projection 
of c and written a = pr,c (resp. ὃ = pr, ο). 

Given any two sets X,Y (distinct or not), there is a (unique) set the 
elements of which are all ordered pairs (x,y) such that xe X and ye Y: 
it is written X x Y and called the cartesian product (or simply product) 
of X and Y. 

To a relation R(x,y) between x € X and ye Y is associated the property 
R(pr, Z, pry 2) of ze X x Y; the subset of X x Y consisting of the elements 
for which this property is true is the set of all pairs (x,y) for which R(x,y) 
is true; it is called the graph of the relation R. Any subset G of X x Y 
is the graph of a relation, namely the relation (x,y) EG. If Χ' εχ, Y’CY, 
the graph of the relation “χε X’ and ye Y’” is X’ x Y’. 

The following propositions follow at once from the definitions: 


(1.3.1) The relation X x Y = © is equivalent to “X = @ or Y = @.” 
(1.3.2) If X x Y ~¢@ (which means that both X and Y are non-empty), 
the relation X’ x Y’C X x Y is equivalent to 
“X’CX and Y’cy.” 
(1.3.3) (X x Y)U(X’ x Y) = (KUX’) x Y. 


(1.3.4) (X x Y)n(X’ x Y’) = (XN X) x (YNY’. 
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The product of three sets X,Y,Z is defined as K x Y x Z=(X x Y) XZ, 
and the product of m sets 15 similarly defined by induction: 
X, X X, X...X X, = (X, X XX... X,_1) X X,. An element z of 


XX... XX, iswritten (x,,%»,...,%,) instead of ((. . . (%,%_),%3)- - 5% 1) %) 3 
x; 1s the 1-th projection of z, and is written x, = pr,zforl<i<n. 
If X,= X,=...= X, = X we write X” instead of K x X x...x X 
n times. 


4. Mappings 


Let X,Y be two sets, R(x,y) a relation between χε X and yeY; 
R is said to be functional in y, if, for every x € X, there is one and only one 
yeéY such that R(x,y) is true. The graph of such a relation is called a 
functional graph in X x Y; such a subset F of X x Y is therefore char- 
acterized by the fact that, for each x € X, there is one and only one y € Y 
such that (x,y) € F; this element y is called the value of F at x, and written 
F(x). A functional graph in X x Y is also called a mapping of X into Y, 
or a function defined in X, taking tts values in Y. It is customary, in the 
language, to talk of a mapping and a functional graph as if they were two 
different kinds of objects in one-to-one correspondence, and to speak 
therefore of “the graph of a mapping,” but this is a mere psychological 
distinction (corresponding to whether one looks at F either ‘“‘geometrically”’ 
or “‘analytically’’). In any case, it is fundamental, in modern mathematics, 
to get used to considering a mapping as a single object, just as a point or 
a number, and to make a clear distinction between the mapping F and any 
one of its values F(x); the first is an element of ®(X x Y), the second an 
element of Y, and one has F = {(x,y)—e X x Y|/y = F(x)}. The subsets 
of X x Y which have the property of being functional graphs form a 
subset of P(X x Y), called the set of mappings of X into Y, and written 
Y* or F(X,Y). 


Examples of mappings. (1.4.1) If ὃ is an element of Y, X x {bd} 
is a functional graph, called the constant mapping of X into Y, with the 
value ὃ; it is essential to distinguish it from the element ὃ of Y. 


(1.4.2) For Y = X, the relation y = x is functional in y; its graph is 
the set of all pairs (x,x), and is called the diagonal of X x X, or the tdentity 
mapping of X into itself. 
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If, for every χε X, we have constructed an object T(x) which is an 
element of Y, the relation y = T(x) is functional in y; the corresponding 
mapping is written x - T(x). This is of course the usual definition of a 
mapping; it coincides essentially with the one given above, for if F isa 
functional graph, it is the mapping x — F(x). Examples (1.4.1) and (1.4.2) 
are written respectively x ~ 6 and x —¥x. Other examples: 


(1.4.3) The mapping Z > X — Z of $(X) into itself. 


(1.4.4) The mappings z — pr, z of X x Y into X, andz > pr,zof X x Y 
into Y, which are called respectively the frrst and second projectionin X x Y. 


From the definition of equality of sets (1.1) it follows that the relation 
F = G between two mappings of X into Y is equivalent to the relation 
“F(x) = G(x) for every χε X.” 

If A is a subset of X, F a mapping of X into Y, the set FN(A x Y) 
is a functional graph in A x Y, which, as a mapping, is called the restriction 
of F to A; when F and ἃ have the same restriction to A (i.e. when 
F(x) = G(x) for every x-eE A) they are said to cowncide in A. A mapping F 
of X into Y having a given restriction Ε΄ to A is called an extension of F’ 
to X; there are in general many different extensions of F’. 

We will consider as an axiom (the “axiom of choice’) the following 
proposition: 


(1.4.5) Given a mapping F of X into P(Y), such that F(x) 4 @ for every 
xe X, there exists a mapping f of X into Y such that f(x) Ε F(x) for every 
xEX, 


It can sometimes be shown that a theorem proved with the help of the 
axiom of choice can actually be proved without using that axiom. We 
shall never go into such questions, which properly belong to a course 
in logic. 


5. Direct and inverse images 


Let F be a mapping of X into Y. For any subset A of X, the subset 
of Y defined by the property ‘“‘there exists xe A such that y = F(x)” 
is called the tmage (or direct image) of A by F and written F(A). 

We have: 


(1.5.1) F(A) = pr, (F(A x Y)). 
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(1.5.2) The relation A @ is equivalent to F(A) 49. 
(1.5.3) F({x}) = {F(x)} for every xe X. 

(1.5.4) The relation ACB implies F(A) ¢ F(B). 
(1.5.5) F(AN B) C F(A) N F(B). 

(1.5.6) F(A U B) = F(A) U F(B). 


For F(A) c F(A U B) and F(B) c F (A U B) by (1.5.4). On the other hand, 
if ye F(AUB), there is χε AUB such that y = F(x); as xe A or x eB, 
we have ye F(A) or γε F(B). 

Examples in which F(ANB) 4 F(A) NF(B) are immediate (take for 
instance for F the first projection pr, of a product). 


For any subset A’ of Y, the subset of X defined by the property F(x) € A’ 
is called the inverse image of A’ by F and written F-1(A’). We have: 


(1.5.7) F-1(A’) = pr, (FA(X x A’)). 

(1.5.8) F-3(A’) = F-1(A’N F(X)), for F(x) € F(X) is true for every χε X. 
(1.5.9) F-1(0) = @ (but here one may have F~1(A’) = @ for non-empty 
‘subsets A’, namely those for which A’N F(X) = 0). 


(1.5.10) The relation A’C B’ implies F-1(A’) C F-}(B’). 


(1.5.11) F-1(A/ NB’) = F-1(A’) N F-1(B’). 
(1.5.12) F-1(A’U B’) = F-1(A’) υ F-(B’). 
(1.5.13) F-1(A’ — B’) = F-(A’) — F-1(B’) if A/D B’. 


Notice the difference between (1.5.11) and (1.5.5). If BcAcX, 
one has by (1.5.6) F(A) = F(B) U F(A — B), hence F(A — B) 9 F(A) — F(B); 
but there is no relation between F(X — A) and Y — F(A). 

The set F—1({¥}) is also written F-(y); F(x) = y is thus equivalent 
to x E€ F-1(y). 

We have: 


(1.5.14) F(F-1(A’)) = Α' ἡ F(X) for A/CY. 
(1.5.15) F-(F(A))> A for ACX. 
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Finally, we note the special relations in a product: 


(1.5.16) pr>'(A)=AxY for any ACX; ρ "(ΑἹ =X xA’ for 
any A’CY. 


(1.5.17) Zc pr, (Z) Χ pr,(Z) for every ZCX x Y. 


PROBLEMS 


1) Give an example of two subsets Α 9 Β in X and of a mapping F such that 
F(A — B) # F(A) — F(B). 

2) Give examples of mappings F : X — Y and subsets AC Χ such that: 

a) F(X — ΑἹ ΕΥ — F(A); b) F(X — A)D Y — F(A); c) neither of the sets 
F(X — A), Y — F(A) is contained in the other (one can take for X and Y finite sets, 
for instance). 

3) For any subset G of a product X x Y, any subset AC X, any subset A’CY, 
write G(A) = pr, (GN (A xX Y)) and G71(A’) = pr, (GN(X x A’)). For *EX, 
γΕΎῪ, write G(x) (resp. G-1(y)) instead of G({x}) and G71({y}). Prove that the 
following four properties aré equivalent: 

a) G is the graph of a mapping of a subset of X into Y. 

b) For any subset A’ of Y, G(G71(A’)) Cc A’. 

c) For any pair of subsets A’,B’ of Y, G71(A’N B’) = G7V(A’)N GTB’. 

d) For any pair of subsets A’,B’ of Y such that A’NB’=90, we have 
G—1}(A’)N G71(B’) = ©. 

[Hint: show that when a) is not satisfied, b), c) and d) are violated.] 


6. Surjective, injective and bijective mappings 


Let F be a mapping of X into Y. F is called surjective (or onto) or a 
surjection if F(X) = Y, i.e., if for every y € Y, there is (at least) one χε X 
such that y = F(x). F is called imjective (or one-to-one) or an injection if 
the relation F(x) = F(x’) implies x = x’. F is called byective (or a bijection) 
if it is both injective and surjective. Any restriction of an injective mapping 
is injective. 

Any mapping F of X into Y can also be considered as a mapping of X 
into F(X); it is then surjective, and if it was injective (as a mapping of 
X into Y), it is bijective as a mapping of X into F(X). 


Examples. (1.6.1) If A is a subset of X, the restriction to A of the 
identity mapping x > x is an injective mapping 7,, called the natural 
injection of A into X; for any subset B of X, 7, ((Β) = BNA. 


7. COMPOSITION OF MAPPINGS 9 


(1.6.2) If F is any mapping of X into Y, the mapping x -> (x,F(x)) is an 
injection of X into X x Y. 


(1.6.3) The projections pr, and pr, are surjective mappings of X x Y 
into X and Y respectively. 


(1.6.4) The identity mapping of any set is bijective. 
(1.6.5) The mapping Z -- X — Z of P(X) into itself is bijective. 


(1.6.6) If Y = {δὲ is a one element set, the mapping x — (x,b) of X into 
X x {b} is bijective. 


(1.6.7) The mapping (x,y) > (y,x) of X x Y into Y x X is bijective. 


If F is injective, then F~1(F(A)) = A for any ACX; if F is surjective, 
then F(F—1(A’)) = A’ for any A’CY. 

If F is dtzectzve, the relation y = F(x) is by definition a functional relation 
in x; the corresponding mapping of Y into X is called the inverse mapping 

=i 

of F, and written F or F—! (this mapping is not defined if F is not 
bijective!). The relations y = F(x) and χὶ = F-1(y) are thus equivalent; 
F—! is bijective and (F-1)-!= F. For each subset A’ of Y, the direct 
image of A’ by F—! coincides with the inverse image of A’ by F, hence the 
notations are consistent. 


PROBLEM 


Let F be a mapping X —+ Y. Show that the following properties are equivalent: 
a) F is injective; b) for any subset A of X, F~1(F(A)) = A; c) for any pair of subsets 
A,B of X, F(AN B) = F(A) ἡ F(B); d) for any pair of subsets A,B of X such that 
AN B= @, F(A) nN F(B) = ὦ; e) for any pair of subsets A,B of X such that BC A, 
F(A -- B) = F(A) — F(B). 


7. Composition of mappings 


Let X,Y,Z be three sets, F a mapping of X into Y, G a mapping of 
Y into Z. Then x - G(F(x)) is a mapping of X into Z, which is said to be 
composed of G and F (in that order) and written H = GoF. One has 


(1.7.1) H(A) = G(F(A)) for any ACX. 


(1.7.2) H-(A”) = F-1(G-'(A”)) for any A’ CZ. 
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If both F and G are injective (resp. surjective, bijective), then H = GoF 
is injective (resp. surjective, bijective); if F and G are bijections, then 
H-1! = F-bG-!, If F is a bijection, then FoF is the identity mapping 
of X, and FoF~! the identity mapping of Y. 

Let T be a set, F, a mapping of X into Y, F, a mapping of Y 
into Z, Ες a mapping of Z into T. Then F,0(F,oF,) = (F30F,)oF, by defini- 
tion; it is a mapping of X into T, also written Fj,oF,oF,. Composition 
of any finite number of mappings is defined in the same way. 


PROBLEMS 


1) Let A,B,C,D be sets, / a mapping of A into B, g a mapping of B into Ὁ, ha 
mapping of C into Ὁ. Show that if gof and hog are bijective, /,g,h are all bijective. 

2) Let A,B,C be sets, { a mapping of A into B, ga mapping of B into Ὁ, h a mapping 
of C into A. Show that if, among the mappings hogof, gofoh, fohog, two are surjective 
and the third injective, or two are injective and the third surjective, then all three 
mappings f,g,h are bijective. 

3) Let F be a subset of X xX Y, G a subset of Y x X. With the notations of 
Problem 3 of section 1.5, suppose that for any χε X, G(F(*)) = {*} and for any 
ye Y, F(G(y)) = {y}. Show that F is the graph of a bijection of X onto Y and G 
the graph of the inverse of F. 

4) Let X,Y be two sets, ἡ an injection of X into Y, g an injection of Y into X. 
Show that there exist two subsets A,B of X such that B = X — A, two subsets 
A’,B’ of Y such that B’ = Y— A’, and that A’ =/(A) and B = g(B’). [Let 
R = X — g(Y), and ἃ = gof; take for A the intersection of all subsets M of X such 
that Μ9 Ru h(M)]. 


8. Families of elements. Union and intersection of families of sets. 


Let L and X be two sets. A mapping of L into X is sometimes also 
called a family of elements of X, having L as set of zudtces, and it is written 
A + x,, or (%,),¢,, or simply (x,) when no confusion can arise. The most 
important examples are given by sequences (finite or infinite) which cor- 
respond to the cases in which L is a finite or infinite subset of the set N 
of integers > 0. 

Care must be taken to distinguish a family (x,),.; of elements of X 
from the subset of X whose elements are the elements of the family, which 
is the image of L by the mapping A — x,, and can very well consist only 
of one element; different families may thus have the same set of elements. 

For any subset MCL, the restriction to M of A — x, is called the 
subfamily of (x,),¢; having M as set of indices, and written (%,),¢m- 
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For a finite sequence (x,),-;<,, the set of elements of that sequence is 
written {%,,%),...,x,}; similar notations may be used for the set of 
elements of any finite or infinite sequence. 

If (A,),e, is a family of subsets of a set X, the set of elements χα X 
such that there exists a Ae L such that x eA, is called the union of the 


family (A,),-,, and written LJ A, or (J A,; the set of elements χε Χ 
AeL A 


such that xe A, for every AE L is called the intersection of the family 


(Α:) λει, and written [ἢ A, or Γῇ Δ. When L = {1,2}, the union and 
AeL A 


intersection are respectively A,U A, and A,f Ag. 
The following propositions are easily verified: 


(1.8.1) C( UA) =M CA) 


AeL λεὶ, 
(1.8.2) (UA) (9.0 Βὼ = U (Δ, ΒΒ.) 
λεὶ, μεμ (ApwyeLxM 
(1.8.3) (TVA) ¥(MB,) = NM (A,uB,) 
AeL μεμ (λει χμΜ 
(1.8.4) F( UA, = [} F(A,) if Fis a mapping of X into Y, and (A,),¢, 
AeL AeL 


is a family of subsets of X. 


(1.8.5) Ἐπ UJ Ai) = UF) 
AeL λει, 

(1.8.6) F-4( (A) = NM F-UA)) 
AeL AeL 


if F is a mapping of X into Y, and (A,),-; a family of subsets of Y. 
If B is a subset of X, a covering of B is a family (A,),.-; of subsets of X 
such that Bc LJ A,. 


AeL 
PROBLEM 


Let (X;)1 «τα, be a finite family of sets. For any subset H of the interval [1,9] 
of N, let Py = LJ X; and Qy =  Χ, Let J be the set of all subsets of [1,7] 
ΕΗ ΕΗ 
having & elements; show that 


U Qn2 Ω Pu if 2 «-- - 
He §, He, 


U Qucf) Py _ if 2khio-n+1. 
He & Hes, 
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9. Denumerable sets 


A set X is said to be equipotent to a set Y if there exists a bijection 
of X onto Y. It is clear that X is equipotent to X; if X is equipotent to 
Y, Y 1s equipotent to X; if X and Y are both equipotent to Z, X is 
equipotent to Y. A set is called denumerable if it is equipotent to the 
set N of integers. 


(1.9.1) Any subset of the set N of integers is finite or denumerable. 


For suppose A C N is infinite. We define a mapping ἡ > x, of N into A 
by the following inductive process: % is the smallest element of A, x, is 
the smallest element of the set A — {%,...,%,_,}, Which by assumption 
is not empty. This shows first that x, x, for 7<n, hence ἡ > x, is 
injective; let us prove in addition that x,< x, fori <n. We use induction 
on 1 for fixed ἡ: we have x)< x, by definition of x,, and if x,< x, has 
been proved for 7 « ὦ, then x;< x, by definition of x,, hence x;< x, 
since x; ~ x,. Next, by induction on 2, it follows at once from the relation 
x%,< x, fort <n that m < x, for every »; hence, if ae A, we havea < ~x,. 
Let m be the greatest integer < ἃ such that x, <a; if there existed an 
integer be A such that %,<6b<a, we would have x, .,<b<a by 
definition, which contradicts the definition of m; hence a is the smallest 
element of A — {%o,...,%,,}, in other words a = x, ,,, the mapping n— x,, 
is surjective; q.e.d. 


It follows from (1.9.1) that any subset of a denumerable set is finite 
or denumerable; such a set is also called at most denumerable. 


(1.9.2) Let A be a denumerable set, and f a mapping of A onto a set B. 
Then B ts at most denumerable. 


Let » - αὶ be a bijection of N onto A; then  —/f(a,) is a mapping 
of N onto B, and we can therefore suppose A = N. For each ὁ ε Β, {—1(0) 
is not empty by assumption; let m(b) be its smallest element. Then 
{(m(b)) = ὃ, which shows at once that m is an injective mapping of B into N; 
m can be considered as a bijection of B onto m(B) CN, and by (1.9.1) m(B) 
is at most denumerable, q.e.d. 

We observe that if a set A is at most denumerable, there is always 
a surjection of N onto A; this is obvious if A isinfinite; if not, there is 
a bijection f of an interval 0 <i <m onto A, and one extends / toa 
surjection by putting g(m) = f(m) for 1 > m. 
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(1.9.3) The set N xX N=N? ts denumerable. 


We define an injection f of N x N into N by putting 


x,y) =(*+y)(*+y¥4+)/2+y 


(“diagonal enumeration’’; it turns out to be a bijection, but we don't need 
that result). Indeed, if x + y=a, then (a+ 1) (a4 2)/2=a+1+a(a+1)/2; 
hence ifx+y<x'+y', asy <a, f(x,y) <a+ala+l)/2<f(x',y’); and 
if xty=x'+y' and y<y, f(x,y) — f(x,y’) = y — γί; hence 
(x,y) 34 (x’,y’) implies f(x,y) 4 f(x’,y’). We then apply (1.9.1). 


We say that a family (x,),., is denumerable (resp. at most denumerable) 
if the set of indices L is denumerable (resp. at most denumerable). 


(1.9.4) The union of a denumerable family of denumerable sets 1s denumerable. 


Let (A,),-; be a denumerable family of denumerable sets; there is 
a bijection n— λ, of N onto L, and for each Ae L, a bijection ἡ, — f,(n) 


of N onto A,. Let A= UJA,, and consider the mapping (m,n) — f, (m) 
AéeL " 


of N x N into A; this mapping is surjective, for if xe A,, there is an ἡ 
such that μ = A,, and an m such that x = f,,(m) = f,,(m). The result now 


follows from (1.9.3) and (1.9.2) since A is infinite. 

The result (1.9.4) is still valid if the word ‘“‘denumerable”’ is every- 
where replaced by “at most denumerable.’’ We have only to replace 
bijections by surjections in the proof, using the remark which follows 
(1.9.2). 


Finally, we consider the following result as an axiom: 


(1.9.5) Every infinite set contains a denumerable subset. 


PROBLEMS 


1) Show that the set %(N) of all finite subsets of N is denumerable (write it asa 
denumerable union of denumerable sets). 

2) Show that the set of all finite sequences of elements of N is denumerable (use 
problem 1); observe the distinction between a sequence and the set of elements of 
the sequence!). 

3) Prove the result of problem 4 in section 1.7 by the following method: let 
u = gof, v= fog, and define by induction u, and vy, aS Uy = Uy 10%, Ug = Uy — 100; 
then consider in X (resp. Y) the decreasing sequence of the sets u,(X) (resp. v,(Y)), 
and their images in Y (resp. X) by f (resp. g). 


14 I. ELEMENTS OF THE THEORY OF SETS 


4) Show that in order that a set X be infinite, the following condition is necessary 
and sufficient: for every mapping / of X into itself, there exists a non empty subset 
A of X, such that A # X and f/(A)C A. (If f did not possess that property and X 
was infinite, show first that X would be denumerable, and that one could suppose 
that X = N and f(z) Ὁ» for n> 0; show that this leads to a contradiction). 

5) Let E be an infinite set, D an at most denumerable subset of E such that E — D 
is infinite. Show that E — D is equipotent to E [use (1.9.4) and (1.9.5) to define a 
bijection of E onto E — Ὁ]. | 


Chapter II 


Real Numbers 


The material in this chapter is completely classical; the main difference 
with most treatments of the real numbers is that their properties are here 
derived from a certain number of statements taken as axioms, whereas 
in fact these statements can be proved as consequences of the axioms of 
set theory (or of the axioms of natural integers, together with some part 
of set theory, allowing one to perform the classical constructions of the 
“Dedekind cuts” or the “Cantor fundamental sequences’). These proofs 
have great logical interest, and historically they helped a great deal in 
clarifying the classical (and somewhat nebulous) concept of the ‘“‘con- 
tinuum’’. But they have no bearing whatsoever on Analysis, and it has 
not been thought necessary to burden the student with them; the interested 
reader may find them in practically any book on Analysis; for a partic- 
ularly lucid and neat description, see Landau [19]. 


1. Axioms of the real numbers 


The field of real numbers is a set R for which are defined: 1° two 
mappings (x,y) - x + ν and (x,y) > xy from R Χ Rinto R; 2° a relation 
x < γ (also written y > x) between elements of R, satisfying the four 
following groups of axioms: 


(I) Rts a freld, in other words: 
(1.1) χ (Ὁ +2) = (ἡ + 9) +2; 
(1.2) x+y=y4+ 4%; 


(I.3) there is an element 0€R such that 0 - x = x for every xER; 
15 
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(1.4) for each element x eR, there is an element —x€ER such that 
x+(— x) =0; 


(1.5) x(yz) = (xy)2; 
(1.6) xy = yx; 
(1.7) there is an element 1 4 0 in R such that 1- x = χα for every x ER; 


(1.8) for each element x40 in R, there is an element x-1ER (also 
written 1/x) such that χα τ! = 1; 


(1.9) x(y +2) = xy + x2. 


We assume that the elementary consequences of these axioms (‘‘general 
theory of fields’) are known. 


(II) R is an ordered field. This means that the following axioms are 


satisfied : 

(11.1) x<y and y<z imply *<2; 

(1.2) “x<y and y< x” is equivalent to x= y; 

(11.3) for any two elements x,y of R, either x < y or y< 4%; 


(1.4 x<y implies ++ 22 y+2; 
(11.5) O<-x and 0O<y imply 0< xy. 


The relation “x < y and x σέ y” is written x < y, or y > x. For any 
pair of elements a,b of R such that a < ὁ, the set of real numbers x such 
that a < x < ὃ is called the open interval of origin a and extremity ὃ, and 
written ja,b[; the set of real numbers x such that a < x < bis called the 
closed interval of origin a and extremity ὃ, and written [a,b] (for a = ὁ, the 
notation [4,4] means the one-point set {a}); the set of real numbers αὶ 
such that a< x <b (resp. ἃ - χ <5) is called a semi-open inierval of 
origin a and extremity ὃ, open at a (resp. δ), closed at ὁ (resp. a) and written 
]a,b] (resp. [a,0[). The origin and extremity of an interval are also called 
“the extremities” of the interval. 


(III) R is an archimedean ordered field, which means that it satisfies the 
axiom of Archimedes: for any pair x,y of real numbers such that 0 « χα, 
0 < y, there is an integer ” such that y< 9" χ. 
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(IV) R satisfies the axiom of nested intervals: Given a sequence ([a,,b,]) 
of closed intervals such that a,<a,,, and b,,,<0, for every ἡ, the 
intersection of that sequence is not empty. 


2. Order properties of the real numbers 


The relation x < y is equivalent to “x < y or x= y.” 


(2.2.1) For any patr of real numbers x,y, one and only one of the three relations 
x<Yy, x=y, x>y holds. 


This follows from (II.3) and (II.2), for if x 4 y, it is impossible that 
x<y and x > y hold simultaneously by (II.2). 


(2.2.2) The relations “χ <y and y< 2” and “x< y and ν Ξί κ᾿ both 
imply %< 2. 


For by (II.1) they imply x < z, and if we had x = z, then we would 
have both x < y and y < x (or both x < y and y < x) which is absurd. 


(2.2.3) Any finite subset A of R has a greatest element b and a smallest 
element a (1.6., ax <b for every x eA). 


We use induction on the number x of elements of A, the property being 
obvious for Ἡ = 1. Let c be an element of A, B = A — {c}; B hasn — 1 
elements, hence a smallest element a’ and a greatest element 0’. If 
a’<c<J’, a’ is the smallest and b’ the greatest element of A; if δ' <c, 
c is the greatest and a’ the smallest element of A; if c < a’, cis the smallest 
and 0b’ the greatest element of A. 


(2.2.4) If Ats a finite subset of R having n elements, there is a umique biec- 
tion f of the set I, of integers 1 such that 1 <i < n, onto A, such that f(t) < f(7) 
fort <q ( ts called the natural ordering of A). 


Use induction on 99, the result being obvious for 7 = 1. Let ὃ be the 
greatest element of A (2.2.3), and B = A — {b}; let g be the natural 
ordering of B. Any mapping f of I, onto A having the properties stated 
above must be such that f(z) = δ, and therefore f(I,_,) = B; hence f 
must coincide on I, _, with the natural ordering g of B, which shows f 
is unique; conversely, defining / as equal to gin I, _, and such that /(n) = ὦ, 
we see at once that / has the required properties. 
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(2.2.5) If (x,;) and (νὴ) are two finite sequences of n real numbers (1 <1 <n) 
such that x,< ν, for each 1, then 


Hy + Hy tee ty SV t γὲ tee F 7,: 


If in addition x;< ν; for one index 1 at least, then 


Ky txt... + %< Vy t+ Vo t--- + Vy: 


For n - 2 the assumptions imply successively by (II.4) 


Ky + χε Vy + % SV + Ve» 


hence the first conclusion in that case; moreover, the relation *%,+ %,=¥y,+ Ve 
implies x, + %,=%,+vYe=¥, +2, hence Χο Ξε γᾳ, and %,=¥y,, from which 
our second statement follows. The proof is concluded by induction on n, 
applying the result just obtained for n = 2. 


(2.2.6) The relation x << y is equivalent to x +z2<y+2; same result 
when < 1s replaced by <. 


We already know by (II.4) that x < y implies x + 2< y+ 2; con- 
versely xt+z2<y+z2z implies *«+2+4+(—z)<y+2+(—2), Le. 
x<y. On the other hand, χα + z= y+ 2 is equivalent to x = y. 


(2.2.7) The relations x<y, OX y—x, χ--- γξοθ, --οτοἬχ ες -- τὀ᾿᾿χ are 
equivalent; same result with < replacing <. 


This follows from (2.2.6) by taking in succession z= — χ, z= — y 
and z= —x— y. 

Real numbers such that x > 0 (resp. x > 0) are called positive (resp. 
strictly positive); those which are such that x < 0 (resp. x < 0) are called 
negative (resp. strictly negative). The set of positive (resp. strictly positive) 
numbers is written R, (resp. ΕἾ). 


(2.2.8) If x,,...,%, are positive, so is x, +%,+...+ %,; moreover 
Ky + %+...+%,>0 unless % = X=... = χ, = 0. 

This is a special case of (2.2.5). 

In particular, x >0 (resp. x >0) is equivalent to n- x ἘΣ Ὁ (resp. 
n-x > 0) for any integer n > 0. 

For an interval of origin a and extremity ὃ, the positive number ὁ — a 
is called the length of the interval. 
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(2.2.9) Let Jy,...,J, be n open intervals, no two of which have common 

pornts, and let 1 be an interval containing |J J,; then, if l, is the length of ͵, 
k=1 

(l<k<n), ἐ the length of I, ὦ +1,+...4) <1 


[61 - Ἰα,δ[, J, =]¢,,a,[. For each καὶ # 1, we have either ο, -- ὦ, - οἱ 
or ὦ <¢,<d,, otherwise J,N J, would not be empty. For ἢ =1, the 
property is immediate as a<cy<d,<b, hence —c,<—a, and 
d, —¢, <b — a. Use induction on n; let f,,... Ji, be the intervals contain- 
ed in Ja,c,[, and J,,.. oJ; 

n—1—p 


I, —a, Σ ᾿ «ὁ —d, by induction, and ὦ, - ἰς -Ε...-ΕἹἸ, Ξε 


h=1 k= 1 


ti ΕΝ. ΘΗΝΗΡΜΈΜΕΡΙΝΙ 
h k 


sigan, the intervals contained in ]d,,b[; then 


For any real number x, we define |x| as equal to x if x >0, to — x 


if x <0, hence |— x| = [χ]; is called the absolute value of x; |x| = 0 
is equivalent to x = 0. We write x* = (x + |x|)/2 (positive part of χ), 
x— == (|x| — x)/2 (negative part of x) so that x+ = x if x >0, xt —0 if 
*<0, x-=0 if x30, x- = —-x if x <0, and x = xt — x-, 


jx| == χῦ  χ-. 


(2.2.10) If a> 0, the relation |x| <a is equivalent to —a<x<a, the 
relation |x| <a to —a<x<a. 


For if x > 0, x > — a is always satisfied and |x| < a (resp. |x| < a) is 
equivalent Ἣ % Qa (resp. x « 4); and if x <0, x < ἃ is always satisfied 
and |x|<a as |x|< a) is equivalent to —x<a (resp. — x <a). 


(2.2.11) For any pair of real numbers x,y, |x + y|< |x| + |y| and 
1%] — ly|] <x — 9]. 


The first relation is evident by definition and from (2.2.8) when x,y 
are both positive or both negative. If for instance x <<O0< y, then 
e+ Y¥y<Qy+t |x| = [5] + |x|, and x+ y>x>x —|y| = — |x| — |yI. 
From the first inequality follows |x| = |y + (χα — y)| < [0] + |x — y| and 
Iyl=|*t+(y—*)|< —x| whence — |x —y|<|x|—|y|<|x—y}. 

By induction, it follows from (2.2.11) that 


[χὰ + χα +... + %,| < || + [χα] +... + |x, |. 
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(2.2.12) If 215 0, the relation x << y wmplies xz < yz. 
1 ἘΞ 


-- 
For by (2.2.7), χ < yimplies 0 < 
from (II.5). 


x, hence 0 < 2(y — x) = zy — 2x 


(2.2.13) The relations x <0 and y >O imply xy <0; the relations x <0 
and y <Owmbly xy > 0. ee results with < replaced by <<. In particular, 
x2 > 0 for any real number, and x*>0 unless x = 0. 


The first statements follow from (II.5) and (— χὴν = — (xy), 
(— x)(— y) = xy; on the other hand, xy = 0 implies x = 0 or y= 0. 


(2.2.13) implies that |xy| = |x|- |y| for any pair of real numbers %,y. 

From (2.2.13) and (1.7) it follows that 1 = 17> 0, hence by (2.2.8), the 
real number 1-1 (1 added x times) is > 0 for 7 > 0; this shows that the 
mapping ἡ — 1-1 of the natural integers into R is injective, and preserves 
order relations, addition and multiplication; hence natural integers are 
identified to real numbers by means of that mapping. 


(2.2.14) If x >0, x-1>0. For z> 0, the relation x < y is equivalent to 
x2< γε. The relation 0<x< y is equivalent to 0 «:- yl< x7. 


The first statement follows from the fact that xx-!=1>0, hence 
“-1> 0 by (2.2.13); the second follows from the first and (2.2.12), since 
x = (xz)z-1, The third is an obvious consequence of the second. 

Real numbers of the form -+ 7/s, where 7 and 5 are natural integers, 
s ~ 0, are called rational numbers. Those for which s = 1 are called integers 
(positive or negative) and the set of all integers is written Z. 


(2.2.15) The set Q of rational numbers 1s denumerable. 


As Q is the union of QNR, and QN(—R,,), it is enough to prove 
QNR, denumerable. But there is a surjective mapping (m,n) —+mijn of 
the subset of N x N consisting of the pairs such that ἡ 4 0, onto QNK,, 
hence the result by (1.9.2), (1.9.3) and (1.9.4). 


(2.2.16) Every open interval in R contains an infinite set of rational numbers. 


It is enough to prove that Ja,b[ contains one rational number c, for then 
Ja,c{ contains a rational number, and induction proves the final result. 
Let x = b —a>0; by (III) there is an integer » > 1/x, hence I/n < x 
by (2.2.14). We can suppose ὁ > 0 (otherwise we consider the interval 
]—6,—a[ with — a> 0). By (III) there is an integer k > Ὁ such that 
b<k/n; let h be the smallest integer such that b<h/n. Then (h—1)/n «ὃ; 
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let us show that (h — 1)/n> a; if not, we would have ὁ —a = x «1.5 
by (2.2.9), contradicting the definition of n. 


(2.2.17) The set of real numbers is not denumerable. 


We argue by contradiction. Suppose we had a bijection » > x, from 
N onto R. We define a subsequence n > $(n) of integers by induction 
in the following way: (0) = 0, A(1) is the smallest value of ” such that 
x, > Χρ. Suppose that #(m) has been defined for ἡ < 2m -- 1, and that 
pam —2) < Xpiom—1)3 then the set ] x04 9), X pom —1| 15 infinite by (2.2.16), 
and we define #(2m) to be the smallest integer & > (2m — 1) such that 
X pam —2)< ἀκ “ %pom—1); then we define £(2m-+ 1) as the smallest in- 
teger αὶ > p(2m) such that χρὴ - x%,< Xp0m—1)- It is immediate that 
the sequence (p(m)) is strictly increasing, hence p(m) ΣΞ for all n. On 
the other hand, from the construction it follows that the closed interval 
[Xp(2m)>*p(2m+1)] 18 contained in the open interval JX pom — 2% pam —1l- By 
(IV) there is a real number y contained in all closed intervals [%p(2m)>X prom +1) 
and it cannot coincide with any extremity, since the extremities of an 
interval do not belong to the next one. Let qg be the integer such 
that y= χα, and let m be the largest integer such that p(n) <4, 
hence g< p(n+1). Suppose first n==2m; then, the relation 
X pam) %q< Xpom +1) < Xpeom —1) contradicts the definition of p(2m + 1). If on 
the contrary ἢ = 2m — 1, then the relation X pam — 2) < Xpyam)< %q< Xprom —1) 
contradicts the definition of (2m). This ends the proof. 


PROBLEMS 


1) Let A be a denumerable subset of R having the following properties: for every 
pair of elements x,y of A such that x < y, there are elements u,v,w of A such that 
u<a*x*<u<y<w. Show that there is a bijection / of A onto the set Q of rational 
numbers, such that αὶ < y implies 7(5) < f(y). [Let nay, n -» b, be bijections 
of N onto A and 4. Show by induction on » that there exist finite subsets A, ¢ A, 
B,C Q, and a bijection ἔῃ of A, onto Β, such that: 1° the a; withi<n belong to A,,; 
2° the ὃ; with ὁ τ n belong to B,; 3° x < yin A, implies In(*) <fuly); 4° A, CA, 44 
and /, is the restriction of f, 441 to A,.] 

2) Show that the set I of all irrational numbers is equipotent to R (cf. section 1.9, 
problem 5). 


3. Least upper bound and greatest lower bound 


A real number 6 is said to be a majorant (resp. minorant) of a subset X 
of real numbers if x < ὃ (resp. ὁ < x) for every xe X. A set XCR is 
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said to be majorized, or bounded from above (resp. minorized, or bounded 
from below) if the set of majorants (resp. minorants) of X is not empty. 
If X is majorized, then — X (set of — x, where x € X) is minorized, and 
for every majorant 6 of X, — bisa minorant of — X, and vice-versa. 
A set which is both majorized and minorized is said to be bounded. 


(2.3.1) In order that a sete XCR be bounded, a necessary and sufficrent 
condition is that there exist an integer n such that |x| <n for every x € X. 


For it follows from (III) that if ἃ is a minorant and 6 a majorant of X, 
there exist integers #,g such that —p<aandb<gq; taken=f+ 9. 
The converse is obvious. 


(2.3.2) If a non-empty subset X of R is majorized, the set M of majorants 
of X has a smallest element. 


Let ae X, bEM; by (III), for every integer n, there is an integer m 
such that ὁ < a+ m-2-"; on the other hand, if c is a majorant of X, so 
is every y > c, so there is a smallest integer p, such that a+ ῥ, 2 "15 
ἃ majorant of X; this implies that, if I, = [a+ (p,—1)2°",a4+ p,27"], 
I, X is not empty. 452,2. "= (26,) 27” *, we necessarily have #, , ; = 22, 
or p, 41 = 2p, — 1, since (2, — 2) 2~”~* is not a majorant ; in other words, 
I,,,¢1,. From (IV) it follows that the intervals I, have a non-empty 
intersection J; if J contained at least two distinct elements « < 8B, the 
interval [a,8] would be contained in each I,, and therefore by (2.2.9) we 
should have 2~" < £ — a, or 1 > 2"(8 — αὐ for every , which contradicts 
(III) (remember that 2” > 1, as is obvious by induction). Therefore J = {7}. 
Let us first show that y is a majorant of X; if not, there would be an 
x € X such that x > y; but there would then be an ” such that 2°" « x — y, 
and as γεῖ, we would have a+ ~,2~”< x, contrary to the definition 
of p,. On the other hand, every ye Mis >y; otherwise, there would be 
an such that 2°>"<y— y, andasyel,, wewouldhavea, + (p,—1)2°">y, 
and a + (p, — 1) 2 " would be a majorant of X; this contradicts again 
the definition of ῥ,. The number γ is thus the smallest element of M; it 
is called the least upper bound or supremum of X, and written l.u.b. X, 
or sup X. 


(2.3.3) Ifa non-empty subset X of R is minorized, the set of minorants M’ 
of X has a greatest element. 


Apply (2.3.2) to the set — X. 
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The greatest element of M’ is called the greatest lower bound or infimum 
of X and written g.l.b. X or inf X. For a non-empty bounded set X, both 
inf X and sup X exist, and inf X < sup X. 


(2.3.4) The 1.u.b. of a majorized set X is the real number y characterized 
by the following two properties: 1° y is a majorant of X; 2° for every integer 
n> 0, there exists an element xEX such that y—Aln<x<y. 


Both properties of y = sup X follow from the definition, since the 
second expresses that y — 1/n is not a majorant of X. Conversely, if 
these properties are satisfied, we cannot have sup X = β < y, for there 
would be an # such that I/n < y — £, hence β < y — 1/n, and γ — 1/n 
would be a majorant of X, contrary to property 29, A similar characteriza- 
tion holds for inf X, by applying (2.3.4) to — X, since inf X = — sup (— X). 

Ifa set XCR has a greatest element ὦ (resp. a smallest element a) then 
ὃ = sup X (resp. a = inf X) and we write Max X (resp. Min X) instead 
of sup X (resp. inf X). This applies in particular to finite sets by (2.2.3). 
But the l.u.b. and g.l.b. of a bounded infinite set X need not belong to X; 
for instance, if X is the set of all numbers I/n, where x runs through all 
integers > 1, 0 is the g.l.b. of X. 


(2.3.5) IfACR ts majorized and BCA, B is majorized and sup B < sup A. 
This follows from the definitions. 


(2.3.6) Let (A,),-, be a family of non-empty majorized subsets of R; let 


A = UA,, and let B be the set of elements sup A,. In order that A be mayjor- 
AeEL 


ized, a necessary and sufficient condition is that B be majorized, and then 
sup A = sup B. 


It follows at once from the definition that any majorant of A is a 
majorant of B, and vice-versa, hence the result. 

Let / be a mapping of a set A into the set R of real numbers: / is said 
to be majorized (resp. minorized, bounded) in A if the subset f(A) of R is 


majorized (resp. minorized, bounded); we write sup f(A) = sup f(x), 
xEA 


inf f(A) = inf f(x) when these numbers are defined (supremum and 
xeEA ᾿ 


infimum of fin A). If f is majorized, then — ἔ is minorized, and 


inf (— f(x)) = — sup f(x). 


xEA xEA 
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(2.3.7) Let f be a mapping of A, X A, into R; tf f ts majorized, 


ΒΡ. f(*,%2) = sup (sup f(%1,%9)). 
(%1,%,)€ Ay X A, *,E€A, x, EA, 


For we can write /(A, x A,) as the union of the sets /({x,} Χ A,), x, ranging 
through A,, and apply (2.3.6). 


(2.3.8) Let f,g be two mappings of A into R such that f(x) < g(x) for every 


x EA; then if g is majorized, 50 15 f, and sup f(x) < sup g(x). 
xEA xEA 


This follows immediately from the definitions. 


(2.3.9) Let f and g be two mappings of A into R; τή f and g are both major- 
ized, sois f + g (i.e. the mapping x — f(x) + g(x)), and sup (f(x) + g(x)) < 
xEA 


sup f(x) + sup g(x). If in addition g 1s minorized then sup f(x) + inf g(x) < 


xEeA xEA xeA xeEA 
oUF (7(x) + g(%)). 


Let a = sup f(x), ὃ = sup g(x); then f(x) <a and g(x) < ὃ for every 


xEA xEA 


x EA, hence f(x) + g(x) << ἃ - ὃ, and the first inequality follows. Let 
c= inf g(x); then for every ΧΕΑ, /(x) +c<f(x) + ¢(x) <<d=sup (f(x) + g(%)); 
xEA 


xEA 
but this yields f(x) < ὦ — cforevery x EA, hencea - ὦ —c,ora+c<cd, 
which is the second inequality. 


(2.3.10) Let ¢ be a majorized mapping of A into R; then for every real 
number c, sup (f(x) + c) = c+ sup f(x). 


xEA xéEA 


Take for g the constant function equal to ¢ in (2.3.9). 


(2.3.11) Let f, (resp. f,) be a majorized mapping of A, (resp. A,) into R; 
then (%1,%) > (χα) + fo(%_) 15 mazorized, and 


sup (f,(%1) + fe(%2)) = sup f(a) + sup /o(%9). 
(%1,%_.) EA, X A, 4,EA, X%_EAy 
Apply (2.3.7) and (2.3.10). 
We leave to the reader the formulation of the similar properties for inf 
(change the signs everywhere). 
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PROBLEM 


Let x —> I(x) be a mapping of R into the set of open intervals of R, such that I(x) 
be an open interval of center αὶ and of length < ὁ (c being a given number > 0). Show 
that, for every closed interval {a,b] of R, there exist a finite number of points x; of 
[2,6] such that: 1° the intervals I(%;) form a covering of [a,b]; 2° the sum of the 
lengths of the I(%,) 15 τ ὁ + 2(b — a). (Prove that if the theorem is true for any 
interval [a,*] such that ax *<u<b, then there exists v such that u<v<b 
and that the theorem is still true for any interval [a,y] such that a< y < v. Consider 
then the l.u.b. of all numbers u « ὃ such that the theorem is true for any interval 
[@,¥] such that a< αὶ <u.) Show by an example that the majoration is best possible. 


Chapter {Π| 


Metric Spaces 


This Chapter, together with Chapter V, constitutes the core of this book: 
in them is developed the geometric language in which are now expressed 
the results of Analysis, and which has made it possible to give to these 
results their full generality, as well as to supply for them the simplest 
and most perspicuous proofs. Most of the notions introduced in this Chapter 
have very intuitive meanings, when specialized to “ordinary” three- 
dimensional space; after some experience with their use, both in problems 
and in the subsequent Chapters, the student should be able to reach the 
conviction that, with proper safeguards, this intuition is on the whole an 
extremely reliable guide, and that it would be a pity to limit it to its 
classical range of application. 

There are almost no genuine theorems in this chapter; most results 
follow in a straightforward manner from the definitions, and those which 
require a little more elaboration never lie very deep. Sections 3.1 to 3.13 
are essentially concerned with laying down the terminology; it may seem 
to the unprepared reader that there is a very great deal of it, especially 
in sections 3.5 to 3.8, which really are only various ways of saying the 
same things over again; the reason for this apparent redundancy of the 
language is to be sought in the applications: to dispense with it (as one 
theoretically might) would often result in very awkward and cumbersome 
expressions, and it has proved worthwhile in practice to burden the memory 
with a few extra terms in order to achieve greater clarity. 

The most important notions developed in this Chapter are those of 
completeness (3.14), compactness (3.16 to 3.18) and connectedness (3.19), 
which will be repeatedly used later on, and of which the student should 
try to get as thorough a grasp as possible before he moves on. 

Metric spaces only constitute one special kind of “topological spaces”, 
and this Chapter may therefore be visualized as introductory to the 
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study of “‘general topology,’ as developed for instance in Kelley [18] 
and Bourbaki [5]; the way to this generalization is made apparent 
in the remarks of (3.12) when it is realized that in most questions, the 
distance defining a metric space only plays an auxiliary role, and can 
be replaced by “‘equivalent’’ ones without disturbing in an appreciable 
way the phenomena under study. 


1. Distances and metric spaces 
Let E be a set. A distance on E is a mapping ὦ of E x E into the set R 
of real numbers, having the following properties: 


(I) d(x,y) >O for any pair of elements x,y of E. 
(II) The relation d(x,y) = Ὁ is equivalent to x = y. 
(III) d(y,x) = d(x,y) for any pair of elements of E. 


(IV) d(x,z) <d(x,y) + d(y,z) for any three elements ¥%,y,z of E 
(“triangle wnequality’’). 


From (IV) it follows by induction that 
A(X, %q) ες A(X, Hq) + d(%q,%3) - ... + A(X, 1%) 
for any > 2. 
(3.1.1) Jf dis a distance on E, then 
|4(x,2) — d(y,2)| < (x,y) 
Jor any three elements x,y,z of E. 
For it follows from (III) and (IV) that 
d(x,2) < d(y,2) + a(x,y) 
and d(y,z) <d(y,x) + d(x,2) = d(x,y) + d(x,2) 
hence —d(x,y)< 


d(x,z) — d(y,2) < a(x,y). 


A metric space is a set E together with a given distance on E. 
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2. Examples of distances 


(3.2.1) The function (x,y) + |x — y| is a distance on the set of real 
numbers, as follows at once from (2.2.11); the corresponding metric space 
is called the veal line. When R is considered as a metric space without 
mentioning explicitly for what distance, it is always understood that the 
distance is the one just defined. 


(3.2.2) In usual three-dimensional space R? = αὶ x R x R, the usual 
“euclidean distance” defined by 


d(x,y) = γα, — 3)? + (ὅς — Yo)? + (4 -- γα)" 


for two elements x = (%1,%9,%3) and y = (¥4,¥»,¥3) verifies axioms (I), (11) 
and (III) in a trivial way; (IV) is verified by direct computation. 


(3.2.3) In the ‘‘real plane’ R? = R x R, let us define 


d(x,y) = [αὶ --- γι} + χᾳ — γα] 


for any two elements x = (χ,,Χα) and y = (¥,,¥_); axioms (I), (II), (II) 
are again trivially verified, whilst (IV) follows from (2.2.11). — 


(3.2.4) Let A be any set, E = @(A) the set of bounded mappings of A 
into R (see 2.3). Then, for any two functions /,g belonging to E, f — g also 
belongs to E, and the number 


ἀ({,6) = sup |f(¢) — g(é)|_ 
teA 
is defined. The mapping ({,6) > d(f,g) is a distance on E; for (I) and (III) 
are trivial, and (IV) follows at once from (2.3.9) and (2.3.8); on the other 
hand, if d(f/,¢) = 0, then /(¢) — g(t) = Ο for all ἐξ A, which means / = g 
(see 1.4), hence (II). 


(3.2.5) Let E be an arbitrary set, and let us define d(x,y) =lif x+y, 
a(x,x) = 0. Then (1), (II), (III) are verified; (IV) is immediate if two of the 
three elements x,y,z are equal; if not, we have d(x,z) =1, d(x,y) + d(y,z) = 2, 
hence (IV) is satisfied in every case. The corresponding metric space 
defined on E by that distance is called a discrete metric space. 


(3.2.6) Let # be a prime number; for any natural integer 1 > 0, we define 
v,() as the exponent of # in the decomposition of ἡ into prime numbers. 
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It follows at once from that definition that 
(3.2.6.1) υ (νη) = v,(2) + v,(n’) 


for any pair of integers > 0. Next let x = + 7/s be any rational number + 0, 
with 7 and s integers > 0; we define v,(%) = v,(7) — v,(s); this does not 
depend on the particular expression of x as a fraction, as follows at once 
from (3.2.6.1); the same relation also shows that 


(3.2.6.2) v,(xV) = v,(x) + v,(¥) 


for any pair of rational numbers + 0. We now put, for any pair of rational 
numbers x,y, d(x,y) = p-*®*—”) if x Ay, and d(x,x) = 0; we will prove 
this is a distance (the so-called ‘p-adic distance’’) on the set Q of rational 
numbers. Axioms (I), (II) and (III) follow at once from the definition: 
moreover, we prove the following reinforced form of axiom (IV) 


(3.2.6.3) d(x,z) < Max (d(x,y),d(y,2z)). 


As this is obvious if two of the elements x,y,z are equal, we can suppose 
they are all distinct, and then we have to prove that for any pair of rational 
numbers x,y such that x 40, y 40 and x — y 40, we have 


(3.2.6.4) v,(% — y) > Min (v,(x),v,(y)). 


We can suppose v,(x) >v,(y); using (3.2.6.2), the relation to prove 
reduces to 


(3.2.6.5) v,(z — 1) >0 


for any rational z such that z 40, z41 and v,(z) 20. But then, by 
definition, z = + p"7/s, with h > 0, 7 and s not divisible by 4; as z— 1 
has a denominator which is not divisible by ~, (3.2.6.5) follows from the 
definition of v,. 

Other examples will be studied in detail in Chapters V, VI and VII. 


3. Ilsometries 


Let E, E’ be two metric spaces, d,d’ the distances on E and Ε΄. A 
bijection / of E onto E’ is called an isometry if 


(3.3.1) a'(t(x),A(y)) = (x,y) 
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for any pair of elements of E; the inverse mapping /~/ is then an isometry 
of E’ onto E. Two metric spaces E, E’ are zsometric if there is an isometry 
of E onto E’. Any theorem proved in E and which involves only distances 
between elements of E immediately yields a corresponding theorem in any 
isometric space E’, relating the distances of the images by / of the elements 
of E which intervene in the theorem. 


Let now E be a metric space, ὦ the distance on E and / a bijection of E 
onto a set E’ (where no previous distance need be defined); we can then 
define a distance d’ on ἘΠ᾿ by the formula (3.3.1), and / is then an isometry 
of E onto E’. The distance d’ is said to have been transported from E to E’ 


by ". 


(3.3.2) Example: the extended real line R. The function f defined in R by 
f(x) = x/(1 + |x|) is a bijection of R on the open interval I = ]—1, +1{, 
the inverse mapping g being defined by g(x) = x/(1 — |x|) for |x| < 1. 
Let J be the closed interval [—1, +1], and let R be the set which is the 
union of R and of two new elements written + oo and —oo (points at 
infinity); we extend f to a bijection of R onto J by putting /(-+ 00) = +1, 
{(— cco) = —1, and write again g for the inverse mapping. As J is a metric 
space for the distance |x — y|, we can apply the process described above 
to define R as a metric space, by putting d(x,y) = |f(x) — f(y)|. With this 
distance (which, when considered for elements of R, is different from the 
one defined in (3.2.1)), the metric space R is called the extended real line; 
we note that for x > 0, d(+ co,x) = 1/(1 + |x|) and for x < 0, d(— ov,x) 
= 1/(1 + |x|. 

We can define an order relation on R by defining x < y to be equivalent 
to f(x) < f(y); it is readily verified that for x,y in R this is equivalent to 
the order relation already defined on R, and that in addition we have 
— οὐ <*< + oo for every x ER; the real numbers are also called the 
finite elements of R. All properties and definitions, seen in chap. II, which 
relate to the order relation only (excluding everything which has to do 
with algebraic operations) can immediately be “‘transported”’ to R by the 
mapping g. A non-empty subset A of R is always bounded for that order 
relation, and therefore sup A and inf A are defined, but may be + οὺ 


or — oo as well as real numbers. The definition of sup (x) and inf u(x) 
xEA xEA 


(for any mapping u of a set A into R) is given in the same manner, and 
in particular, properties (2.3.5), (2.3.6), (2.3.7) and (2.3.8) hold without 
change. 
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4. Balls, spheres, diameter 


In the theory of metric spaces, it is extremely convenient to use a 
geometrical language inspired by classical geometry. Thus elements of a 
metric space will usually be called points. Given a metric space E, with 
distance ὦ, a point 4Ε Ε, and a real number 7 > 0, the ofen ball (resp. 
closed ball, sphere) of center a and radius r is the set B(a; 7) = {xEE|d(a,x)<7} 
(resp. B’(a;7) = {x € Eld(a,x) <r}, S(a;r) = {x € Eld(a,x) = 7}). Open 
and closed balls of center αὶ always contain the point a, but a sphere of 
center a may be empty (for examples of strange properties which balls 
may possess in a general metric space, see problem 4 of section 3.8). 


Examples. In the real line, an open (resp. closed) ball of center a and 
radius 7 is the interval 1α -- γ,  - 7{ (resp. [4 --- γ, 4 + 7]); the sphere 
of center a and radius 7 consists of two points a — 7, a -+ γ. In the extended 
line R, an open ball of center -++oo and radius 7 <1 is the interval 
](1 — r)/r, +00]. In a discrete space E, a ball (open or closed) of center a 
and radius 7 < 1 is reduced to ὦ and the corresponding sphere is empty; 
if on the contrary 7 > 1, B(a;7) = Β΄ (ᾳ; γ) =E and S(a;7)=@ if r>1, 
S(a; 7) = Ε -- {a} 1 ἘΞ; 


Let A,B be two non-empty subsets of E; the distance of A to B is 
defined as the positive number d(A,B) = inf d(x,y). When A is reduced 


ΧΕΑ,γΕΒ 
to a single point, d(A,B) is also written d(x,B); we have by (2.3.7), 
d(A,B) = inf d(x,B). If ANB+9Q, d(A,B) = 0, but the converse need 
xeA 

not hold; more generally, if d(A,B) = a, there does not necessarily exist 
a pair of points xe A, yeéB such that d(x,y) = a. For instance, in the 
real line R, let A be thé set of all integers > 1, and let B be the set of 
numbers of the form ἢ — 1/m for all integers ἢ > 2; A and B have no 
common points, but d(n,n —1/n) =1/n is arbitrarily small, hence 
d(A,B) = 0 (see section 3.17, problem 2). 


(3.4.1) If a point x does not belong to a ball B(a;r) (resp. B’(a; 7)), then 
d(x,B(a; r)) > d(a,x) —r (resp. d(x,B’(a;1r)) > d(a,x) — ἢ). 


Indeed, the assumption implies d(a,x) >r; for any ye B(a;r) (resp. 
y € B’(a;r)), d(x,y) > d(a,x) — d(a,y) >d(a,x) —r by the triangle in- 
equality. 
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(3.4.2) IfAisanon-empty subset of E, x,y two points of E, 
\d(x,A) —d(y,A)| <d(x,¥). 
For every ΖΕΑ, d(x,z) < d(x,y) + d(y,z), hence 


d(x,A) = inf d(x,z) < inf (d(x,y) + d(y,z)) = d(x,y) + inf d(y,z) = 


ΖΕ Α zeA zEA 


= d(x,y) + d(y,A) 


by (2.3.8) and (2.3.10). Similarly one has d(y,A) < d(x,y) + d(x,A). 
For any non-empty set A in E, the dzameter of A is defined as d(A) 


= sup d(x,y); it is a positive real number or + oo; ACB implies 
xEA,yeEA 


6(A) < 6(B). The relation 6(A) = 0 holds if and only if A is a one 
point set. 


(3.4.3) For any ball, 6(B’(a;7r)) < 2r. 
For if d(a,x) <yvand d(a,y) <7, d(x,y) < 2r by the triangle inequality. 


A bounded set in E is a non-empty set whose diameter is finite. The 
whole space E can be bounded, as the example of the extended real line R 
shows. Any non-empty subset of a bounded set is bounded. 


(3.4.4) The union of two bounded sets A,B 1s bounded. 


For if ac A, DEB, then if x,y are any two points in AUB, either x 
and y are in A, and then d(x,y) < 6(A), or they are in B and d(x,y) < δ(Β), 
or for instance x € A and y ΕΒ, and then d(x,y) < d(x,a) + d(a,b) + d(b,y) 
by the triangle inequality, hence 


d(A UB) < d(a,b) + d(A) + δ(Β); 
this being true for any ae A, δ ΕΒ, we have 

5(A UB) <d(A,B) + δ(Α) + 6(B) 
by definition of d(A,B). 


It follows that if A is bounded, for any x, ¢E, A is contained in the 
closed ball of center x) and radius d(%9,A) + 6(A). 
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5. Open sets 


In a metric space E, with distance d, an open set is a subset A of E 
having the following property: for every x ¢ A, there exists 7 > 0 such 
that B(x;r) C A. The empty set is open (see 1.1); the whole space E is open. 


(3.5.1) Any open ball is an open set. 


For if x € B(a;r), then d(a,x) <7 by definition; hence the relation 
d(x,y) <r — d(a,x) implies d(a,y) < d(a,x) + d(x,y) <r, which proves the 
inclusion B(x; 7 — d(a,x)) C B(a;7). 


(3.5.2) The union of any family (A,),<1, of open sets is open. 


For if x eA, for some uv € L, then there is 7 > θ such that B(x;7) CA,CA 


=UaA,. 


AeL 
For instance, in the real line R, any interval 14, + oo[ is open, being 
the union of the open sets Ja,x[ for all x >a. Similarly, ]— oo, a[ is open. 


(3.5.3) The intersection of a finite number of open sets is open. 


It is enough to prove that the intersection of two open sets A,, A, is 
open, and then to argue by induction. If *e@A,MAy,, there are 7,> 0, 
γᾳ» 0 such that B(x;7,)C A,, B(x;7,)CA,; clearly if 7 = Min (7,,7,), 
B(x;7) CA, N Ag. 

In general, an infinite intersection of open sets is no longer open; for 
instance the intersection of the intervals ]— 1/n,1/n[ in R is the one point 
set {0}, which is not open by (2.2.16). However: 


(3.5.4) In a discrete space any set is open. 


Due to (3.5.2), it is enough to prove that a one point set {a} is open. 
But by definition, {a} = B(a;1/2), and the result follows from (3.5.1). 


6. Neighborhoods 


If A is a non-empty subset of E, an open neighborhood of A is an open 
set containing A; a netghborhood of A is any set containing an open neigh- 
borhood of A. When A = {x}, we speak of neighborhoods of the point x 
(instead of the set {x}). 
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(3.6.1) For any non-empty sete ACE, and any r>0, the set V,(A) 
= {x €EE|d(x,A) <r} is an open neighborhood of A. : 


For if d(x,A) <7 and d(x,y) <r — d(x,A), it follows from (3.4.2) that 
d(y,A) < d(x,A) + —d(x,A) =,7, hence V,(A) is open, and obviously 
contains A. 

When A = {a}, V,(A) is the open ball B(a;7). 

A fundamental system of neighborhoods of A is a family (U,) of neigh- 
borhoods of A such that any neighborhood of A contains one of the sets U,. 
For arbitrary sets A, the V,(A) (7 > 0) do not in general form a fundamental 
system of neighborhoods of A (see however (3.17.10)). It follows from the 
definitions that: 


(3.6.2) The balls B(a;l/n) (n integer > 0) form a fundamental system of 
neighborhoods of a. 


(3.6.3) The intersection of a finite number of neighborhoods of A is a netgh- 
borhood of A. 


This follows from (3.5.3). 


(3.6.4) Jn order that a set A be a neighborhood of every one of its points, a 
necessary and sufficient condition 15 that A be open. 


The condition is obviously sufficient; conversely, if A is a neighborhood 
of every x eA, there exists for each x€ A an open set U,CA which 
contains x. From the relations x Εἴ], Cc A we deduce A = [J {x} CLUJ U,CA, 


xeA xEA 


hence A = (JU, is an open set, by (3.5.2). 


xEA 


PROBLEM 


In the real line, show that the subset N of all integers > 0 does not possess a 
denumerable fundamental system of neighborhoods. (Use contradiction, and apply 
the following remark: if (a,) is a double sequence of numbers > 0, the sequence (b,,) 
where b, = a,y,/2 is such that for no integer m does the inequality b, > a,» hold 
for all integers 5.) 


7. Interior of a set 


A point x is said to be interior to a set A if A is a neighborhood of x. 


The set of all points interior to A is called the interior of A, and written A. 
For instance, in the real line R, the interior of any interval of origin ἃ 
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and extremity ὁ (a < δ) is the open interval ]a,b[; for neither a nor ὦ 
can be an interior point of the intervals [a,6], [@,b{ and 14,6], as no interval 
of center a or ὦ is contained in these three intervals. 


(3.7.1) For any set A, A is the largest open set contained in A. 


For if x € A, there is an open set U, C A containing x; for each ye U,, 


A is by definition a neighborhood of y, hence y € A, and therefore U,cC A, 
which proves A is open by (3.6.4). Conversely, if Bc A is open, it is clear 
by definition that B cA. Open sets are therefore characterized by the 


relation A = A. 


(3.7.2) If ACB, then ACB. 


This follows at once from (3.7.1). 


ο ο 


a 
(3.7.3) For any pair of sets A,B, ANB=AMNB. 


—_—e_ ος ο ΠῚ 
The inclusion AN BCANB follows from (3.7.2); on the other hand, 


ANB is open by (3.5.3) and (3.7.1) and contained in ANB, hence 


. ὁ »“-.-Ἅ 
ANBCAMDB by (3.7.1). 

The interior of a non-empty set can be empty; this is the case, for 
instance, for one point sets in R. 

An interior point of E — A is said to be exterior to A, and the interior 
of E — A is called the exterior of A. 


(3.7.4) In order that a point x Ε E be exterior to A, a necessary and sufficient 
condition 1s that d(x,A) > 0. 


For that condition implies that B(x:d(x,A))CE—A, hence ~% 15 
interior to E — A; conversely, if x is exterior to A, there is a ball B(x; 7) 
with y > Ocontained in E — A; for any y € A, we have therefore d(x,y) > 7, 
hence d(x,A) > 7. 


8. Closed sets, cluster points, closure of a set 


In a metric space E, a closed set is by definition the complement of an 
open set. The empty set is closed, and so is the whole space E. In the real 
line, the intervals [a, + oof and ]|— oo, a] are closed sets; so is the set Z 
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of integers; the intervals [a,b[ and ]a,b] are neither open sets nor closed 
sets. 


(3.8.1) A closed ball is a closed set; a sphere is a closed set. 


For if x¢B’(a;7), then d(x,B’(a;7r)) > d(a,x)—r>0 by (3.4.1), 
hence the open ball of center x and radius d(a,x) — 7 is in the complement 
of B’(a;7), which proves that complement is open. The complement of the 
sphere S(a@; 7) is the union of the ball B(a;7) and of the complement of the 
ball B’(a;7), hence is open by (3.5.2). 


(3.8.2) The intersection of any family of closed sets 15 closed. 
(3.8.3) The union of a finite number of closed sets 15 closed. 


This follows at once from (3.5.2) and (3.5.3) respectively, by considering 
complements (see formulas (1.2.9) and (1.8.1)). 
In particular, a one point set {x} is closed. 


(3.8.4) In a discrete space every set 15 closed. 
This follows at once from (3.5.4). 


A cluster point of a subset A of E is a point x € E such that every neigh- 
borhood of x has a non-empty intersection with A. The set of all cluster 
points of A is called the closure of A and written A. To say that x is not 
a cluster point of A means therefore that it is interior to E — A, in other 
words: 


(3.8.5) The closure of a set A ts the complement of the exterior of A. 


The closure of an open ball B(a; 7) is contained in the closed ball B’(a; 7), 
but may be different from it. If a subset A of the real line is majorized 
(resp. minorized), sup A (resp. inf A) is a cluster point of A, as follows 
from (2.3.4). 

Due to (3.8.5), the four following properties of cluster points and closure 
are read off from those proved in 3.7 for interior points and interior, by 
using the formulas of boolean algebra: 


(3.8.6) For any set A, A is the smallest closed set containing A. 
In particular, closed sets are characterized by the relation A = A. 
(3.8.7) If ACB, ACB. 


(3.8.8) For any pair of sets AKB,AUB=AUB. 
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(3.8.9) In order that a point x be a cluster point of A, a necessary and suffi- 
cient condition ts that d(x,A) = 0. 


(3.8.10) The closure of a set A is the intersection of the open neighborhoods 
V,(A) of A. | 


This is only a restatement of (3.8.9). 


(3.8.11) Ina metric space E, any closed set is the intersection of a decreasing 
sequence of open sets; any open set is the union of an increasing sequence of 
closed sets. 


The first statement is proved by considering the open sets VilA) 
and the second follows from the first by considering complements. 


(3.8.12) If a cluster point x of A does not belong to A, any neighborhood V 
of x 1s such that VN A ts infinite. 


Suppose the contrary, and let VN A = {y,,...,y,}: by assumption, 
r, = a(x,y,) > 0. Lety > 0 be such that B(x;7) C Vandy < Min ἀρ); 
then the intersection of A and B(x;7) would be empty, contrary to 
assumption. 


A point x €E is said to be a frontier point of a set A if it is a cluster 
point of both A and (A; the set Fr(A) of all frontier points of A is called 


the frontier of A. It is clear that Fr(A) = AN {A = Fr( 6A); by (3.8.7), 
Fr(A) is a closed set, which may be empty (see (3.19.9)). A frontier point x 
of A is characterized by the property that in any neighborhood of « there 
15 at least one point of A and one point of ἃ. The whole space E is the 
union of the interior of A, the exterior of A and the frontier of A, for ifa 
neighborhood of x is neither contained in A nor in (A, it must contain 
points of both; any two of these three sets have no common points. 

The frontier of any interval of origin a and extremity ὁ in R is the set 
{a,b}; the frontier of the set Q in R is R itself. 


PROBLEMS 


1) a) Let A be an open set in a metric space E; show that for any subset B of E 


ANBCANB. 
b) Give examples in the real line, of open sets A,B such that the four sets An B, 


BoA, AnB and ANB are all different. 
c) Give an example of two intervals A,B in the real line, such that ANB is not 


contained in ANB. 


38 11. METRIC SPACES 


2) For every subset A of a metric space E, let a(A) = A and B(A) = A. 
a) Show that if A is open, ACa(A), and if A is closed, AD f(A). 

b) Show that for every subset A of E, a(a(A)) = a(A) and β(β(Α)) = B(A) (use a)). 

c) Give an example, in the real line, of a set A such that the seven sets A,A,A, 
a(A),B(A),«(A),B(A) are all distinct and have no other inclusion relations than the 
following ones: AcACA; Aca(A)cp(A) cA, Aca(A) cp(A) cA. 

3) Let E be a metric space. 

a) Show that for every subset A of E, Fr(A) C Fr(A), Fr(A) ς Fr(A), and give 
examples (in the real line) in which these three sets are distinct. 

b) Let A,B be two subsets of E. Show that Fr(A U B) C Fr(A) U Fr(B), and give 
an example (in the real line) in which these sets are distinct. If An B = @, show 
that Fr(A U B) = Fr(A) U Fr(B). 

c) If A and B are open, show that 


(A.n Fr(B)) U (Ba Fr(A)) ¢ Fr(A ἡ B) 6 (An Fr(B)) ὃ (BA Fr(A)) υ (Fr(A) 9 Fr(B)) 


and give an example (in the real line) in which these three sets are distinct. 


4) Let d be a distance on a set E, satisfying the ultrametric inequality 
d(%,2) < Max (d(*,¥),d(¥,2)) 


for +,y,z in E (see example (3.2.6)). 

a) Show that if d(x,y) 4 d(y,z), then d(*,z) = Max (d(x,y),d(y,2)). 

b) Show that any open ball B(+; 7) is both an open and a closed set and that for 
any γε B(x;7r), Bly; r) = B(#; 7). 

c) Show that any closed ball B’(#; 7) is both an open and a closed set, and that 
for any ye B’(x;7r), Bi(y;7r) = B’(«; 7). 

d) If two balls in E have a common point, one of them is contained in the other. 

6) The distance of two distinct open balls of radius 7, contained in a closed ball 
of radius 7, is equal to 7. 


9. Dense subsets; separable spaces 


In a metric space E, a set A is said to be dense with respect to a set B, 
if any point of B is a cluster point of A, in other words if BCA (or, equiv- 
alently, if for every x€B, any neighborhood of x contains points of A). 


(3.9.1) If Azs dense with respect to B, and B dense with respect to C, then A 
ts dense with respect to C. 


For the relation BCA implies BCA by (3.8.6), and as by assumption 
CcB, we have CCA. 

A set A dense with respect to E is called everywhere dense, or simply 
dense in ἘΠ; such sets are characterized by the fact that A = E, or equiv- 
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alently that every non-empty open set contains a point of A. A metric 
space E is said to be separable if there exists in E an at most denumerable 
dense set. 


(3.9.2) The real line R ts separable. 


Indeed, by (2.2.16) the set Q of rational numbers is dense in R, and Q 
is denumerable by (2.2.15). 


A family (G,),-; of non-empty open sets is called a basis for the open 
sets of a metric space E if every non-empty open set of E is the union of 
a subfamily of the family (G,). 


(3.9.3) In order that a family (G,),-1 be a basis, a necessary and sufficient 
condition 1s that for every χ Ε E and every neighborhood V of x, there exist 
an index A such that xEG,CV. 


The condition is necessary, for there is by definition an open neigh- 
borhood WC V of x, and as W is a union of sets G,, there is at least an 
index μ᾿ such that xeG,. The condition is sufficient, for if it is satisfied, 
and U is an arbitrary open set, for each x € U, there is (by (1.4.5)) an 


index p(x) such that xeG,., CU, hence Uc UY G,,,, CU. 
xEU 


B(x He (x) 
(3.9.4) In order that a metric space E be separable, a necessary and sufficient 
condition ts that there exist an at most denumerable basis for the open sets of E. 


The condition is sufficient, for if (G,) is a basis, and a, a point of G,, 
every non-empty open set is a union of some G,, hence its intersection 
with the at most denumerable set of the a, is not empty. Conversely, 
suppose there exists a sequence (4,) of points of E such that the set of 
points of that sequence is dense; then the family of open balls B(a, ;1/m), 
which is at most denumerable (by (1.9.3) and (1.9.2)) is a basis for the 
open sets of E. Indeed, for each x € E and each ry > 0, there is an index m 
such that 1/m < 7/2, and an index m such that a, € B(x;1/m). This implies 
that xeB(a,;1/m); on the other hand, if yeB(a,;1/m), then 
d(x,y) < d(x,a,) + d(a,,y) <2/m<-yr, so that B(a,;1/m) C B(x;7), which 
ends the proof (by (3.9.3)). 


PROBLEMS 


1) Show that in a metric space E, the union of an open subset and of its exterior 
is everywhere dense. 
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2) If A is a subset of a metric space E, a point # € A is said to be zsolated if there 
is a neighborhood V of # in E such that VNA is reduced to the point +. 

a) Show that in a separable metric space E, a subset all the points of which are 
isolated, is at most denumerable. 

b) Show that in a separable metric space E, any family (U,),¢, of non-empty 
open sets such that ὕλη ὕμ =O if A#y, is at most denumerable. 

3) Let A be a non empty subset of the real line, B the set of points x ¢ A such 
that there is an interval ]x,y[ with y > x which has an empty intersection with A. 
Show that B is at most denumerable (prove that B is equipotent with a set of open 
intervals, no two of which have common points). 

4) Let E be a separable metric space. A condensation point x of a subset A of E 
is a point x €E such that in every neighborhood of #, there is a nondenumerable 
set of points of A. Show that: 

a) If A has no condensation point, it is denumerable (consider the intersections 
of A with the sets of a basis for the open sets of E). 

b) If B is the set of condensation points of a set A, show that every point of B 
is a condensation point of B, and that Am (0Β) is at most denumerable. (Observe 
that B is closed, a d use a)). 

5) Show that from every open covering of a separable metric space, one can 
extract a denumerable open covering. 

6) Let E be a separable metric space, / an arbitrary mapping of E into R. We 
say that at a point x, € E, f reaches a relative maximum (resp. a Strict relative maximum) 
if there is a neighborhood V of % such that (5) < f(%») (resp. f(¥) < /(%9)) for any 
point x € V distinct from %). Show that the set M of the points v Ε E where f reaches 
a strict relative maximum is at most denumerable. (If (U,) is a basis for the open 
sets of E, consider the values of ἢ) for which there is a unique point x € U, such that 
/(*) is equal to its lu.b. in U,). 


10. Subspaces of a metric space 


Let F be a non-empty subset of a metric space E; the restriction to 
F x F of the mapping (x,y) — d(x,y) is obviously a distance om F, which 
is said to be induced on F by the distance d on E. The metric space defined 
by that induced distance is called the subspace F of the metric space E. 


(3.10.1) In order that a set BCF be openin the subspace Ἐκ, a necessary 
and sufficient condition 15 that there exist an open set A τῷ ἘΞ such that 
B=AMNF. 


If ae F, Fn B(a;7) is the open ball of center a and radius 7 in the sub- 
space F. If Ais openin E and x Ee ANF, thereis7 > Osuch that B(x;7) CA, 
hence x € FN B(x;7) CA MNF, which shows F N A is open in F. Conversely, 
if B is open in the subspace F, for each x ε B, there is a number 7(x) > 0 
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such that FN B(x;7(x)) CB. This shows that B = UJ (F N B(x;7(x))) = FNA, 


xéeB 
with A = (J B(«;7(x)), and A is open in E by (3.5.1) and (3.5.2). 
χΧΕΒ 
(3.10.2) In order that every subset B in F, which is open in F, be open in E, 
a necessary and sufficient condition is that F be open in E. 


The condition is seen to be necessary by taking B = F; it is sufficient, 
due to (3.10.1) and (3.5.3). 


(3.10.3) If xe€F, in order that a subset W of F be a neighborhood of x in F, 
a necessary and sufficient condition 1s that W = VF, where V 1s a neigh- 
borhood of x in E. 


(3.10.4) In order that every neighborhood in F of a point x Ε Ἐ be a neigh- 
borhood of x in E, a necessary and sufficient condition ts that F be a neigh- 
borhood of x in E. 


These properties follow at once from (3.10.1) and the definition of a 
neighborhood. 


(3.10.5) In order that a set BC F be closed in the subspace F, a necessary and 
sufficrent condttion 15 that there exist a closed set A in E such thatB = ANF. 


To say B is closed in F means that F — B is open in F, and therefore 
is equivalent by (3.10.1) to the existence of an open set C in E such that 
F —B=CNnF; but that relation is equivalent by (1.5.13) to B=Fn (E—(C), 
hence the result. 


(3.10.6) In order that every subset B in F, which is closed in F, be closed 
in E, a necessary and sufficient condition is that F be closed in E. 


Same proof as for (3.10.2), using (3.10.5) and (3.8.2). 


(3.10.7) The closure, with respect to F, of a subset B of F, is equal to BN F, 
where B is the closure of B in E. 


Indeed, for every neighborhood V of x € Fin E, VN B = (VN ΕἾ NB, 
and the result therefore follows from (3.10.3) and from the definition of a 
cluster point. 


(3.10.8) Suppose F ts a dense subset of E. For every point x € F and every 
neighborhood W of x in F, the closure W of W in E is a neighborhood of x in E. 
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By definition, there is an open neighborhood U of x in E such that 
UNFC\V;; it is enough to prove that UCW. But if ye U, and V is any 
neighborhood of yin E, Un V isa neighborhood of y in E, hence Fn (UN V) 


is not empty, which means (FN U) NV is not empty, ie. ye FNUCW. 


(3.10.9) Any subspace of a separable metric space 1s separable. 


Indeed, if (G,) is an at most denumerable basis for the open sets of E, 
the sets G,MF form a denumerable basis for the open sets of FC E, due 
to (3.10.1) and (1.8.2). Hence the result by (3.9.4). 


PROBLEMS 


1) Let B,B’ be two non empty subsets of a metric space E, and A a subset of 
Bn Β΄, which is open (resp. closed) both with respect to B and with respect to B’; 
show that A is open (resp. closed) with respect to BU B’. 

2) Let (U,) be a covering of a metric space E, consisting of open subsets. In order 
that a subset A of E be closed in E, it is necessary and sufficient that each set AN U, 
be closed with respect to U,. 

3) In a metric space E, a subset A is said to be locally closed if for every xe A, 
there is a neighborhood V of x» such that AN V is closed with respect to V. Show 
that the locally closed subsets of E are the sets UNF, where U is open and F closed 
in E. (To prove that a locally closed set has that form, use problem 2). 

4) Give an example of a subspace E of the plane R?, such that there is in E an 
open ball which is a closed set but not a closed ball, and a closed ball which is an 
open set but not an open ball. (Take E consisting of the two points (0, 1) and (0, — 1) 
and of a suitable subset of the x-axis.) 

5) Give a proof of (3.10.9) without using the notion of basis (in other words, exhibit 
an at most denumerable subset which is dense in the subspace). 


11. Continuous mappings 


Let E and.E’ be two metric spaces, d,d’ the distances on E and E’. 
A mapping / of E into E’ is said to be continuous at a point x, € E if, for 
every neighborhood V’ of (χορ) in E’, there is a neighborhood V of x, in E 
such that /(V) C γ΄; fis said to be continuous in E (or simply ,,continuous’’) 
if it is continuous at every point of E. 

If we agree that the mathematical notion of neighborhood corresponds 
to the intuitive idea of ‘proximity’, then we can express the preceding 
definition in a more intuitive way, by saying that /(x) 15 arbitrarily close to 
{(X%9) 45 soon as x 15 close enough to xp. 
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(3.11.1) In order that f be continuous at x, EE, a necessary and sufficient 
condition is that for every neighborhood V’ of f(x9) in E’, f-1(V’) be a neigh- 
borhood of %_ in E. 


(3.11.2) In order that f be continuous at x, EE, a necessary and sufficient 
condition 1s that, for every e > 0, there exist a ὃ > 0 such that the relation 
A(Xo,X) «- ὃ implies d’(f(X9),f(x)) < ε. 


These are mere restatements of the definition. 
The natural injection 7,: F +E of a subspace F of E into E (1.6.1) 
is continuous. Any constant mapping is continuous. 


(3.11.3) If x) ΕΕ ts a cluster point of a set ACE, and τή f 1s continuous at 
the point Xo, then f(x) 15 a cluster point of f(A). 


For if V’ is a neighborhood of f(x) in E’, ΝΎ is a neighborhood of 
%) in E, hence there is ye ANf-}(V’), and therefore f(y) Ε f(A) NV’. 


(3.11.4) Let f be a mapping of E into E’. The following properties are 
equivalent: 


a) f 15 continuous ; 

b) for every open set A’ in E’, f(A’) ts an open set in E; 
c) for every closed set A’ in E’, f-1(A’) ἐξ a closed set in E; 
ἃ) for every set A in E, f(A) c f(A). 


We have seen in (3.11.3) that a) > d). d) > c), for if A’ is closed and 
A -- [1.4ὺ, then /(A)cCA’ =A’, hence Acf ‘(A’)=A; as ACA, 
A is closed. c) > b) from the definition of closed sets and formula (1.5.13). 
Finally b) > a), for if V’ is a neighborhood of f(x»), there is an open neigh- 
borhood W’ € V’ of f(x»); f-1(W’) is an open set containing χρ and contained 
in {-1(V’), hence / is continuous at every point x, by (3.11.1). 


It should be observed that the direct image of an open (resp. closed) set 
by a continuous mapping is mot in general an open (resp. closed) set; for 
instance, x — x? is continuous in R, but the image [0,1[{ of the open 
set ]—1, +1[ is not open; x —1/x is continuous in the subspace 
E = [1], + oo[ of R, but the image of the closed set E is the interval ]0, 1] 
which is not closed in R (see however (3.17.9) and (3.20.13)). 


(3.11.5) Let f be a mapping of a metric space E into a metric space ἘΠ, 
g a mapping of E’ into a metric space ἘΠ᾽; tf f ts continuous at x, and g 


44 III. METRIC SPACES 


continuous at f(X»), then h = gof is continuous at x,. If f is continuous in E 
and g continuous in ἘΦ, then h is continuous in E. 


The second statement obviously follows from the first. Let W’’ be a 
neighborhood of h(%9) = g(/(%»));_ then, by (3.11.1) and the assumptions, 
8 ἸΟΝ 7 is a neighborhood of f(x) in E’, and {-1(g-1(W”)) a neighborhood 
of x) in E; but f-(g~*(W”)) = 4-\(W”). In particular: 


(3.11.6) ΠῚ f7s a mapping of E into E’, continuous at x», and F a subspace 
of E containing χρ, then the restriction of f to F is continuous at xp. 


For that restriction is the mapping fo/,, 7, being the natural injection 
of F into E, which is continuous. 


Note however that the restriction to a subspace F of a mapping f: 
E — E’ may be continuous without / being continuous at any point of E; 
an example is given by the mapping /: R — R which is equal to 0 in the 
set Q of rational points, to 1 in its complement (‘‘Dirichlet’s function’’); 
the restriction of f to Q is constant, hence continuous. 


A uniformly continuous mapping of E into E’ is a mapping such that for 
every € > 0, there exists a ὃ > 0 such that the relation d(x,y) < 6 implies 
a'(f{(x),f(y)) <. From this definition and (3.11.2), it follows that 


(3.11.7) A uniformly continuous mapping is continuous. 


The converse is not true in general: for instance, the function x > x? 
is not uniformly continuous in R, since for given « > 0, the difference 
(x + a)? — x% = «(2% + αὐ can take arbitrarily large values (see however 
(3.16.5)). 

The examples given above (constant mapping, natural injection) are 
uniformly continuous. 


(3.11.8) For any non-empty subset A of E, x -»d(x,A) is uniformly 
continuous. 


This follows from the definition and (3.4.2). 


(3.11.9) If fis a uniformly continuous mapping of E into ἘΠ, g a uniformly 
continuous mapping of ἘΠ: into ἘΠ᾽, then h = gof is uniformly continuous. 


Indeed, given any e > 0, there is ὃ > 0 such that d’(x’,y’) < ὃ implies 
a’'(g(x'),e(y’))<e; then there is 7 >0 such that d(x,y) < ἢ implies 
d'(f(x),f(y)) <6; therefore d(x,y) < ἡ implies d’’(h(x),h(y)) -- ε. 
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PROBLEMS 


1) Let f be a mapping of a metric space E into a metric space E’. Show that the 
following properties are equivalent: 


a) f is continuous; 

b) for every subset A’ of E’, f(A) ς (f-1(A’))°; 

c) for every subset A’ of E’, fA’) © AHA’). 

Give an example of a continuous mapping / and a subset A’ C E’ such that /—1(A’) 
is not the closure of f—1(A’). 

2) For any metric space E, any number vy > 0 and any subset A of E, the set 
V,(A) of points χὰ E such that d(z#,A) <7 is closed (use (3.11.8)). 


3) In a metric space E, let A,B be two non empty subsets such that ANB =ANB=@. 
Show that there exists an open set U 3 A and an open set V3 Bsuch that UNV = @ 
(consider the function καὶ — d(x,A) — d(x,B)). 


12. Homeomorphisms. Equivalent distances 


A mapping / of a metric space E into a metric space E’ is called a 
homeomorphism if: 1° it is a bijection; 2° both f and its inverse mapping /—! 
are continuous. Such a mapping is also said to be bicontinuous. The inverse 
mapping /~ ' is then a homeomorphism of E’ onto E. If {15 a homeomorphism 
of E onto Ε΄, g a homeomorphism οἱ Ε΄ onto E”, gof is a homeomorphism 
of E onto E” by (3.11.5). A homeomorphism may fail to be uniformly 
continuous (for instance, the homeomorphism x — x® of R onto itself). 
Two metric spaces E,E’ are homeomorphic if there exists a homeomorphism 
of E onto E’. Two spaces homeomorphic to a third one are homeomorphic. 
By abuse of language, a space homeomorphic to a discrete metric space 
(3.2.5) is called a discrete space, even if the distance is not defined as in 
(3.2.5). 

An isometry is always uniformly continuous by definition, hence a 
homeomorphism. For instance, the complete real line R is by definition 
homeomorphic to the subspace [— 1, 1] of R. 

Let d,,d, be two distances on a set E; this defines two metric spaces 
on E, which have to be considered as distinct (although they have the 
same “‘underlying set’); let E,,E, be these spaces. If the identity mapping 
x x of E, onto Ἐς is a homeomorphism, d,,d, are called equivalent 
distances (or topologically equivalent distances) on E; from (3.11.4), we see 
that this means the families of open sets are the same in E, and E,. The 
family of open sets of a metric space E is often called the topology of E; 
equivalent distances are thus those giving rise to the same topology. It 
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may be observed here that the definitions of neighborhoods, closed sets, 
cluster point, closure, interior, exterior, dense sets, frontier, continuous func- 
tion only depend on the topologies of, the spaces under consideration; 
they are topological notions; on the other hand, the notions of balls, spheres, 
diameter, bounded set, uniformly continuous function are not topological 
notions. Topological properties of a metric space are invariant under 
homeomorphisms. 

With the preceding notations, it may happen that the identity mapping 
x +x of E, into E, is continuous but xot bicontinuous: for instance, 
take E=R, d,(x,y) = |x — y| and for d,(x,y) the distance defined in 
(3.2.5) taking only values 0 and 1. In such a case, the distance d, (resp. 
the topology of E,) is sai* iv be finer than the distance d, (resp. the topology 
of E,). 


PROBLEMS 


1) Let a be an irrational number > 0; for each rational number x > 0, let /,(%) 
be the unique real number such that 0 < f,(¥) < ἃ and that καὶ — /,(%) is an integral 


multiple of a. Show that f, is an injective continuous mapping of the space Q* of 


rational numbers > 0 into the interval ]0,a[ of R, and that μιᾳἢ is dense in ]0,a[. 
Deduce from that result and from the problem in section 2.2 that there exists a 
bijective continuous mapping of Q onto itself which is not bicontinuous (compare to 
(4.2.2)). 

2) Let / be a continuous mapping of a metric space E into a metric space F. 

a) Let (V,) be a covering of F by open subsets; show that if, for each A, the 
restriction of f to f—1(V,) is a homeomorphism of the subspace /~1(V,) of E onto the 
subspace V, of F, f is a homeomorphism of E onto F. 

Ὁ) Give an example of a mapping / which is not injective, and of a covering (U,) 
of E by open subsets, such that the restriction of f to each of the U, is a homeo- 
morphism of the subspace U, of E onto the subspace /(U,) of F (one can take both 
E and F discrete). 

3) Let E,F,G be three metric spaces, / a continuous mapping of E into F, ga 
continuous mapping of F into G. Show that if f is surjective and gof is a homeo- 
morphism of E onto G, then / is a homeomorphism of E onto F and g is a homeo- 
morphism of F onto G. 


13. Limits 


Let E be a metric space, A a subset of E, aa cluster point of A. Suppose 
first that a does not belong to A. Then, if / is a mapping of A into a metric 
space Β΄, we say that /(x) has a limit a’ € E’ when x € A tends to a (or also 
that a’ is a limit of f at the point a € A with respect to A), if the mapping g of 
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A U {a} into E’ defined by taking g(x) = f(x) for χει, g(a) =a’, is 


continuous at the point a; we then write a’ = lim f(x). If aeA, we 
x—a,xeEA 


use the same language and notation to mean that / is continuous at the 
point a, with a’ = f(a). 


(3.13.1) In order that a’ € E' be limit of f(x) when x € A tends to a, a necessary 
and sufficient condition is that, for every neighborhood V' of a' in E’, there 
exist a neighborhood V of a in E such that {(VNA)CV’. 


(3.13.2) In order that a’ ε Ἐ΄ be limit of {(x) when xe A tends to a, a 
necessary and sufficient condition is that, for every ¢ > 0, there exist a ὃ» 0 
such that the relations x € A, d(x,a) < ὃ imply d'(a',f(x)) <e. 


These criteria are mere translations of the definitions. 


(3.13.3) A mapping can only have one limit with respect to A at a given 
point «ΕΑ. 


For if a’,b’ were two limits of f at the point a, it follows from (3.13.2) 
and the triangle inequality that, for any e > 0, we would have d'(a’,b’) < 2e, 
which is absurd if a’ + 0’. 


(3.13.4) Let f be a mapping of E into Ἐ΄. In order that f be continuous at a 
point %»E€E such that x» is a cluster point of E — {Xo}, 4 necessary and 


sufficient condition ts that f(x») = lim f(x). 
xEE — {x9}, x—> Χο 


Mere restatement of definitions. 


(3.13.5) Suppose a’ = lim f(x). Then, for every subset BCA such that 


xeA,x—->a 


a €B, a’ ts also the limit of f at the point a, with respect to B. Ths apples 
in particular when B = VA, where V is a neighborhood of a. 


Obvious consequence of the definition and (3.11.6). 


(3.13.6) Suppose f has a limit a' at the point a cA with respect to A; if g is 
a mapping of E' into ἘΠ, continuous at the point a’, then g(a’) = lim g(f(x)). 


xEA,x—ra 


This follows at once from (3.11.5). 


(3.13.7) 1, a’= lim f(x), then a’ef{A). 
x—a,xEA 
For by (3.13.1), for every neighborhood V’ of a’, ΜΝ’ ἢ f(A) contains 
ΚΝ NA), which is not empty since a eA. 
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An important case is that of limits of sequences: in the extended real 
line, we consider the point + oo, which is a cluster point of the set N of 
natural integers. A mapping of N into a metric space E is a sequence 
n-->x, of points of E; if ac€E is limit of that mapping at +o, with 
respect to N, we say that a is limit of the sequence (x,) (or that the sequence 
(x,) converges to a) and write a = lim x,. The criteria (3.13.1) and (3.13.2) 


n—> © 


become here: 


(3.13.8) In order that a= lim x,, a necessary and sufficient condition is 
n> @ 


that, for every neighborhood V of a, there exist an integer n, such that the 
relation nN > Ἠρ implies x, ΕΝ (in other words, V contains all x, with the 
exception of a finite number of indices). 


(3.13.9) In order that a= lim x,, a necessary and sufficient condition 


n—-> © 
15 that, for every e > 0, there exist an integer ny such that the relation n > ng 
implies d(a,x,) < ε. 
This last criterion can also be written lim d(a,x,) = 0. 
n—> ὦ 


A subsequence of a sequence (%,) is a sequence k SED gs where k > n, 


is a strictly increasing infinite sequence of integers. It follows at once 
from (3.13.5) that: 


(3.13.10) Jf a= lim x,, then a=lim X,, for any subsequence of (x,). 
N—> οὦ k>@ 

Let (%,) be a sequence of points in a metric space E; a point be E is 
said to be a cluster value of the sequence (%,,) if there exists a subsequence 
(x,,) such that ὁ = ἐῶ Xn: 

A cluster value of a subsequence of a sequence (x,) is also a cluster value 
of (x,). If (x,) has a limit a, ais the unique cluster value of (x%,), as follows 
from (3.13.10); the converse does not hold in general: for instance, the 
sequence (x,) of real numbers such that x, = I/m and x,,., ΞΞ (n>1) 


has 0 as a unique cluster value, but does not converge to 0 (see however 


(3.16.4). 


(3.13.11) In order that ὃ ΕῈ should be a cluster value of (χ,), a necessary 
and sufficient condition ts that, for any neighborhood V of ὃ and any integer m, 
there exist an integer n > m such that x, EV. 
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The condition is obviously necessary. Conversely, suppose it is satisfied, 
and define the subsequence (%,,,) by the following condition: x, is the 


smallest integer > ,_, and such that d(b,x,, ) <I/k. As d(x, ,b) «1,8 


for any k >h, the subsequence (X,,) converges to ὁ. 


(3.13.12) Jf 01s a cluster value of (x,) in E, and tf the mapping g of E into Ἐ' 
ts continuous at ὃ, then g(b) ts a cluster value of the sequence (g(x,)). 


Clear from the definition and (3.13.6). 


From (3.13.7) if follows that if 15 a cluster value (and a fortiori a limit) 
of a sequence of points x, belonging to a subset A of E, then beA. 
Conversely: 


(3.13.13) For any point α ΕΑ, there is a sequence (x,) of points of A such 
that a = lim x,. 

For by assumption, the set AN B(a;1/n) is not empty, hence (by (1.4.5)) 
for each ἡ, there is an χ ΕΑ Ὼ B(a;1/n), and the sequence (%,) converges 
to a by (3.13.9). 


(3.13.14) Let f be a mapping of ACE into a metric space FE’ and aecA. 
In order that f have a limit a’ & E’ with respect to A at the point a, a necessary 
and sufficient condition 1s that, for every sequence (x,) of points of A such 
that a= lim x,, then a’ = lim f(x,). 

The necessity follows from the definitions and (3.13.6). Suppose 
conversely that the condition is satisfied and that a’ is not the limit of / 
with respect to A at the point a. Then, by (3.13.2), there exists x > 0 
such that, for each integer , there exists x, € A satisfying the two condi- 
tions d(a,x,,) < 1/n and d(a’,f(x,)) =a. The sequence (x,) converges then 
to a, but (/(x,)) does not converge to a’, which is a contradiction. 


PROBLEMS 


1) Let (u,) be a sequence of real numbers > 0 such that lim u, = 0. Show 
n—-+>© 


that there are infinitely many indices Ὁ such that u, > u,, for every m > ἢ. 

2) a) Let (¥,) be a sequence in a metric space E. Show that if the three sub- 
sequences (Χ 9}, (¥9,41) and (*3,) are convergent, (χη) is convergent. 

b) Give an example of a sequence (%,) of real numbers which is not convergent, 
but is such that for each k > 2, the subsequence (*;,,) is convergent (consider the sub- 
sequence (%p,), where (pz) is the strictly increasing sequence of prime numbers). 
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3) Let E be a separable metric space, f an arbitrary mapping of E into R. Show 


that the set of points ac E such that lim f(x) exists and is distinct from f(a), 
X—>a, x Ha 


is at most denumerable. (For every pair of rational numbers p,g such that p < 4, 
consider the set of points aé E such that 


fax p<qg im f(z) 


X—>a, x#a 


and show that it is at most denumerable, using problem 2 a) of section 3.9. Consider 
similarly the set of points aé E such that 


lim f(*)<p<q</f(a).) 


xX—>a, x*#a 


14. Cauchy sequences, complete spaces 


In a metric space E, a Cauchy sequence is a sequence (x,) such that, 
for any e > 0, there exists an integer mj such that the relations p > ny 
and q >, imply d(x,,x,) <e. 


(3.14.1) Amy convergent sequence is a Cauchy sequence. 


For if a= lim x,, for any ¢ >0 there exists m) such that > nm, 


Zz 
implies d(a,x,) < €/2; by the triangle inequality, the relations p> np, 
q 2M imply d(x,,x,) < ε. 


(3.14.2) If (x,) ts a Cauchy sequence, any cluster value of (x,) is a limit 


of (χ,). 


Indeed, if ὁ is a cluster value of (%,), given e > 0, there is m) such that 
ῥ 35 Mm and 4 > Mm imply d(x,,x,) < €/2; on the other hand, by (3.13.11) 
there is a py > my such that d(b,x,) < «/2; by the triangle inequality, it 
follows that d(b,x,) <« for any » > ng. 


A metric space E is called complete if any Cauchy sequence in E is 
convergent (to a point of E, of course). 


(3.14.3) The real line R is a complete metric space. 


Let (x,) be a Cauchy sequence of real numbers. Define the sequence 
(n,) of integers by induction in the following way: n, +1 1s the smallest 
integer > n, such that, for p >,,, and g >, 44, |x, — x,| < 1/2**?; 
the possibility of the definition follows from the fact that (x,) is a Cauchy 
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sequence. Let I, be the closed interval [Xn, — 27 “ny + 2. ἢ; we have 


I,4,¢1,, for Xn, — F< 2-*-1. on the other hand, for m>n,, 


χ 

"k+1 
x» € 1, by definition. Now from axiom (2.1.(IV)) it follows that the nested 
intervals I, have a non-empty intersection; let a be in I, for all k. Then 
it is clear that |a — x,,| << 27**? for all m >, hence a = lim x,. 


n—> © 


(3.14.4) If a subspace F of a metric space E is complete, F is closed in E. 


Indeed, any point ac€F is the limit of a sequence (x,) of points of F 
by (3.13.13). The sequence (x,) is a Cauchy sequence by (3.14.1), hence 
by assumption converges to a point ὁ in F; but by (3.13.3) ὃ = a, hence 
aéF; this shows F = Εἰ g.e.d. 


(3.14.5) In a complete metric space E, any closed subset F is a complete 
subspace. 


For a Cauchy sequence (x,) of points of F converges by assumption to 
a point 4 Ε E, and as the x, belong to F, ac F = F by (3.13.7). 


Theorems (3.14.4) and (3.14.5) immediately enable one to give examples 
both of complete and of non-complete spaces, starting from the fact that 
the real line is complete. 

The fundamental importance of complete spaces lies in the fact that 
to prove a sequence is convergent in such a space, one needs only prove 
it is a Cauchy sequence (one also says that such a sequence satisfies the 
Cauchy criterion); the main difference between application of that test 
and of the definition of a convergent sequence is that in the Cauchy 
criterion one does not need to know in advance the value of the limit. 

We have already mentioned that on a same set E, two distances d,,d, 
may be topologically equivalent, but the identity mapping of E, into E, 
(E,,E, being the corresponding metric spaces) may fail to be uniformly 
continuous. This is the case, for instance, if we take E = R, d,(x,y) = |x — yl, 
d,(x,y) being the distance in the extended real line, restricted to R; E, is 
then complete and not E, since E, is not closed in R. When two distances 
d,,d, are such that the identity mapping of E, into E, is uniformly contin- 
uous as well as the inverse mapping, d, and d, are said to be uniformly 
equivalent. Cauchy sequences are then the same for both distances. For 
instance, if there exist two real numbers a > 0, 6 > 0 such that, for any 
pair of points x,y in E, ad,(x,y) < d,(x,v) < Bd,(x,y) then d, and d, are 
uniformly equivalent distances. 
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Let E, E’ be two metric spaces, A a subset of E, / a mapping of A into E’; 
the oscillation of f in A is by definition the diameter d(/(A)) (which may 
be +00). Let a be a cluster point of A; the oscillation of f at the point a 
with respect to A is Q(a;f) = inf d(f(V M A)), where V runs over the set of 

Vv 


neighborhoods of a (or merely a fundamental system of neighborhoods). 


(3.14.6) Suppose E’ is a complete metric space; im order that lim f(x) 
x—>a,xEA 


exist, a necessary and sufficient condition 15 that the oscillation of f at the 
point a, with respect to A, be 0. 


The condition is necessary by (3.13.2). Suppose conversely that it is 
satisfied, and let (x,) be a sequence of points of A converging to a; then 
it follows from the assumption that the sequence (/(*,)) is a Cauchy sequence 
in Ε΄, for, given any e > 0, there is a neighborhood V of a such that 
d’(f(x),f(v)) < ε for any two points x,y in VN A, and we have x%,EVNA 
except for a finite number of indices. Hence the sequence (/(*,)) has a 
limit a’. Moreover, for any other sequence (y,) of points of A, converging 
to a, the limits of (f(x,)) and of (f(y,)) are the same since d’(f(x,),/(¥,)) < ε 


as soon as x, and y, are bothin VN A. Hence lim /(x) =a’ from the 
x—>a,xeEA 


definition of the limit and from (3.13.14). 


PROBLEMS 


1) a) Let E be an ultrametric space (section 3.8, problem 4). In order that a 
sequence (χη) in E be a Cauchy sequence, show that it is necessary and sufficient 
that lm d(#y,%,+41) = 9. 

n—> © 

Ὁ) Let X be an arbitrary set, E the set of all infinite sequences ¥ = (%,) of 
elements of X. For any two distinct elements * = (%,), v = (y,) of E, let k(%,¥) 
be the smallest integer such that χη, + γκ; let d(¥,vy) = 1/R(«,y) if + ~ y, d(¥,x) = 0. 
Prove that d is an ultrametric distance on E, and that the metric space E defined 
by ὦ is complete. 


2) Let @ be an increasing real valued function defined in the interval 0 < u << + οὐ, 
and such that φίθ) = 0, y(u) > Oif wu > 0, and φίω + v) < yu) + φίυ). Let d(x,y¥) 
be a distance on a set E; then d,(z,y) = y(d(¥,y)) is another distance on E. 


a) Show that if m is continuous at the point u = 0, the distances d and d, are 
uniformly equivalent. Conversely, if, for the distance ὦ, there is a point 7)¢E which 
is not isolated in E (section 3.9, problem 2), and if d and d, are topologically equivalent, 
then @ is continuous at the point u = 0. 
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b) Prove that the functions 
u(O<r<)l), log (1 + τὴ, uj(1 + τὴ, Inf (1,4) 


satisfy the preceding conditions. Using the last two, it is thus seen that for any 
distance on E, there is a uniformly equivalent distance which is bounded. 


3) On the real line, let d(z,y) = |¥ — y| be the usual distance, d’(x,y) = |x? — y3|; 
show that these two distances are topologically equivalent and that the Cauchy 
sequences are the same for both, but that they are not uniformly equivalent. 


4) Let E be a complete metric space, d the distance on E, A the intersection of 
a sequence (U,) of open subsets of E; let F, = E — U,, and for every pair of points 
x,y of A, write 


1 l 
a(x,F,) ἀ(ν, Εν) 


ἰκ(5,5») = 


dy(%,Y) = fy(¥,y)/(1 + fyl¥y)), and d’(x,y) = d(x,y) + Σ d,(x,y)/2". Show that 


n=0 


on the subspace A of E, d’ is a distance which is topologically equivalent to d, and 
that for the distance ad’, A is a complete metric space. (Note that a Cauchy sequence 
for d’ is also a Cauchy sequence for ὦ, but that its limit in E may not belong to any 
of the F,,.) Apply to the subspace I of R consisting of all irrational numbers. 


15. Elementary extension theorems 


(3.15.1) Let f and g be two continuous mappings of a metric space E into 
a metric space E’, The set A of the points x EE such that f(x) = g(x) ts 
closed in E, 


It is equivalent to prove the set E — A open. Let ac E -- A, then 
f(a) A g(a); let ad’(f(a),g(a)) = a >0. By continuity of ἐν at a and from 
(3.6.3) it follows that there is a neighborhood V of a@ in E such that for 
xEV, d'(f(a),f(x)) < «/2 and d’(g(a),g(x)) < «/2. Then for x € V, /(x) 4 g(x), 
otherwise we would have d'(f(a),g(a)) < a by the triangle inequality. 


(3.15.2) (‘Principle of extension of identities”). Let j,g be two continuous 
mappings of a metric space E into a metric space ἘΠῚ if f(x) = g(x) for all 
points x of a dense subset A in E, then ἡ = g. 


For the set of points x where f(x) = g(x) is closed by (3.15.1) and 
contains A. 
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(3.15.3) Let f,g be two continuous mappings of a metric space E into the 
extended real line R. The set P of the points x EE such that f(x) < g(x) is 
_ closed in E. 


We prove again E — P is open. Suppose /(a) > g(a), and let BER 
be such that f(a) > 6 > g(a) (cf. (2.2.16) and the definition of R in 3.3). 
The inverse image V by / of the open interval ]8, + oo] is a neighborhood 
of a by (3.11.1); so is the inverse image W by g of the open interval 
[— oo, B[. Hence ΩΝ is a neighborhood of a by (3.6.3), and for 
xEVOAW, f(x) > 6 > g(x), Ged. 


(3.15.4) (‘Principle of extension of inequalities”). Let f,g be two contin- 
uous mappings of a metric space E into the extended real line R; if f(x) < g(x) 
for all points x of a dense subset A of E, then f(x) < g(x) for all x EE. 


The proof follows from (3.15.3) as (3.15.2) from (3.15.1). 


(3.15.5) Let A be a dense subset of a metric space E, and f a mapping of A 


into a metric space Ἐ΄. In order that there exist a continuous mapping } of 
E into E’, coinciding with f in A, a necessary and sufficient condition 15 


that, forany x EE, thelimit lim f(y) existin ἘΠ; the continuous mapping 
y—>x, vEA 


} is then unique. 


As any x € E belongs to A, we must have f(x) = lim f(y) by (3.13.5), 


yx, yeA 


hence f(x) = lim f(y); this shows the necessity of the condition and the 


yx, xeEA 7 
fact that if the continuous mapping / exists, it is unique (this follows 
also from (3.15.2)). Conversely, suppose the condition satisfied, and let 
us prove that the mapping j defined by j(x) = lim (f(y) is a solution 
yx, xEA 


of the extension problem. First of all, if x ΕΑ, the existence of the limit 
implies by definition f(x) == f(x), hence f extends /, and it remains to see that 
ἢ is continuous. Let x € E, V’ a neighborhood of H(x) in Ε΄; there is a closed 


ball B’ of center f(x) contained in V’. By assumption, there is an open 


neighborhood V of x in E such that {(VM A) CB’ (by (3.13.1)). For any 


y EV, f(y) is the limit of f at the point y with respect to A, hence also 
with respect to VN A, by (3.13.5); hence, it follows from (3.13.7) that 


79) Ε ΚΥ NMA), and therefore Hy) Ε B’ since B’ is closed; q.e.d. 
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(3.15.6) Let A be a dense subset of a metric space E, and f a uniformly 
continuous mapping of A into a complete metric space E’. Then there exists 


a continuous mapping f of E into E’ coinciding with f in A; moreover, f is 
uniformly continuous. 


To prove the existence of ,, it follows from (3.15.5) and (3.14.6) that 
we have to show the oscillation of f at any point χε Ε, with respect 
to A, is 0. Now for any e > 0, there is ὃ > 0 such that d(y,z) < ὃ implies 
ad'(f(y),f(z)) < €/3 (y,z in A). Hence, the diameter of /(A ἢ B(x;6/2)) is at 
most ¢/3, which proves our assertion. Consider now any two points s,¢ in E 
such that d(s,t)< 6/2. There is an yeA such that d(s,y) < 6/4 and 


d'(f(s),(y)) < ε|8, and a ΖΕ A such that d(t,z) < 6/4 and d’({(t),f(2)) <¢/3.- 
From the triangle inequality it follows that d(y,z) < 6, and as y,z are in A, 


a’(f(y),f(z)) < e/3; hence, by the triangle inequality, d’(f(s),/(t)) < ε; this 


proves that ἢ is uniformly continuous. 


PROBLEM 


Let ἢ — 1, be a bijection of N onto the set A of all rational numbers x such that 
0O< *¥ <1 (2.2.15). We define a function in E = [0,1] by putting f(x) = 2X 1/2%, 
ty <% 
the infinite sum being extended only to those such that 7,< *. Show that the 
restriction of f to the set B of all irrational numbers χα [0,1] is continuous, but 
cannot be extended to a function continuous in E. 


16. Compact spaces 


A metric space E is called compact if it satisfies the following condition 
(““Borel-Lebesgue axiom”): for every covering (U,),c;, of E by open sets 
(‘open covering’) there exists a finite subfamily (U,),-4 (HCL and finite) 
which 15. a covering of E. 

A metric space E is called precompact if it satisfies the following condi- 
tion: for any e > 0, there is a finite covering of E by sets of diameter < ε. 
This is immediately equivalent to the following property: for any « > 0, 
there 1s a finite subset F of E such that d(x,F) < « for every x EE. 

In the theory of metric spaces, these notions are a substitute for the 
notion of ‘‘finiteness” in pure set theory; they express that the metric 
space is, so to speak, “‘approximately finite’. Note that, from the defini- 
tion, it follows that compactness is a topological notion, but precompactness 
is not (see remark after (3.17.6)). 
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(3.16.1) For a metric space E, the following three conditions are equivalent: 
a) E ts compact; 
Ὁ) any infinite sequence in E has at least a cluster value; 


c) E ἐς precompact and complete. 


a) = Ὁ): Let (x,) be a sequence in the compact space E, and let F,, be 
the closure of the set {%,,%41,-+-.%n4p:-+-}- We prove there is a point 
belonging to all F,. Otherwise, the open sets U, = E — F, would form a 


covering of E, hence there would exist a finite number of them, U,,,...,U,, 


forming a covering of E; this would mean that F, NF, N...NF, = ὁ; 


but this is absurd, since if » is greater than Max (m,,...,,), F,, (which is 
not empty by definition) is contained in all the F, (1 <7 < ἃ). Hence the 


intersection [ἢ F,, contains at least a point a. By (3.13.11) and the defini- 


n=1 


tion of a cluster point, a is a cluster value of (%,). 


b) > cc): First any Cauchy sequence in E has a cluster value, hence 
is convergent by (3.14.2), and therefore E is complete. Suppose E were 
not precompact, i.e. there exists a number a > 0 such that E has no finite 
covering by balls of radius «. Then we can define by induction a sequence 
(x,) in the following way: supposing that d(x;,x;) > «fort A7,l<i<n—l, 
1<;7<n"—1, the union of the balls of center x, (1 <1 <n — 1) and 
radius « is not the whole space, hence there is x, such that d(x,,x,) 2 a 
for1<m. The sequence (%,) cannot have a cluster value, for if @ were 
such a value, there would be a subsequence (%4,) converging to a, hence we 


would have d(a,x,,) < «a/2 for k > ἀρ, and therefore A(Xy Χηκὶ < a for 
h>ky, k > ky, ἢ ~hk, contrary to the definition of (x,). 


c) > a): Suppose we have an open covering (U,),-; of E such that 
no finite subfamily is a covering of E. We define by induction a sequence 
(B,) of balls in the following way: suppose B,_, has radius 1/2”~*, and 
there is no finite subfamily of (V,),-, which is a covering of B,_,. Then 
we consider a finite covering (V;); <z< Of E by balls of radius 1/2”; among 
the balls V, which have a non-empty intersection with B,_,, there is 
one at least B, for which no finite subfamily of (U,) is a covering; otherwise, 
as these V, form a covering of B,_,, there would be a finite subfamily 
of (U,) which would be a covering of B,_,. Let x, be the center of B,,; 
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as B, _, and B, have a common point, the triangle inequality shows that 
A(X, χ,χ,) <1/2"~* + 1/2" « 1.255, Hence, ifn <p<g, we have . 


] ] ] 
A( Xp, Xq) < A(Xp,Xp 41) + ees + a(x, —1,%q) S 9p-i + res + aq—-2 <= pn 2" 


This proves that (x,) is a Cauchy sequence in E, hence converges to a point a. 
Let 4) be an index such that a€U,; there is an α >0 such that 
B(a;«)C U,. From the definition of a, it follows there exists an integer ἢ 
such that d(a,x,) < «/2, and 1/2"< a/2. The triangle inequality then 
shows that B,C B(a;«)CU,. But this is a contradiction since no finite 
subfamily of (U,) is supposed to be a covering of Β,. 


(3.16.2) Any precompact metric space is separable. 


If E is precompact, for any x there is, by definition, a finite subset A,, 
of E such that for every x εξ, d(x,A,) <1/n. Let A= (JA,; A is at 


most denumerable, and for each x € E, d(x,A) <d(x,A,) < 1/n for any 1, 
hence d(x,A)=0, E=A. 


(3.16.3) Let E be a metric space. Any two of the following properties imply 
the third: 


a) E ts compact: 
b) E ἐξ discrete (more precisely, homeomorphic to a discrete space) ; 
c) E ἐς finite. 


a) and b) imply c), for each one-point set {x} is open, hence the family 
of sets {x} is an open covering of E, and a finite subfamily can only be a 
covering of E if E is finite. On the other hand, c) implies both a) and b), 
for each one point set being closed, every subset of E is closed as finite 
union of closed sets, hence every subset of E is open, and therefore E is 
homeomorphic to a discrete space. Finally, as there is only a finite number 
of open sets, E is compact. 


(3.16.4) In a compact metric space E, any sequence (x,) which has only 
one cluster value a converges to a. 


Suppose αὶ is not the limit of (x,); then there would exist a number 
a > 0 such that there would be an infinite subsequence (%,,) of (x,) whose 


points belong to E — B(a;«). By assumption, this subsequence has a 
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cluster value ὃ, and as E — B(a;«) is closed, ὃ belongs to E — B(a;a) 
by (3.13.7). The sequence (%,) would thus have two distinct cluster values, 
contrary to assumption. 


(3.16.5) Any continuous mapping f of a compact metric space E into a metric 
space E’ 15 untformly continuous. 


Suppose the contrary; there would then be a number « > 0 and two 
sequences (x,) and (y,) of points of E such that d(x,,y,) <1/n and 
d'(f(x,),/(¥,)) = «. We can find a subsequence (*,,) converging toa point a, 


and as d(x )}< 1jn,, it follows from the triangle inequality that the 


ny? np 
sequence (γ,,) also converges to a. But / is continuous at the point a, hence 


there is a ὃ > 0 such that d’(f(a),f/(x)) < a«/2 for d(a,x) <6. Take k such 
that d(a,%,) < ὃ, ἄ(α,γ, ) < 6; then ἀ {{{π,,}»Γ(0,..ὕ}ὺ} Ξ α contrary to the 


definition of the sequences (χ,) and (ν,). 


PROBLEMS 


1) a) Let E be a compact metric space, (λ)λει, an open covering of E. Show 
that there is a number a > 0 such that any open ball of radius & is contained in 
one at least of the Uy, (‘‘Lebesgue’s property’). (For each veE, let B(¥;7,) be 
such that the ball B(x; 2r,) is contained in one of the U,; cover E by a finite number 
of the balls B(x;7,) and show that the smallest of the corresponding radii 7, has the 
required property.) 

b) Give an example of a precompact space in which the result of a) fails to be true. 

2) For a metric space E, show that the following properties are equivalent: 

a) E is compact; 

b) every denumerable open covering of E contains a finite subcovering; 

c) every decreasing sequence (F,) of non-empty closed sets of E has a non-empty 
intersection; 

d) for any infinite open covering (U,),ze_ of E, there is a subset HCL, distinct 
from L and such that (U,)zcy is still a covering of E; 

6) every pointwise finite open covering (U,) of E (i.e. such that for any point 
ΧΕῈ, χε Ὅλ only for a finite subset of indices) contains a finite subcovering ; 

f) every infinite subspace of E which is discrete is not closed. (Using (3.16.1), 
show that f) implies a), and that d) and e) imply f).) 

3) Let E be a metric space, ὦ the distance on E, %(E) c ‘B(E) the set of all closed 
non empty subsets of E. We may suppose that the distance on E is bounded (section 
3.14, problem 2). For any two elements A,B of %(E), let p(A,B) = sup d(%,B), 


xeEA 
h(A,B) = sup (p(A,B),p(B,A)). 
a) Show that, on %(E), ὁ is a distance (the ‘‘Hausdorff distance’’). 
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Ὁ) Show that if E is complete, §(E) is complete. (Let (X,) be a Cauchy sequence 
in ΧΕ); for each ἡ, let Y, be the closure of the union of the sets Χ, με.» such that 
b> 0; consider the intersection of the decreasing sequence (Y,) in E.) 

c) Show that if E is precompact, %(E) is precompact (use the problem in sec- 
tion 1.1). Therefore, if E is compact, {(E) is compact. 


17. Compact sets 


A compact (resp. precompact) set in a metric space E is a subset A such 
that the subspace A of E be compact (resp. precompact). 


(3.17.1) Any precompact set 1s bounded. 


This follows from the fact that a finite union of bounded sets is bounded 
(3.4.4). 

The converse of (3.17.1) does not hold in general, for any distance is 
equivalent to a bounded distance (section 3.14, problem 2) (but see 


(3.17.6). 


(3.17.2) Any compact set in a metric space 1s closed. 


Indeed, such a subspace is complete by (3.16.1), and we need only 
apply (3.14.4). 


(3.17.3) In a compact space E, every closed subset 1s compact. 


For such a set is obviously precompact, and it is a complete subspace 
by (3.14.5). 


A relatively compact set in a metric space E is a subset A such that the 
closure A is compact. 


(3.17.4) Any subset of a relatively compact (resp. precompact) set 15 relatively 
compact (resp. precompact). 


This follows at once from the definitions and (3.17.3). 


(3.17.5) A relatively compact set is precompact. In a complete space, a 
precompact set is relatively compact. 


The first assertion is immediate by (3.17.4). Suppose next E is complete 
and ACE precompact. For any ¢ > 0, there is a covering of A by a finite 
number of sets C, of A diameter < ¢/2; each C, is contained in a closed 
ball D, (in E) of radius e/2. We have therefore AcUDD,, the set UJ Ὁ, 

k k 
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being closed, and each D, has a diameter < ¢. On the other hand, A is a 
complete subspace by (3.14.5), whence the result. 


A precompact space E which is not complete gives an example of a 
precompact set which is not relatively compact in E. 


(3.17.6) (Borel-Lebesgue theorem). Im order that a subset of the real line 
be relatively compact, a necessary and sufficient condition ts that tt be bounded. 


In view of (3.17.1), (3.17.4) and (3.17.5), all we have to do is to 
prove any closed interval [a,b] is precompact. For each integer ἡ, let 
X,=a-+k(b—a)/n, (0 « ἃ <n); then the open intervals of center x, 
and length 2/n form a covering of [a,d], q.e.d. 


Remark. — If, on the real line, we consider the two distances d,, as 
defined in section 3.14, it follows from (3.17.1) that E, is not precompact, 
whereas E, is precompact, since the extended real line R, being 
homeomorphic to the closed interval [—1,+ 1] of R (3.12) is compact 
by (3.17.6), 


(3.17.7) A necessary and sufficient condition that a subset A of a metric 
space E be relatively compact 1s that every sequence of points of A have a 
cluster value in E. 


The condition is obviously necessary, by (3.16.1). Conversely, let us 
suppose it is satisfied, and let us prove that every sequence (x,) of points 
of A has a cluster value in E (which will therefore be in A by (3.13.7)), and 
hence that A is compact by (3.16.1). For each 1, it follows from the defini- 
tion of closure that there exists y, € A such that d(x,,y,) < 1/n. By assump- 
tion, there is a subsequence (Y,,) which converges to a point a; from the 


triangle inequality if follows that (%,,) converges also to a, q.e.d. 


(3.17.8) The union of two relatively compact sets is relatively compact. 


From (3.8.8) it follows that we need only prove that the union of two 
compact sets A,B is compact. Let (U,),-; be an open covering of the 
subspace AUB; each U, can be written (AU B) MN V,, where V, is open 
in E, by (3.10.1). By assumption, there is a finite subset H (resp. K) of L 
such that the subfamily (A U V,),-4 (resp. (BM V,),-x) is a covering of A 
(resp. B). It is then clear that the family ((A UB) NV,),e4 Ux isa covering 
of AUB. 
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(3.17.9) Let f be a continuous mapping of a metric space E into a metric 
space E’. For every compact (resp. relatively compact) subset A of E, f(A) 
15 compact, hence closed in E’ (resp. relatively compact in ἘΠ). 


It is enough to prove that f(A) is compact when A is compact. Let 
(U,),-; be an open covering of the subspace /(A) of Ε΄; then the sets 
Anf-(U,) form an open covering of the subspace A by (3.11.4); by 
assumption, there is a finite subset H of L such that the sets AN f/—1(U,) 
for AEH still form a covering of A; then the sets U, = ffAn/f-(U,)) 
for ΔΕ Η will form a covering of /(A), q.e.d. 


(3.17.10) Let E be a compact metric space, f a continuous mapping of E 
into R; then f(E) ts bounded, and there exist two points a,b in E such that 


f(a) = int f(x), /(6) = sup f(x). 
ΧΕῈ ΧΕΕ 
The first assertion follows from (3.17.9) and (3.17.1). On the other 
hand, /(E) is closed in R by (3.17.2), hence sup /(E) and inf /(E), which 
are cluster points of /(E), belong to /(E). 


(3.17.11) Let A be a compact subset in a metric space E. Then the sets V,(A) 
(see 3.6) form a fundamental system of neighborhoods of A. 


Let U bea neighborhood of A; the real function x > d(x,E — U)is > 0 
and continuous in A by (3.11.8), hence there is a point χρ ¢A such that 
d(x 9,E — U) = inf d(x,E — U) by (3.17.10). But ἀ(χ.  -- U)=7>0; 


xEA 


hence V,(A) CU. 


(3.17.12) If E is a compact metric space, f a continuous injective mapping 
of E into a metric space Ἐ', then f is a homeomorphism of ἘΞ onto f(E). 


All we need to prove is that for every closed set ACE, /(A) is closed 
in /(E) (by (3.11.4)); but this follows from (3.17.3) and (3.17.9). 


PROBLEMS 


1) Let f be a uniformly continuous mapping of a metric space E into a metric 
space Ε΄. Show that for any precompact subset A of E, f(A) is precompact. 

2) In a metric space E, let A be a compact subset, B a closed subset such that 
AN B= @. Show that d(A,B) > 0. : 

3) Let E be a compact ultrametric space (section 3.8, problem 4) d the distance 
on E. Show that for every x, ¢ E, the image of E by the mapping + — d(%,*%) is an 
at most denumerable subset of the interval [0, + oof in which every point (with the 
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possible exception of 0) is isolated (section 3.9, problem 2). (For any 7 = d(x9,x) > 0, 
consider the l.u.b. of d(%»,y) on the set of points y such that d(%»,y) < 7, and the g.l.b. 
of d(%,z) on the set of points z such that d(%9,z) > 7; use section 3.8, problem 4). 

4) Let E be a compact metric space, ὦ the distance on E, / a mapping of E into E 
such that, for any pair (x,y) of points of E, d(f(x),f(y)) > d(x,v). Show that f is an 
isometry of E onto E. (Let a,b be any two points of E; put f, =f,—1°f, a, = falg), 
δ, = f,(b); show that for any ¢ > 0 there exists an index k such that d(a,a,) <e 
and d(b,bg) < ε, and conclude that /(E) is dense in E and that d(f(a),/(b)) = d(a,b).) 

5) Let E,E’ be two metric spaces, / a mapping of E into Ε΄. Show that if the 
restriction of / to any compact subspace of E is continuous, then f is continuous in E 
(use (3.13.14)). 


18. Locally compact spaces 


A metric space E is said to be locally compact if for every point x € E, 
there exists a compact neighborhood of x in E. Any discrete space is 
locally compact, but not compact unless it is finite (3.16.3). 


(3.18.1) The real line R is locally compact but not compact. 


This follows immediately from the Borel-Lebesgue theorem (3.17.6). 


(3.18.2) Let A be a compact set in a locally compact metric space E. Then 
there exists an r Ὁ such that V,(A) (see 3.6) ἐς relatively compact in E. 


For each x € A, there is a compact neighborhood V, of x; the V, form 
an open covering of A, hence there is a finite subset {x,,...,x,}in A such that 


the V,. (1 <1 <n) form an open covering of A. The set Ὁ -- [} Ve 


i=l 
is compact by (3.17.8) and is a neighborhood of A; hence the result, by 
applying (3.17.11). 


(3.18.3) Let E be a locally compact metric space. The following properties 
are equivalent: 


a) there exists an increasing sequence (U,) of open relatively compact 
sets in E such that U, CU, ει for every n, and E = (J U,; 
n 


b) E ts a denumerable union of compact subsets; 


c) E 15 separable. 


It is clear that a) implies b), since U,, is compact. If E is the union of a 
sequence (K,,) of compact sets, each subspace K,, is separable (by (3.16.2)) ; 
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if D, isan at most denumerable set in K,, dense with respect to K,, then 
D=\UD, is at most denumerable, and dense in E, since 
n 


E=UK,c (JD,cD; hence b) implies c). Let us suppose finally that 


E is separable, and let (V,) be an at most denumerable basis for the 
open sets of E (see (3.9.4)). For every xeE, there is a compact 
neighborhood W, of %, hence, by (3.9.3), an index m(x) such that 
χει ΕΝ... It follows that those of the V, which are relatively 
compact already constitute a basis for the open sets of E. We can 
therefore suppose that all the V,, are relatively compact. We then define 
U,, by induction in the following way: U, = V,,U,4, is the union of 
V,,.; and of V,(U,), where 7>0 has been taken such that V,(U,) is 
relatively compact (which is possible by (3.18.2)); it is then clear 
that the sequence (U,) verifies property a). 


(3.18.4) Ina locally compact metric space E, every open subspace and every 
closed subspace 1s locally compact. | 


Suppose A is open in E; for every χε E, there is a closed ball B'(a;7) 
which is compact (from the definition of a locally compact space and 
(3.17.3)). On the other hand, there is 7’ <,7 such that the ball B’(a;7’) 
is contained in A; as it is compact by (3.17.3), A is locally compact. 

Suppose A is closed in E, and let ae A; then if V is a compact neigh- 
borhood of a in E, VNA is a neighborhood of a in A by (3.10.4), and is 
compact by (3.17.3); this proves A is locally compact. 


PROBLEMS 


1) If A is a locally compact subspace of a metric space E, show that A is locally 
closed (section 3.10, problem 3) in E. The converse is true if E is locally compact 
(use (3.18.4)). 

2) a) Show that in a locally compact metric space, the intersection of two locally 
compact subspaces is locally compact (cf. problem 1). 

b) In the real line, give an example of two locally compact subspaces whose union 
is not locally compact, and an example of a locally compact subspace whose com- 
plement is not locally compact. 

3) a) Give an example of a locally compact metric space which is not complete. 

b) Let E be a metric space such that there exists a number 7 > 0 having the 
property that each closed ball B’(*; 7) (¥ € E) is compact. Show that E is complete 


and that for any relatively compact subset A of E, the set V,/ g(A) of the points ΧΕ E 
such that d(z,A) < 7/2 is compact. 
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19. Connected spaces and connected sets 


A metric space E is said to be connected if the only subsets of E which 
are both open and closed are the empty set ὁ and the set E itself. An 
equivalent formulation is that there does not exist a pair of open non- 
empty subsets A,B of E such that AUB = E, AN B= 9. A space reduced 
to a single point is connected. A subset F of a metric space E 15 connected 
if the subspace F of E is connected. A metric space E is said to be locally 
connected if, for every x € E, there is a fundamental system of connected 


neighborhoods of x. 


(3.19.1) In order that a subset A of the real line BR be connected, a necessary 
and sufficient condition is that A be an interval (bounded or not). The real 
line 1s a connected and locally connected space. 


The second assertion obviously follows from the first. Suppose A is 
connected; if A is reduced to a single point, A is an interval. Suppose A 
contains two distinct points a<b,. We prove every x such thata<x< ὃ 
belongs to A. Otherwise, A would be the union of the non-empty sets 
B=AN]|—o, ΧΙ and C=AN]x, - οοΐ, both of which are open in A 
and such that BN C = (Ὁ. From this property, we deduce that A 15 nec- 
essarily an interval. Indeed, let ce A, and let #,9 be the g.l.b. and 1.u.b. 
of Ain R; if p = — ow, then for every x <c, there is y < x belonging 
to A; hence x € A, so ]— ov, c] is contained in A; if fis finite and p<c, 
for every x such that p< x*x<c there is yeEA such that p<y< x, 
hence again x € A, so that A contains the interval |f,c}]. Similarly, one 
shows that A contains [c,g[ if g > c; it follows that in any case A contains 
the interval 12,4, and therefore must be one of the four intervals in R of 
extremities ~,q¢ (of course, if 2} = —oo (resp. g = +00) # (resp. 4) does 
not belong to A). 

Conversely, suppose A is an interval of origin a and extremity ὁ in ἢ 
(the possibilities a = —co,a¢A,b = -᾿ οο, δ ἐ Α being included). Suppose 
A = BUC, with B,C non-empty open sets in A and BNC = ©; suppose 
for instance ΧΕ Β, yEC and x < y. Let z be the l.u.b. of the bounded 
set BN [x,y]; if ze B, then z < y and there is by assumption an interval 
[z,2-+h[ contained in [x,y] and in B, which contradicts the definition 
of z; if on the other hand Ζεῦ, then x < z, and there is similarly an 
interval ]z—h,z] CCN [x,y], which again contradicts the definition of z 
(see (2.3.4)); hence z cannot belong to B nor to C, which is absurd since 
the closed set [x,y] is contained in A. Hence A is connected. 
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(3.19.2) J? A is a connected set in a metric space E, then any set B such 
that ACBCA is connected. 


For suppose X,Y are two non-empty open sets in B such that XU Y = B, 
XNY=9Q; as A is dense in B, XNA and YNA are not empty, open 
in A, and we would have (XN A)U(YNA) =A, (XNA)N(YNA) = Q, 
a contradiction. 


(3.19.3) Ina metric space E, let (A,),-, be a family of connected sets having 
a non-empty intersection; then A = (J A, ts connected. 
AeL 


Let a be a point of [ἢ A,, and suppose A = BUC, where B,C are non- 
AeL 


empty open sets in A such that BNC = @. Suppose for instance a€ B; 
by assumption there is at least one A such that CNA, ~@; then 
as BNA,+~9M, BNA, and CNA, are open in A, and such that 
(BN A,)YU(CNA,) = Ay, (BN A,)N(CNA,) = Y, a contradiction. 


(3.19.4) Let (A, «τς, bea sequence of connected sets such that A;NA; ,, #0 


n 
for 1<i<n—1; then UA, ts connected. 


t=1 


This follows at once from (3.19.3) by induction on x. 


From (3.19.3) it follows that the union C(x) of all connected subsets 
of E containing a point x € E is connected, hence the largest connected 
set containing x; it is called the connected component of x in E. It is clear 
that for any yeC(x), we have C(y) = C(x), and if y¢C(x), then 
C(x) NC(y) = GO; moreover, it follows from (3.19.2) that C(x) is closed 
in E. For any subset A of E, the connected components of the points of 
the subspace A are called the connected components of A; if every connected 
component of A is reduced to a single point, A is said to be fotally dts- 
connected. 

A discrete space is totally disconnected; the set of rational numbers and 
the set of irrational numbers are totally disconnected, by (2.2.16) and 
(3.19.1). 


(3.19.5) In order that a metric space E be locally connected, a necessary 
and sufficient condition 1s that the connected components of the open sets 
in E be open. 
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The condition is sufficient, for if V is any open neighborhood of a point 
x €E, the connected component of x in the subspace V is a connected 
neighborhood of x contained in V, hence E is locally connected. The 
condition is necessary, for if E is locally connected and A is an open set 
in E, Ba connected component of A, then for any x € B, there is by assump- 
tion a connected neighborhood V of x contained in A, hence VCB by 
definition of B, and therefore B is a neighborhood of every one of its points, 
hence an open set. 


(3.19.6) Any non-empty open set A in the real line R 15 the union of an 
at most denumerable family of open intervals, no two of which have common 
points. 


From (3.19.1) and (3.19.5) it follows that the connected components 
of A are intervals and open sets, hence open intervals. The intersection 
ANQ of A with the set Q of rational numbers is denumerable, and each 
component of A contains points of AN Q by (2.2.16); the mapping 7 — C7) 
of AN Q into the set € of the connected components of A is thus surjective, 
and therefore, by (1.9.2), € is at most denumerable. 


(3.19.7) Let f be a continuous mapping of E into ἘΠῚ for any connected 
subset A of E, f(A) ts connected. 


Suppose /(A) = MUN, where M and N are non-empty subsets of /(A), 
open in f(A) and such that ΜΩΝ =@; then, by (3.11.4), AM/-4(M) 
and ANf-(N) would be non-empty sets, open in A and such that 
A= (Anf-\M)) υ (AN f-(N)) and (AN (Μὴ) N (AN ΓΝ) = (6, con- 
trary to assumption. 


(3.19.8) (Bolzano’s theorem). Let E be a connected space, f a continuous — 
mapping of E into the real line ἢ. Suppose a,b are two points of f(E) such 
thata<b. Then, for any c such thata<c< ὃ there exists y € E such that 


12) =: 
For f(E) is connected in R by (3.19.7), hence an interval by (3.19.1). 


(3.19.9) Let A be a subset of a metric space E. I} B ts a connected subset 
of E such that both AN B and (E — A) NB are not empty, then (Fr(A)) NB 
15 not empty. In particular, 1f E 1s connected, any subset A of E distinct 
from E and © has at least one frontier point. 
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Suppose (Fr(A))N B = ὦ; let A’ = E — A; as E is the union of A, 
A’ and Fr(A), B would be the union of U = AnBand -- Α΄ ἢ B, both 
of which are open in B and not empty by assumption (for a point of ANB 
must belong to ANB since Fr(A) N B = ©, and similarly for A’NB); 
as UN V = JQ, this would be contrary to the assumption that B is connected. 


Remark. — If we agree to call ‘‘curve’’ the image of an interval of R 
by a continuous mapping (see section 4.2, problem 5), (3.19.7) shows 
that a ‘“‘curve’’ is connected, and (3.19.9) that a “curve” linking a point 
of A and a point of E — A meets Fr(A), which corresponds to the intuitive 
idea of ‘‘connectedness’’ (see problem 3 and section 5.1, problem 4). 


PROBLEMS 


1) Let E be a connected metric space, in which the distance is not bounded. Show 
that in E every sphere is non empty. 

2) a) Let E be a compact metric space such that in E, the closure of any open 
ball B(a; 7) is the closed ball B’(a: 7). Show that in E any open ball B(a; 7) is connected. 
(Suppose B(a;7) is the union €U D of two non empty sets which are open in Βα; r) 
and such that Cn Ὁ -- ὦ; if aeC, consider a point χε such that the distance 
d{a,x) is minimum (3.17.10).) 

b) Give an example of a totally disconnected metric space in which the closure 
of any open ball B(a;7) is the closed ball B’(a; 7). 

c) In the plane R? with the distance d(x,y) = Max (|¥, — 4,|,|%_ — γε), let E 
be the compact subspace consisting of the points (%,,%,) such that +, = 0 and 
0<4*#,< 1, 0r0< %,< land x = 0. Show that in E every ball is connected, but 
the closure of an open ball B(a;7) is not necessarily B’(a; 7). 

3) In the plane R?, let E be the subspace consisting of the points (%,y) such that 
either ~% is irrational and 0< y < 1, or # is rational and —l< y< 0. 

a) Show that E is connected and not locally connected (use (3.19.1) and (3.19.6) 
to study the structure of a subset of E which is both open and closed). 

Ὁ) Let ¢ — (f(¢),g(#)) be a continuous mapping of the interval [0,1] into E (f and g 
being continuous). Show that / is constant. (If there exist points ἐρ € [0,1] such that 
g(t)) < 0, consider the open subset Uc [0,1] consisting of all ¢ such that g(t) < 0, 
and use (3.19.6).) 

4) Ina metric space E, let A and B be two connected sets such that ἃ ἢ Β - @; 
show that AU B is connected. 

5) Let A and B be two non empty subsets of a metric space E. Show that if A 
and B are closed, AU B and ANB connected, then A and B are connected. Show 
by an example in the real line that the assumption that both A and B are closed 
cannot be deleted. 

6) Let E be a connected metric space having at least two points. 

a) Let A be a connected subset of E, B a subset of (A, which is open and closed 
with respect to §A; show that AUB is connected (apply problem 1 of section 3.10 
to the two sets A U B and 6A). 
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Ὁ) Let A be a connected subset of E, B a connected component of (A; show that 
CB is connected (apply a), using an indirect proof). 

c) Show that there are in E two non empty connected subsets M,N such that 
MUN=E, MNN = © (use b)). 

7) In a denumerable metric space E, show that each point has a fundamental 
system of neighborhoods which are both open and closed. 

8) a) In a metric space E, the connected component of a point ¥ is contained in 
every open and closed set containing *%. 

b) In the plane R?, let A, be the set of pairs (1/n,y) such that -Ilay<l, 
B the set of pairs (0,y) such that 0< γε 1, C the set of pairs (0,y) such that 
—1< y <0; let E be the subspace of R?, union of B,C and the A, for > 1. Show 
that E is a locally compact subspace of E, which is not locally connected; the 
connected components of E are B,C and the A, (m > 1), but the intersection of all 
open and closed sets containing a point of B is BUC. 

9) Let E be a locally compact metric space. 

a) Let C be a connected component of E which is compact. Show that C is the 
intersection of all open and closed neighborhoods of C. (Reduce the problem to the 
case in which E is compact, using (3.18.2). Suppose the intersection B of all open and 
closed neighborhoods of C is different from C; Bis the union of two closed sets M3 C 
and N without common points. Consider in E two open sets U3 Mand VON without 
common points (section 3.11, problem 3), and take the intersections of E — (MUN) 
with the complements of the open and closed neighborhoods of C.) 

b) Suppose E is connected, and let A be a relatively compact open subset of E. 
Show that every connected component of A has at least a cluster point in [A (if not, 
apply a) to such a component, and get a contradiction). 

c) Deduce from b) that for every compact subset K of E, the intersection of a 


connected component of K with E — K is not empty. 


20. Product of two metric spaces 


Let E,,E, be two metric spaces, d,,d, the distances on E, and E,. For 
any pair of points x = (%,,%.), V = (¥,Ve) in E = E, x E,, let 


d(%x,y) = Max (d,(%1,91),49(%2,¥2)). 


It is immediately verified that this function satisfies the axioms (I) to (IV) 
in 3.1, in other words, it is a distance on E; the metric space obtained by 
taking d as a distance on E is called the product of the two metric spaces 
E,,E,. The mapping (%,,%,) > (%9,%,) of E, x E, onto E, x Εἰ is an 
isometry. 

We observe that the two functions d’,d’’ defined by 


d'(x,Y) = dy(%,¥1) + d(%,Vo) 


4" (5,2) = V(dy(%.91))® + (dal%ar92))? 
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are also distances on E, as is easily verified, and are uniformly equivalent 
to d (see 3.14), for we have 


d(x,y) <a''(x,y) <d'(%,y) < 2d(x,y). 


For all questions dealing with topological properties (or Cauchy se- 
quences and uniformly continuous functions) it is therefore equivalent 
to take on E any one of the distances d,d’,d’". When nothing is said to the 
contrary, we will consider on E the distance d. Open (resp. closed) balls 
for the distances d,d,,d. will be respectively written B,B,,B, (resp. B’,Bj,B,) 
instead of the uniform notation B (resp. B’) used up to now. 


(3.20.1) For any point a = (a,,a,) €E and any r > 0, we have Β(α; 7) = 
B,(a,;7) X Β,ίας; 7) and B'(a;r) = By (a; 7) X Βαίας; 7). | 


This follows at once from the definition of d. 


(3.20.2) If A, is an open set in ἘΠ, A, an open set in Ἐς, then Ay X Ag 
is open in Ἐπ X Ey. 


For if a = (a,,a,) € A, X Ag, there exists 7,;>0 and 7,>0 such 
that B,(a,;7,)C Ay, Βείας; 72) C Ag; take 7 = Min (7,72); then by (3.20.1), 
B(a;7r) CA, X Ag. 3 


(3.20.3) For any pair of sets AyCE,, AgCE,, Ay xX Ag = A, x A,; in 
particular, in order that A, x Ag be closed in E, a necessary and sufficient 
condition is that A, be closed in E, and Ag closed in Ep. 


Ifa = (a,,a,) ΕΑ, x Ay, for any ε > 0 there is, by assumption, an x, € Ay 
and an x, € A, such that d,(a,,%) < ε, d,(a,%9) «5 ε; hence if x = (%1,%9), 
d(a,x) <e. On the other hand, if (a,,a,)¢A, x A, then either a, ¢A, or 
a,¢A,; in the first case, the set (E, — A,) x E, is open in E by (3.20.2), 
contains a and has an empty intersection with A, Χ Ag, hence a ¢ A, X Ag; 
the other case is treated similarly. 


(3.20.4) Let z — f(z) = (f,(z),fa(z)) be @ mapping of a metric space F into 
Ε -- Εἰ x E,; in order that f be continuous at a point 2, wt ts necessary 
and sufficient that both ἢ and f, be continuous at 20. 


Let % = (ἡ (2), fe(Z)); then we have 
Γ᾿ (B(%937)) = (.( (Balfi(20) : 7)) 9 fo *(Bolfa(20) ; 7)) 
by (3.20.1), and the result follows from (3.11.1) and (3.6.3). 


70 III. METRIC SPACES 


(3.20.5) Let f= (f,,f,) be a mapping of a subspace A of a metric space F 
into E, X Ey, and let acA; in order that } have a limit at the point 
a with respect to A, a necessary and sufficient condition ts that both limits 


b= lim f(z), 6,= lim f(z) exist, and then the limit of f 15 
Z—>a,zEA z—>a,zEA 
ὃ = (b,,,). 


This follows at once from (3.20.4) and the definition of a limit. 
In particular: 


(3.20.6) In order that a sequence of points z, = (x,,V,) in E=E, x E, 
be convergent, a necessary and sufficient condition is that both limits 
a= lim x,, b= lim y, exist and then lim z, = (a,)). 

Note that for cluster values of sequences, if (a,b) is a cluster value of 
((x,,¥,)), @ is a cluster value of (x,) and ὁ acluster value of (y,), as follows 
from (3.20.6) and the definition of cluster values; but it may happen that 
((x,,¥,)) has no cluster value, although both (x,) and (y,) have one: for 
instance, in the plane R?, take %, = 1/n, Yon = 1, Xon41 = ἢ, Vona1 = Un. 
However, if (x,) has a limit a, and ὦ is a cluster value of (y,) then (a,b) is 
a cluster value of ((x,,¥,)), aS follows from (3.20.6). 


(3.20.7) In order that a sequence of points z, = (χ,,ν,) in E, X E, be a 
Cauchy sequence, a necessary and sufficient condition is that each of the 
sequences (x,),(¥,) be a Cauchy sequence. 


This follows at once from the definition of the distance in E, x E, 
and the definition of a Cauchy sequence. 


(3.20.8) Let z — f(z) = (f,(z),f,(z)) be a mapping of a metric space F into 
E, xX E,; tn order that f be uniformly continuous, it 1s necessary and sufficient 
that both ἡ, and ἐς be uniformly continuous. 


This follows immediately from the definitions. 


(3.20.9) If Eis a metric space, d the distance on E, the mapping d of E x E 
into R ts uniformly continuous. 


For |d(x,y) — d(x’,y’)| <d(x,x’) + d(y,y’) by the triangle inequality. 
(3.20.10) The projections pr, and pr, are uniformly continuous in E=E, X Ey. 


Apply (3.20.8) to the identity mapping of E. 
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(3.20.11) For any a,€E, (resp. a,E€E,), the mapping x, — (χ,,α,) 
(resp. %  — (4,,%_)) 15 an tsometry of E, (resp. E,) on the closed subspace 
E, X {ἀρ} (resp. {a,} x E,) of E, x Ey. 


This is an obvious consequence of the definition of the distance in 
E, X E,, and of (3.20.3). 


(3.20.12) For any open (resp. closed) set Ain E, X Eg, and any point a, € E,, 
the set A(a,) = pr,(AN ({a,} x E,)) ts open (resp. closed) in Eg. 


By (3.20.11) it is enough to prove that the set AN ({a,} x E,) is open 
(resp. closed) in {a,} Χ E,, which follows from (3.10.1) and (3.10.5). 


(3.20.13) For any open set Ain E, X Eg, pr,A (resp. pr,A) is open in ἘΠ 
(resp. E,). 


Indeed, we can write pr,A = (J A(x,), and the result follows from 
x,E€EF, 
(3.20.12) and (3.5.2). 


Note that if A is closed in E, x Ey, p7,A needs not be closed in E). 
For instance, in the plane R?, the hyperbola of equation xy = 1 is a 
closed set, but its projections are both equal to the complement of {0} in R, 
which is not closed. 


(3.20.14) Let f be a mapping of E = E, Χ Ἐς into a metric space F. If f 
1s continuous at a point (a,,a,) (resp. untformly continuous), then the mapping 
X, — [{χ|,64) 18 continuous at a, (resp. uniformly continuous). 


That mapping can be written x, — (x,,4,) — /(x,,a,), hence the result 
follows from (3.20.11), (3.11.5) and (3.11.9). 

The converse to (3.20.14) does not hold in general. A classical coun- 
terexample is the function f defined in ΕΣ by f(x,y) = xy/(x? + y?) if 
(x,y) τέ (0,0) and /(0,0) = 0; f is not continuous at (0,0), for f(x,x) = 1/2 
for χ £0. 


(3.20.15) Let E,,E,,F,,F, be four metric spaces, f, (resp. f,) a mapping of E, 
into Fy (resp. of Ἐς «nto F,). In order that the mapping f: (%1,%_) > (f1(%),/o(*2)) 
of E, xX E, into F, Xx Fy, be continuous at a point (a,,a,) (resp. untformly 
continuous), 1t 1s necessary and sufficient that f, be continuous at a, and f, 
at a, (resp. that both f, and ἐς be uniformly continuous). 


The mapping (*,,%_) > /,(x,) can be written fopr,, hence the sufficiency 
of the conditions follow from (3.20.4), (3.20.8) and (3.20.10). On the other 
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hand, the mapping /, can be written x, — p7,(/(%,,a,)) and the necessity 
of the conditions follows from (3.20.14) and (3.20.10). 


(3.20.16) Let E,,E, be two non empty metric spaces. In order that E = E, x E, 
be a space of one of the following types: 


(1) discrete, 

(ii) bounded; 

(iii) separable, 

(iv) complete; — 

(v) compact; 

(vi)  precompact, 

(vii) locally compact; 
(viii) connected; 

(ix) locally connected; 


— it is necessary and sufficient that both E, and Ἐς be of the same tybe. 


The necessity part of the proofs follows a general pattern for properties 
(i) to (vii): from (3.20.11) it follows that E, and E, are isometric to closed 
subspaces of E, x E,; and then we remark that properties (i) to (vii) are 
“inherited’”’ by closed subspaces (obvious for (i) and (ii), and proved for 
properties (iii) to (vii) in (3.10.9), (3.14.5), (3.17.3), (3.17.4), (3.18.4). For 
property (viii), the necessity follows from (3.19.7) applied to the projections 
pr, and r,; similarly, if E is locally connected, for any (a,,a,) € E and 
any neighborhood V, of a, in E,, V, Χ E, is a neighborhood of (4,,a,), 
hence contains a connected neighborhood W of (a,,4,); but then 67,W is 
a connected neighborhood of a, contained in V,, by (3.19.7) and (3.20.13). 

The sufficiency of the condition for (i) and (ii) is an obvious consequence 
of the definition of the distance in E, x E,. For (iii), if D,,D, are at most 
denumerable and dense in E,,E, respectively, then D, x D, is at most 
denumerable by (1.9.3), and is dense in E by (3.20.3). For (iv), if (z,) is 
a Cauchy sequence in E, then (f7,z,) and (f79z,) are Cauchy sequences 
in E, and E, respectively by (3.20.7), hence they converge to a,,a@, respec- 
tively, and therefore (z,) converges to (45,49) by (3.20.6). For (vi), if (A;) 
(resp. (B,)) is a finite covering of E, (resp. E,) by sets of diameter < e, 
then (A; x B,) is a finite covering of E, x E, by sets of diameter < ε; 
and by (3.16.1), the sufficiency of the condition for (iv) and (vi) proves 
it also for (v). The proof for (v) yields a proof for (vii) if one remembers 
the definition of neighborhoods in Εἰ x E,. For (viii), let (@,,a), (0,03) 
be any two points of E; by (3.20.11) and the assumption, the sets {a,} x E, 
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and E, x {d,} are connected and have a common point (a,,0,). Hence 
their union is connected by (3.19.3), and it contains both (a,,a)) and (b,,),); 
therefore, the connected component of (a,,a,) in E is E itself. The same 
argument proves the sufficiency of the condition for (ix), remembering 
the definition of the neighborhoods in E. 


(3.20.17) In order that a subset A of E, x E, be relatively compact, a 
necessary and sufficient condition 1s that pr,A and pr,A be relatively compact 
in E, and E, respectively. 


The necessity follows from (3.17.9) applied to pv, and pr,; the sufficiency 
follows from (3.20.16), (3.20.3) and (3.17.4). 
All definitions and theorems discussed in this section are extended at 
once to a finite product of metric spaces. 


PROBLEMS 


1) Let E,F be two metric spaces, A a subset of E, B a subset of F; show that 
Fr(A x B) = (Fr(A) x B)u (A x Fr(B)). 

2) Let E,F be two connected metric spaces, A 4 Ea subset of E, B + Fa subset 
of F; show that in E x F the complement of A x B is connected. 

3) a) Let E,F be two metric spaces, A (resp. B) a compact subset of E (resp. F). 
If W is any neighborhood of A x Bin E x F, show that there exists a neighborhood U 
of A in E and a neighborhood V of B in F such that Ὁ x VC W (consider first the 
case in which B is reduced to one point). 

b) Let E be a compact metric space, F a metric space, A a closed subset of E x F. 
Show that the projection of A into F is a closed set (use a) to prove the complement 
of pr,A is open). 

c) Conversely, let E be a metric space such that for every metric space F and 
every closed subset A of E x F, the projection of A into F is closed in F. Show that 
E is compact. (If not, there would exist in E a sequence (χη) without a cluster value. 
Take for F the subspace of R consisting of 0 and of the points l/m (m integer > 1) 
and consider in E x F the set of the points (z%,,1/n)). 

4) Let E be a compact metric space, F a metric space, A a closed subset of 
E X F, B the (closed) projection of A into F. Let yg¢é B and let C be the section 
Ατ (9) = {¥ € E|(x%,¥9) € A}. Show that for any neighborhood V of C in E, there is 
a neighborhood W of γὺ in F such that the relation ye W implies A7}(y) CV 
(“continuity of the ‘‘roots’’ of an equation depending on a parameter’). (Use prob- 
lem 3 a).) 

5) a) Let f be a mapping of a metric space E into a metric space F, and let G be 
the graph of fin E x F. Show that if f is continuous, G is closed in E x Εἰ, and the 
restriction of pr, to G is a homeomorphism of G onto E. 

Ὁ) Conversely, if F is compact and G is closed in E x F, then f is continuous 
(use problem 3 b)). 
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c) Let F be a metric space such that for any metric space E, any mapping of E 
into F whose graph is closed in E x F is continuous. Show that F is compact (use the 
construction of problem 3 c)). 

6) Let E,F,G be three metric spaces, A a subset of E x F, Ba subset of F x G, 
C = BoA = {(x,2z)€ E xX G\dyeF such that (x,y)eA and (y,z)¢ B}. Suppose 
both A and B are closed and the projection of A into F is relatively compact; show 
that C is closed in E x G (use problem 3 b)). 

7) Let (E,) (γῇ 1) be an infinite sequence of non empty metric spaces, and 
suppose that for each n, the distance d, on E,, is such that the diameter of E, 15 Ξ 1 
(see section 3.14, problem 2 b)). Let E be the set of all sequences 7 = (*,) with +,¢E, 


οΌ 
for each n (ἹἸπῆπιίε product’’ of the sequence (E,); one writes E = II Ε,)- 
n=1 
ie @) 
a) Show that on E the function d((%,),(yn)) = 2X dn(¥n,¥n)/2" 15. a distance. 
n=1 


b) For any x = (χρη € E, any integer m > 1 and any number ¢ > 9, let Vim(*:7) 
be the set of all y = (y,) € E such that dg(*z,vz) < 7 for k << m. Show that the sets 
Vin(xir) (for all m and 7) form a fundamental system of neighborhoods of αὶ in E. 


c) Let (9) be a sequence of points +!) = ( Pa ΠΣ of E; in order that (#'”)) 
converge to a = (a,) in E (resp. be a Cauchy sequence in E), it 1s necessary and 


sufficient that for each ” the sequence ἢ» >1 converge to a, in E, (resp. be a 
Cauchy sequence in E,). In order that E be a complete space, it is necessary and 


sufficient that each E, be complete. 
00 


4) For each 2, let A, be a subset of E,; show that the closure in E of A= II Ay 


nm=1 
ce 
is equal to Π Ay,. 
n=1 

e) In order that E be precompact (resp. compact), it is necessary and sufficient 
that each E,, be precompact (resp. compact). 

f) In order that E be locally compact, it is necessary and sufficient that each Ey 
be locally compact, and that all E,, with the exception of a finite number at most, 
be compact. 

g) In order that E be connected, it is necessary and sufficient that each E, be 
connected. 

h) In order that E be locally connected, it is necessary and sufficient that each 
E,, be connected and that all E,, with the exception of a finite number at most, be 
connected. 


Chapter IV 


Additional Properties of the Real Line 


Many of the properties of the real line have been mentioned in 
Chapter III, in connection with the various topological notions developed 
in that Chapter. The properties gathered under Chapter IV, most of which 
are elementary and classical, have no such direct connection, and are really 
those which give to the real line its unique status among more general 
spaces. The introduction of the logarithm and exponential functions has 
been made in a slightly unorthodox way, starting with the logarithm 
instead of the exponential; this has the technical advantage of making it 
unnecessary to define first a”” (m,n integers > 0) as a separate stepping 
stone toward the definition of αὖ for any x. 

The Tietze-Urysohn theorem (4.5) now occupies a very central position 
both in Functional Analysis and in Algebraic Topology. It can be con- 
sidered as the first step in the study of the genera] problem of extending 
a continuous mapping of a closed subset A of a space E into a space F, 
to a continuous mapping of the whole space E into F; the reader may 
see in the forthcoming book of N. Steenrod [22] how this general problem 
naturally leads to the most important and most actively studied problems 
of modern Algebraic Topology. 


1. Continuity of algebraic operations 
(4.1.1) The mapping (x,y) ~>x+y of RXR into R ts uniformly 
continuous. 
This follows at once from the inequality 
I(x’ + y') — (4+ ))} Κ |e’ — αἱ + Ἰγ΄ — γ} 
and the definitions. 
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(4.1.2) The mapping (x,y) + xy of R x R into R is continuous; for any 
aeR, the mapping x + ax of R into R is uniformly continuous. 


Continuity of xy at a point (%9,V¥9) follows from the identity 


XY — χργῃ = χρίν — Vo) + (X — Xp) Vo + (% — χορ) (Ὁ — γρ). 


Given any e > 0, take 6 such that 0<6< 1 and δ( χροὶ + |v] + 1) « ε; 
then the relations |x — x9| < ὃ, |y — γρί « dimply |xy — χργοὶ < ε. Uniform 
continuity of x + ax is immediate, since |ax’ — ax| = |a|- |x’ — x]. 


(4.1.3) Any continuous mapping f of R into itself such that fx+ty= 
f(x) + fly) ts of type x + cx, with cER. 


Indeed, for each integer »>0, we have, by induction on ἢ, 
f(nx) = nf(x); on the other hand /(0 + x) = #(0) + f(x), hence /(0) = 0, 
and f(x + (— x) = f(x) + (— ) =/(0) =0, hence f(— x) = — f(x). 
From that it follows that for any integer n > 0, /(x/n) = }(x)/n, hence for 
any pair of integers 2,4 such that q > 0, /(px/¢) = pf(x)/q¢; in other words, 
f(rx) = rf(x) for any rational number 7. But any real number ¢ is limit 
of a sequence (γ,) of rational numbers (by (2.2.16) and (3.13.13)), hence, from 
the assumption on / and (4.1.2), (tx) = f(lim 7,x) = lim f(r, x) = 


n—> © n—> C 


lim 7,/(%) = f(x) " lim 7, = ¢f(x). Let then c = {1}, and we obtain {(@\ = cx 


n—> οὉ n—-+> @ 


for every xe R. 
(4.1.4) The mapping x ->1/x is continuous at every point Xp £0 in R. 


For given any ¢>0, take 6 >0 such that ὃ < Min (|x9|/2,¢|x,|2/2); 
then the relation |x — x9| < ὃ first implies |x| > |x9| — ὃ > |x9|/2, and then 
[1 /% — [χα] = |%q — 4|/|¥%9| < 2|a%q — χ{}||χ0}5 <e. 


(4.1.5) Any rational function (x,,...,%,) > P(x,,.. .,%y)/Q(x1,...,%,) where 
P and Q are polynomials with real coefficients, is continuous at each point 
(a,,...,a,) of R” where Q(a,,...,a,) ~ 0. 


The continuity of a monomial in R” is proved from (4.1.2) by induction 
on its degree, then the continuity of P and Q is proved from (4.1.1) by 
induction on their numbers of terms; the final result follows from (4.1.4). 


(4.1.6) The mappings (x,y) > sup (x,y) and (x,y) — inf (x,V) are uniformly 
continuous in R x R. 
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As sup(x,y) =(*+ y+ |x —y|)/2 and inf (x,y) =(%¥ + y— |x — y|)/2, the 
result follows from (4.1.1) and (3.20.9). 


(4.1.7) All open intervals in R are homeomorphic to R. 


From (4.1.1) and (4.1.2) it follows that any linear function % - ax + b, 
with a ~ 0, is a homeomorphism of R onto itself, for the inverse mapping 
x + a-lx —a71b has the same form. Any two bounded open intervals 
]x,8[, ]y,6[ are images of one another by a mapping χα ax + b, hence 
are homeomorphic. Consider now the mapping x -» x/(1 + |x|) of R onto 
]— 1, + 1); the inverse mapping is x > x/(1 — |x|) and both are contin- 
uous, since x > |x| is. This proves R is homeomorphic to any bounded 
open interval; finally, under the preceding homeomorphism of R onto 
j— 1, + 1{, any unbounded open interval Ja, + οοἱ or ]— ~,a[ of R 
is mapped onto a bounded open interval contained in ]— 1, + 1[, hence 
these intervals are also homeomorphic to R. 


(4.1.8) With respect to R x R, the function (x,y) +x + y has a limit at 
every point (a,b) of R x R, except at the points (— ov, + 00) and (+ οο, — oo); 
that limit is equal to + oo (resp. — 0) if one at least of the coordinates a,b 
is + oo (resp. — oo). 


Let us prove for instance that if a — o, x + y has a limit equal 
to + οὐ αἱ the point (a, +00). Givenc eR, the relations x > by>c—bd 
imply x + y>c, and the intervals 10, + ©] and jc —b, + o] are 
respectively neighborhoods of a and + oo if ὦ is taken finite and «ὦ; 
hence our assertion. The other cases are treated similarly. 


(4.1.9) With respect to R x R, the function (x,y) > xy has a limit at every 
point (a,b) of R x R, except at the points (0, +00), (0, --- οο), (+0, 9), 
(— οο, 0); that limit is equal to +00 (resp. — 00) if one at least of the 
coordinates a,b is infinite, and if they have the same sign (resp. opposite signs). 


Let us show for instance that if a> 0, xy has the limit +o at the 
point (a,c). Given ceER, the relations x > b, y>c/b, for b>0, 
imply xy > c, and the intervals ]b, + oo] and Jc/b, + oo] are neighborhoods 
of a and + oo, if ὁ is taken finite and < a. Similar proofs for the other 
cases. 

We omit the proofs of the following two properties: 


(4.1.10) lim I/,=0, lim I/x=+o, lim 1/x=—o. 


χ-» τ ὦ χ--»0,χΡῸ x—0,7%7< 0 


78 IV. ADDITIONAL PROPERTIES OF THE REAL LINE 


(4.1.11) The mappings (x,y) > sup (x,y) and (x,y) > inf (x,y) are contin- 
uous in R x R. 


2. Monotone functions 


Let E be a non-empty subset of the extended real line R. A mapping 
f of E into R is called increasing (resp. strictly increasing, decreasing, strictly 
decreasing) if the relation x < y (in E) implies f(x) < f(y) (resp. f(x) < f(y), 
f(x) 25 f(y), (x) > f(y)); a function which is either increasing or decreasing 
(resp. either strictly increasing or strictly decreasing) is called monotone 
(resp. strictly monotone); a strictly monotone mapping is injective. If f 
is increasing (resp. strictly increasing), — f is decreasing (resp. strictly 
decreasing). If /,g are increasing, and f + g is defined, f + g is increasing; 
if in addition / and g are both finite and one of them is strictly increasing, 
then f+ g is strictly increasing. 


(4.2.1) Let E be a non-empty subset of R, and a = sup E; for any monotone 
mapping f of E intoR, lim f(x) exists and is equal to sup f(x) tf f is 


Xa, xEE xeEE 
increasing, to inf f(x) tf f ts decreasing. 
ΧΕΕ 
Suppose for instance f is increasing, and let c = sup f(x). Ifc = —o, 
ΧΕῈ 


f is constant (equal to — oo) in E and the result is trivial; if c > ---οο, for 
any 6<c, there is x€E such that ὁ < f(x) <c; hence, for ye E and 
*<y<a, we have by assumption b< f(x) < f(y) <c, whence our 
conclusion. 


(4.2.2) Let I be an interval in R; any continuous injective mapping f of I 
into R is strictly monotone; any continuous strictly monotone mapping f of I 
into R. is a homeomorphism of 1 onto an interval f(1). 


a) Suppose f continuous and injective; let a,b be two points of I such 
that a < ὁ, and suppose for instance f(a) < /(b). Then, for a<c<b, 
we must have f(a) < f(c) < f(b); for our assumptions imply f(c) + f(b) 
and f(c) # f(a), and if we had for instance /(c) > /(b), there would then be 
an x such that a< x <ce and f(x) = f(b) by Bolzano’s theorem (3.19.8), 
contrary to our assumption. Similarly one sees that /(c) < f(a) is impossible. 
If now ὁ < c, we must have f(b) < f(c), for the preceding argument shows 
/(6) must be in the interval of extremities f(a) and f(c). Similarly if c < a, 
f(c)< f(a). Finally, if x,y are any two points of I such that x < y, we 
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have /(x) < f(y), by repeating the preceding argument on a,x,y instead 
of a,b,c. 

b) If # is continuous and strictly monotone, it is a bijection of I onto 
ΚΙ), and f(1), being connected, must be an interval ((3.19.1) and (3.19.7). 
For any x eI, the image by / of any interval containing x and contained 
in I is then an interval containing /(x) and contained in f(I); this proves 
the image by / of any neighborhood of x in I is a neighborhood of f(x) 
in /(I), hence { is a homeomorphism (see (3.11.1)). 


PROBLEMS 


1) Let { be a mapping of R into R such that f(x + y) = f(x) + f(y). 


Show that if, in an interval Ja,b[, f is majorized, then f is also minorized in ]Ja,b[ 
(if c is a fixed point in the interval ja,b[, consider pairs of points x,y in that interval 
such that * <c < y and (y — c)/(c — *) is rational). Under the same assumption, 
f is bounded in any compact interval, and continuous in R, hence of the form /(#) = cx 
(same method). 


(It can be proved, using the axiom of choice, that there exist solutions of 
f(x + γὴ = f(x) + f(y) which are unbounded in every interval.) 


2) Let ὃ be an integer > l. 


a) Show that for any infinite sequence (c,) of integers such that 0 -- ο, -- ὁ — 1, 


ao 
the series Σ᾽ c,/b% converges to a number χῈ [0,1]. Conversely, for any χΧῈ [0,1] 
n=0 . 


CO 
there exists a sequence (c,) such that 0< c, < ὃ — 1 for every m and αὶ = & ¢,/b"; 
n=0 


that sequence is unique if x has not the form κα [Ὁ (& and m natural integers); otherwise, 
there are exactly two sequences (c,) having the required properties. (Use the fact 
that for any integer m > 0, and any χε [0,1], there is a unique integer & such that 
k/b™ < χ < (ἃ + 1)/b”). 

b) Using the case ὃ = 2 of a), and problem 5 of section 1.9, show that [0,1] 
(hence R itself, see (4.1.7)) is equipotent to the set $B(N). 


οο 
c) Let K be the subset of [0,1] consisting of all numbers of the form 2 ο, 8", 
n=0 
with c, = Oorc, = 2 (‘‘triadic Cantor set’). Show that K is compact; its complement 
in [0,1] is a denumerable union of open non overlapping intervals (3.19.6); describe 
these intervals, and show that the (infinite) sum of their lengths is 1. 


co co 
d) For each χε K, with x = Z c,/3", let f(x) be the real number 2 b,/2", where 
n=0 n=0 
οο 
b, = ¢,/2 (when x can be written in two different ways as 2 c,/3", show that the 
n=0 


co 
two corresponding numbers Σ᾽ b,/2" are equal). Prove that / is a bijective continuous 
n=0 
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mapping of K onto the interval [0,1] of R, and therefore that K and R are equipotent. 
Furthermore it is possible to extend / to a continuous mapping of I = [0,1] onto 
itself, which is constant in each of the connected components (3.19.6) of I — K. 

3) a) Let E be a metric space satisfying the following condition: for each finite 
sequence s = (€j)} <;<» Whose terms are equal to Oor I, there is a non empty subset A, 
such that: 

(i) E is the union of the two subsets A(o), Aq), and for each finite sequence s of ἡ 
terms, if s’,s’’ are the two sequences of + 1 terms whose first ἢ terms are those of 5, 
A, = Ag’ U Ag”; 

(ii) for each infinite sequence (€,),> 1 whose terms are equal to 0 or 1, if 
Sn = (ij)1<ien, the diameter of As tends to 0 when m tends to + oo, and the 


intersection of the As, is not empty. 


Under these conditions, show that there exists a continuous mapping of the triadic 
Cantor set K (problem 2) onto E, and in particular E is compact. 

b) Conversely, let E be an arbitrary compact metric space. Show that there 
exists a continuous mapping of K onto E. (Apply the method of a), and the defini- 
tion of precompact spaces (3.16); observe that properties (i) and (ii) do not imply 
that the two sets A, and A,” need be different from A, for all sequences 5.) 

c) If in addition E is totally disconnected, and has no isolated points (section 3.9, 
problem 2), then E is homeomorphic to K. (First prove that for every e > 0 there is 
a covering of E by a finite number of sets A; which are both open and closed and 
have a diameter < ε; to that purpose use problem 9 a) of section 3.19. Then apply 
the method of a).) 

4) a) Let E (resp. F) be the set of even (resp. odd) natural integers; if, to each 
subset Χ of N, one associates the pair (Χ ἡ E,X N ΕἾ, show that one defines a bijection 
of $(N) onto P(E) x P(F). 

b) Deduce from a) and from problem 2 b) that R” and R are equipotent for all 
n > 1 (but see section 5.1, problem 6). 

5) Let I be the interval [0,1] in R. Show that there exists a continuous mapping 
f of I onto the ‘‘square’’ I x I (a ‘‘Peano curve’’). (First show that there is a contin- 
uous mapping of the Cantor set Καὶ onto I x I (problem 3), and then extend the mapping 
by linearity to the connected components of the complement of K in I.) 

6) Let g be a mapping of the interval ]0,1] into the interval [— 1,1], and suppose 


that lim g(x) = 0. Show that there exist a continuous decreasing mapping g, 
x—>»0,x>0 


and a continuous increasing mapping g, of [0,1] into [—1,1], such that 
g,(0) = g.(0) = 0, and g,(x) < g(x) < g,(¥) for O<%*< 1. (For each integer ἡ, 
consider the g.l.b. x, of the set of points ¥ such that g({%) > I1/n.) 


3. Logarithms and exponentials 


(4.3.1) For any number a > 1, there is a unique increasing mapping f of 
Ri = ]0, + oo[ into R such that f(xy) = f(x) + I(y) and f(a) = 1; moreover, 
f is a homeomorphism of R* onto R. 


We first prove a lemma: 
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(4.3.1.1) For any x >0, there is an integer m (positive or negative) such 
that a®™"<x<a™™’, 


Suppose first x > 1. The sequence (a”) is strictly increasing. If we had 


a” <x for all integers n > 0, then }= lim a" = ποῦν a” would be finite, 
> land <x; but we can write b= lim αὖ =a: lim a” by (4.1.2), 


hence 6 = αὖ, which contradicts the assumption a > 1. Therefore there is 
an integer such that x < a”; take m + 1 as the smallest of these integers. 
If on the contrary 0 « αὶ « L then χϊ 1, andif κα" - χὶ «- αὖ}, we 
have a "9 < xg TNT 

Suppose there exists a function / having the pLopsnucs listed in (4.3.1); 
then { is a homomorphism of the multiplicative group R* into the additive 
group R, and therefore we must have /(1) = 0, {1 Se ve )forany x > 0 
and any integer m (positive or negative), and in particular f(a”) =n. 
Moreover, if a” < x" <a™*', we must have f(a”) < f(x of < f(a”**), in 
other words m <n: f(x) <m-+ 1, hence m/n < f(x) and |{(5) — m/n| < 1)n. 
This shows that if we denote by A, the set of rational numbers m/n (m pos- 
itive or negative, n > 1) such that a” <x", (note that a” <x" and 
a”? < x4, where g is an integer > 0, are equivalent relations), we must 
have /(x) = sup A,, which shows f is unique. 

To prove the existence of /, it remains to prove that the mapping h: 
x +sup A, verifies all our conditions. Let x and y be any two elements 
of Ri; for any integer ἡ >1, let m,m’ be such that ἀπ τ ον 
and 4" «-- γ᾽ «-- αὐ; from these relations it follows that 


m+i 


m 
qm+m! < (xy)" <aqmtm'+2: hence we have τ f(x) < 


m m +1 m +m’ : 
᾿ « f(y) Soars πώ - (5) SS --τ , and also 


, f 9 
mem «τς τ5 


We conclude that 


Ixy) — fx) — Hy)| < 21», 
and as # is arbitrary, f(xy) = f(x) + 109). 


From (4.3.1.1) it follows that for any z> 1, there is an integer 
n >1 such that a< 2", hence f(z) >1/n 0; from which it follows 
that f is strictly increasing, since if x < y, then y= zx with z>1 and 
f(y) = f(x) + f(z) > f(x). On the other hand, we have the following lemma: 
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(4.3.1.2) For any integer n > 1, there is a z>1 such that 2" <a. 


Remark that there is an x such that 1 < x <a, hence a = xy with 
y > 1; if z; = Min (x,y), we have z? < xy = a and z,> 1. By induction 
define z, > 1 such that 22 <2z,_,, hence 2 <a, and a fortiori 2* <a. 
The lemma shows that 0 < f(z) < 1/”. For any x ε R*, take 6 such that 

x+ ὃ χ-- ὃ 1 
τ < zand τ ἜΣ Ὁ then |/(v) — f(x)| « f(z) « 1» for |y — x) < 


which proves / is continuous. By (4.2.2), f is thus a homeomorphism of a 
onto an interval I of R; but that interval is necessarily R itself, since 
f(a") = n is an arbitrary integer. 


(4.3.2) For any number a>0 and £1, there exists one and only one 
continuous mapping f of Ri into R. such that f(xy) = f(x) + f(y) and f(a) = 


Let 6 1; from (4.3.1) we have a homeomorphism f/, of R* onto R 
such that f9(xv) = fp(x) + fo(y) and f(b) = 1; let gy be the inverse 
homeomorphism, such that go(x + y) = go(x)go(y) and g (1) -- ὁ. If f 
verifies the conditions of (4.3.2), then ἢ = fog, is a continuous mapping of αὶ 
into itself, such that h(x + y) = h(x) + h(y); by (4.1.3), we have h(x) = cx, 
and therefore f(x) = cf/)(x), and there is only one value of c for which 
/(a) = 1, namely ὁ = 1/f,(a) (as a 4 1, we have ῥα) 4 0 = f,(1)). 


The mapping characterized in (4.3.2) is called the logarithm of base a, 
and f(x) is written log,x. From the proof of (4.3.2) it follows at once that 
if a,b are >0O and 1, log,x and log,x are proportional, and making 
χ =a yields 


(4.3.3) log,x = log,a - log, x. 


From (4.3.1) and (4.2.1) it follows that if a@>1, lim log.x = — o, 
x—>OQ 

lim log,x= + co; ifa<1, lim logx=+ oc, lim logx = — ow. 
x—>+ οὦ x—>O x—>+ 0 


For any a4 >0 and £1, the inverse mapping of x > log,x% is called the 
exponential of base a and written x --- αὖ (which is a coherent notation, 
since log,(a”) = n, and therefore for integral values of x, the new notation 
has the same meaning as the algebraic one). In addition, we define 1* to 
be 1 for all real numbers x. Then, for a > 0, x,y arbitrary real numbers, 
we have by definition a**” = a*a”, a~* = 1/a*, a = 1. Replacing x by b* 
in (4.3.3) yields 
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(4.3.4) log (0°) = x log,b (6>0, x real) 
and replacing ὃ by a” in that formula gives 


(4.3.5) (4) =a" (x,y real, a> 0). 


For a>1, x —a’ is strictly increasing and such that lim a*=0Q, 
χ-τ--ν τ © 


lim αὖ = + oo; ἴογα «1, x -» αὖ is strictly decreasing, and such that 


X-—-> +0 


lim a*=-+ oo, lim a*=0. 


x—>~—- © x—>+ 0 


(4.3.6) The mapping (x,y) + x” ts continuous in RT x R, and tends to a 
limit at each point of ἢ x R in the closure of Rt x R and distinct from 
(0,0), (+ Co, 0), (1, + oo), (1, —. oo), 


From (4.3.4), we have x” = qa’ 184% (a fixed number > 1), hence the 
result by (4.1.2) and (4.1.9). 


(4.3.7) Any continuous mapping g of RX into itself such that g(xy) = g(x)g(y) 
has the form x —+ x’, with a real. 


Indeed, if 6 > 1, f(x) = log,g(b*) is such that f(x + y) = f(x) + f(y), 
for real x,y, and is continuous, hence /(x) =c:x by (4.1.3), therefore 
g(b*) = 6% = (δ, which proves the result. 

As log,(x*) = a- log,x, we see that if a >0, x > x” is strictly increas- 
ing, and strictly decreasing if a< 0; moreover ifa>0O, lim x*=~0, 

x—0 
lim #*=-+ 00; ifa<0, lim χῇ ---- οὐ, lim x*=0. For a0, 
χ.--:ῖ ὦ x—>0 x—>-+ 0 
x + x* is therefore a homeomorphism of R7 onto itself, by (4.2.2); the 
inverse homeomorphism is x - x", 


PROBLEM 


Let f be a mapping of R into itself such that f(* + y) = f(*) + f(y) and 
f(xy) = f(*)f(y). Show that either /(x) = 0 for every χε R, or f(x) = x for every 
*xER. (If f(1) #4 0, then /(1) = 1; in the second case, show that /(*) = x for rational 
*, and using the fact that every real number z > 0 is a square, show that { is strictly 
increasing.) 
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4. Complex numbers 
We define two mappings of the set R? x R? into R? by 


((%,),(%,y")) + (ὦ + x,y + y’) 
((%,4),(%',9)) > (ἁ χ' — yy’, xy’ + yx’). 


They are called respectively addition and multiplication, and written 
(z,2’) +2z-+ 2’ and (2,21 +22’. For these two mappings, axioms (2.1,(I)) of a 


field are satisfied, by taking 0 = (0,0), 1 = (1,0), andz-! = = ) 
if z = (x,y) 4 0 (which, by (2.2.8) and (2.2.13), implies «2 + y? 40). The 
field thus defined is written © and called the freld of complex numbers, 
its elements being called complex numbers. The mapping x — (%,0) of R 
into € is injective and preserves addition and multiplication, hence we 
identify R with the subfield of © consisting of the elements (x,0). The 
element 7 = (0,1) is such that 15 = (— 1,0) = — 1, and we can write 
(x,y) = x + ty for any (x,y) EC; if z = x - 14, x,y being real, x is written 
Az and called the real part of z, y is written %z and called the smaginary 
part of Σ. 


(4.4.1) Any rational function (2,...,%,) > P(%,-.-,%)/Q(%,--.,%,) where 
P and Q are polynomials with complex coefficients, 15 continuous at each pownt 
(a,,...,a,) of Οὐ such that Q(a,,...,a,) ~ 9. 


This is proved as (4.1.5) by using the analogues of (4.1.1), (4.1.2) and 


(4.1.4), which follow at once from the formulas given above for sum, product 
and inverse of complex numbers, and from (3.20.4) and (4.1.5). 


For any complex number z = x + 7y, the number Z = x — ἦν is called 


the conjugate of z. We have zee, e+e =F 4+ Ζ', χχ' = 2-%', in other 
words z > Z is an automorphism of the field C, which is bicontinuous by 
(3.20.4) and (4.1.2); real numbers are characterized by 7 = z, numbers 
of the form zx (x real, also called purely imaginary numbers) by Ζ = — Ζ. 
We have zZ= x7 + γῆ if χ τε χ- ἦν; the positive real number 
[5] = (22)' is called the absolute value of z, and coincides with the absolute 
value defined in (2.2) when z is real. The relation |z| = 0 is equivalent 


toz=0. We have |zz’|? = χχ'χχ' -- χῦα' δ’ — [5 3|χ 12, hence |zz’| = [5] - |z’ 


> 
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from which it follows that if z 0, |1/z| = 1/|z|. Finally, by direct computa- 
tion, we check the triangle inequality 


lz + 2'| < [5] + |?" 


which shows that |z — 2’| = d(z,z’) is a distance defined on C= R x R, 
which is uniformly equivalent to the distance considered in (3.20). The 
balls for that distance are called discs. Any complex number z + 0 can 
be written in one and only one way as a product 7¢, with ry > 0 and |¢| = 1, 
namely by taking 7 = |z| and [ = 2/|z\. 


PROBLEM 


Let f be a continuous mapping of C into itself such that f(z + 2’) = f(z) + f(z’) 
and f(zz’) = f(z)f(z’). Show that either /(z) = 0 for every zeC, or f is one of the 
mappings 2 --» 2, 2 --» ξ (use (4.1.3)). 


5. The Tietze-Urysohn extension theorem 


(4.5.1) (Tietze-Urysohn extension theorem). Let E be a metric space, 
A a closed subset of E, f a continuous bounded mapping of A into R. Then 
there exists a continuous mapping g of E into R which coincides with f in A 
and is such that sup g(x) = sup f(y), inf g(x) = inf f(y). 


xEE yeA ΧΕΕ γΕΑ 
We can suppose that inf f(y) ξ- 1, sup /(y) = 2 by replacing even- 
yeA yeA 


tually f by a mapping y — af(y) + 6, « 4 0 (the case in which / is constant 
is trivial). Define g(x) as equal to /(x) for x € A, and given by the formula 
g(x) = (inf (f(y)d(x,y)))/d(x,A) 
yEA 
for x €E —A. From the inequalities 1 < f(y) < 2 for ye A and the defini- 
tion of d(x,A), it follows that 1< g(x) <2 for χε E—A. We need 
therefore only prove the continuity of g at every point xe E. If xeA, 
the continuity follows from the assumption on /. In the open set E — A, 
we can write g(x) = h(x)/d(x,A) with h(x) = inf (f(y)d(x,y)), and as d(x,A) 
yeEA 


is continuous and + 0 (by (3.8.9) and (3.11.8)), all we have to prove then 
(by (4.1.2) and (4.1.4)) is that 4 is continuous at every ΧΕῈ -- A. Let 
y= a(x,A); for d(x,x’)<e<y7, we have d(x,y) <d(x’,y) +e, hence 
h(x) < h(x’) + 2e (since f(y) < 2), and similarly h(x’) < A(x) + 2e, which 
proves the continuity of ἢ. Finally, let us suppose x is a frontier point of A; 
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given e > 0, let y > 0 be such that for ye AN B(x;7), |f(y) — f(x)| <e. 
Let C=ANB(x;r), D=A—C; if x.e€E—A and ee < 7/4, we 
have, for each ye D, d(x’,y) > d(x,y) — d(x,x’) > 3r/4, hence 


inf (f/(y)d(x',y)) 2 37/4; 


yeD 


on the other hand,  /(x)d(x’,x) < 2d(x’,x) < 7/2, and therefore 
inf (f(y)d(x',y)) = inf (f(y)d(x .,2}). But, as f(x) —e< f(y) Κ (5) + for 


yeA γες 
yeC, and inf d(x’,y) = d(x’,A), we have 
yeC 
(f(x) — e)d(x’,A) < inf (f(y)d(x",y)) < (f(x) + €)d(x’,A) 


yeA 


which proves that |g(x’) — /(x)| <e for . Ε ca ; and d(x, ee r/4; on 
the other hand, if x’ ¢ Aand d(x,x’) < (x)| = |f(x’) — f(x) Se, 
and this ends the proof. 


(4.5.2) Let A,B be two non-empty closed sets in a metric space E, such that 
ANB=@. Then there is a continuous function f defined in E, with values 
in [0,1], such that f(x) =1 in A and f(x) = 0 τη B. 


Apply (4.5.1) to the mapping of A U B in R, equal to 0 in B and to 1 
in A, which is continuous in A U B. 


PROBLEMS 


1) Ina metric space E, let (F,,) be a sequence of closed sets, A the union of the F,; 
if x ¢ A, show that there exists a bounded continuous function / > 0 defined in E, 
such that f(x) = 0 and f(y) > 0 for each ye A (use (4.5.2) and (7.2.1)). 

2) a) Let E bea metric space such that every bounded set in E is relatively compact; 
show that E is locally compact and separable (use (3.16.2)). 

b) Conversely, let E be a locally compact, non compact separable metric space, 
ἃ the distance on E; let (U,,) be a sequence of relatively compact open subsets of E 
such that 0, α U,4, and E is the union of the sequence (U,) (3.18.3). Show that 
there exists a continuous real-valued function f in E such that f(¥) <n for χε Oy. 
and f(x) > for χε E — ὕ, (use (4.5.2)); the distance d’(x,y) = d(x,y) + |f(*) — f(y) | 
is then topologically equivalent to ὦ, and for d’, any bounded set is relatively compact. 


Chapter V 
Normed Spaces 


The language described in Chapter III corresponded to that part of 
our geometric intuition covering the notions which intuitively remain 
unaltered by “‘deformations’’; here we get much closer to classical geometry, 
as lines, planes, etc. are studied from the topological point of view (we 
recall that the purely algebraic aspects of these notions constitute Linear 
Algebra, with which we assume the reader is familiar). It is in this context 
that the notion of series gets its natural definition; we have particularly 
emphasized the fact that for the most important type of convergent 
series (5.3), the usual rules of commutativity and associativity of finite 
sums are still valid, which naturally leads to the conclusion that in that 
case, the ordering of the terms is completely irrelevant. This, for instance, 
enables one to formulate in a reasonable way the theorem on the product 
of two such series of real numbers (see (5.5.3)), in contrast to the 
nonsensical so-called “Cauchy multiplication’ still taught in some 
textbooks, and which has no meaning for series other than power series 
of one variable. 


The fundamental results of this Chapter are the continuity criterion 
(5.5.1), and F. Riesz’s theorem characterizing finite dimensional spaces 
(5.9.4), which is the key to the elementary spectral theory developed in 
Chapter XI. 


Of course, this Chapter-is only an introduction to the general theory 
of Banach spaces and linear topological spaces, which is developed for 
instance in Taylor [23] and Bourbaki [6]; the main questions which we 
have not touched upon are the theorems linked to the notion of ‘‘Baire 
category’, and the theory of duality, both of which are fundamental for 
the proof of the deeper results in Functional Analysis. 
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1. Normed spaces and Banach spaces 


In this and the following chapters, when we speak of a vector space, 
we always mean a vector space (of finite or infinite dimension) over the 
field of real numbers or over the field of complex numbers (such a space 
being respectively called veal and complex vector space); when the field 
of scalars is not specified, it is understood that the definitions and results 
are valid in both cases.* When several vector spaces intervene in the same 
statement, it is understood (unless the contrary is specified) that they 
have the same field of scalars. A complex vector space E can also be con- 
sidered as a real vector space by restricting the scalars to R; when it is 
necessary to make the distinction, we say that this real vector space E, is 
underlying the complex vector space E; if E has finite dimension » over 
C, E, has dimension 2” over R. 

A norm in a vector space E is a mapping (usually written x — ||x||, with 
eventual indices to the ||..||) of E into the set R of real numbers, having 
the following properties: 


(I) [11||250 for every x EE. 
(II) The relation ||x|| = 0 is equivalent to x = 0. 
(III) ||Ax|| = [1[: ||x]| for any «eE and any scalar 4. 


(IV) ||x + y|] < {{π|| + |ly|] for any pair of elements of E (‘triangle 
inequality’). 


(5.1.1) If x — ||x|| ts a norm on the vector space E, then d(x,y) = ||x — y|| 
1s a distance on E such that d(x + 2,y + 2) = d(x,y) and d(Ax,Ay) = |Ald(x,y) 
for any scalar A. 


The verification of the axioms of (3.1) is trivial. 

A normed space is a vector space E with a given norm on E; such a 
space is always considered as a metric space for the distance ||x — y]|. 
A Banach space is ἃ normed space which is complete. 

If E is a complex normed vector space, x — ||x|| is also a norm on the 
underlying real vector space Ey, and the metric spaces E and Ερ are 
identical; hence if E is a Banach space, so is Βὰ 


* The product of a scalar A and a vector * is indifferently written Av or xA; 0 is 
the neutral element of the additive group of the vector space. 
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Examples of norms. (5.1.2) The examples given in (3.2.1), (3.2.2), 
(3.2.3) and (3.2.4) are real vector spaces, and the distances introduced in 
those examples are deduced from norms by the process of (5.1.1). The 
normed spaces thus defined in examples (3.2.1) to (3.2.3) are complete by 
(3.20.16) and (3.14.3), hence Banach spaces. Example (3.2.4) will be the 
object of a special study in Chapter VII, and we shall see it is also a Banach 
space. 


(5.1.3) Examples corresponding to the preceding ones are obtained by 
replacing everywhere real numbers by complex numbers (and in example 
(3.2.2), squares (x; — y,)® by |x; — υ, 3). 


(5.1.4) Let I = [a,b] be a closed bounded interval in R, and E = @p(I) 
the set of all real-valued continuous functions in I; E is a vector space 
({ + g and Af being respectively the mappings ¢ — f(¢) + g(#) and ἐ — Af(é)). 
If we write 


b 


Μη. = | lat 


a 


[|| is a norm on E. The only axiom which is not trivially verified is (II), 
which follows from the mean value theorem (see Chapter VIII). It can be 
proved that E is not complete (see Problem 1). 

For other important examples of norms, see (5.7) and Chapter VI. 


(5.1.5) Jf E7s areal (resp. complex) normed space, the mapping (x,y) >x+y¥ 
ts uniformly continuous in E x E; the mapping (A,x) > Ax 15 continuous 
in RX E (resp. © x E); the mapping x > Ax 1s untformly continuous 
in E. 


The proofs follow the same pattern as those of (4.1.1) and (4.1.2); to 
prove for instance the continuity of (A,x) — Ax at a point (Ap,%o), we use the 
formula [[1χ — Agxo|| = [[λρί(α — x9) + (A — Ag) %o + (A — Ag) (x — 59}}} < 
ol "115 = ¥ol| + A — Aol " |]¥oll + Ιλ. — Aol {5 — %oll- 


As a corollary of (5.1.5), it follows that any translation x + α - x and 
any homothetic mapping x > Ax (A ~ 0) is a homeomorphism of E onto 
itself, for the inverse mapping is again a translation (resp. a homothetic 


mapping). 
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PROBLEMS 


1) Let I = [0,1], and let E be the normed space defined in (5.1.4). 
a) For any x > 3, let }, be the continuous function defined in I, such that /,(¢) = 1 


1 1 1 
for0O<t< are fa(t) = 0 for rae —<?t< 1, and that f,(¢) has the form a,¢ + 2, 
n 


1 


1 ] 
in the interval Ξ »— + —| (with constants a, and β, to be determined). Show 
n 


2 


that in E, ({μ) 1s a Cauchy sequence which does not converge (if there existed a limit g 
of (/,) in E, show that one would necessarily have g(t) = 1 forO -- t< } and g(t) = 0 
for 4 < ¢< 1, which would violate the continuity of g). 

b) Show that the distance on E defined in (5.1.4) is not topologically equivalent 
to the distance defined in (3.2.4). (Give an example of a sequence in E which tends 
to 0 for ||f — g||,, but has no limit for the distance defined in (3.2.4)). 

2) If A,B are two subsets of a normed space E, we denote by A + B the set of all 
sums a+ ὃ, where ac A, DEB. 

a) Show that if one of the sets A,B is open, A + B is open. 

b) Show that if both A and B are compact, A + B is compact (use (3.17.9) and 
(3.20.16)). 

c) Show that if A is compact and B is closed, then A - Β is closed. 

d) Give an example of two closed subsets A,B of R such that A + B is not closed 
(cf. the example given before (3.4.1)). 

3) Let E be a normed space. 

a) Show that in E the closure of an open ball is the closed ball of same center 
and same radius, the interior of a closed ball is the open ball of same center and same 
radius, and the frontier of an open ball (or of a closed ball) is the sphere of same center 
and same radius (compare to section 3.8, problem 4). 

b) Show that the open ball B(0;7) is homeomorphic to E (consider the mapping 
x —>vx/(1 + [[2|}}}.ὕ : 

4) In a normed space E, a segment is the image of the interval [0,1] of R by the 
continuous mapping ¢ -> ta + (1 — #)b, where ac E and δε ΒΕ; a and ὃ are called 
the extremities of the segment. A segment is compact and connected. A broken line 
in E is a subset L of E such that there exists a finite sequence (%;)p9<j<, Of points 
of E having the property that, if S; is the segment of extremities x; and +; 4 for 
0<1< n” — 1, Lis the union of the 5;; the sequence (21) is said to define the broken 
line L (a given broken line may be defined in general by infinitely many finite 
sequences). If A is a subset of E, a,b two points of A, one says that a and ὃ are linked 


by a broken line in A, if there is a sequence (%,)9<j<, Such that a = %9, ὃ = x, and 
that the broken line L defined by that sequence is contained in A. 

If any two points of A can be linked by a broken line in A, A is connected. 
Conversely, if AC E is a connected open set, show that any two points of A can be 
linked by a broken line in A (prove that the set of points y € A which can be linked to 
a given point ΖΕ A by a broken line in A is both open and closed in A). 

5) In a real vector space E, a linear variety V is a set of the form a + M, where M 
is a linear subspace of E; the dimension (resp. codimension) of V is by definition the 
dimension (resp. codimension) of M. If b¢ V and if V has finite dimension 99 (resp. 
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finite codimension 4), the smallest linear variety W containing both ὃ and V has 
finite dimension p + 1 (resp. finite codimension g — 1). 

Let A be an open connected subset of a real normed space E, and let (V,) be a 
denumerable sequence of linear varieties in E, each of which has codimension > 2; 
show that if B is the union of the V,, AM (E — B) is connected. (Hint: use problem 4; 
if L is a broken line linking two points a,b of AN(E — B) im A, prove that there exists 
another broken line L’ ‘‘close’’ to L, contained in An (E — B). To do that, observe 
that if x e E — B, the set of points ye E such that the segment of extremities +,y 
does not meet any V,, is dense in E, using (2.2.17).) 

In particular, if the dimension of E is > 2, and if D is a denumerable subset of E, 
AN (E — D) is connected. 

6) If E is a real normed space of dimension > 2, show that an open non-empty 
subset of E cannot be homeomorphic to any subset of R (use problem 5). 

7) a) Show that in a normed space E, a ball cannot contain a linear variety 
(problem 5) of dimension > 0. 

b) Let (E,) be an infinite sequence of normed spaces having dimension > 0; 

οΌ 


show that in the metric space E = [IJ E,, there is no norm such that the distance 
n=0 


||~ — y|| is topologically equivalent to the distance defined in Problem 7 of section 3.20 
(where d, is taken as a bounded distance on E, equivalent to the distance defined on 
E,, by the norm on that space). (Use a).) 


2. Series in a normed space 


Let E be a normed space. A pair of sequences (%,)n50) (Su)nso iS called 
a serzes if the elements %,,s, are linked by the relations s, = %)+ %,+...+ 4%, 


for any ἢ, or, what is equivalent, by χρ = 80, %, = 8, — 8 


n n—1l1 forn>1; 


x, 1S called the n-th term and s, the n-th parizal sum of the series; the series 
will often be called the series of general term x,, or simply the sertes (x,) 


co 
(and even sometimes, by abuse of language, the series 2 x,). The series 


n=0 
is said to converge tosif lim s, = 5; sis then called the sum of the series 
n—> © 
οο 
and written 5 --Ὃ χρ + ...+ 4% +... ΟΓ 58Ξ- Σ᾽ χ,; Υ, Ξε 8 -- 8, is called 
n=0 


the n-th remainder of the series; it is the sum of the series having as k-th 
term x,,,; by definition lim 7, = 0. 

n—> ὦ 
(5.2.1) (Cauchy’s criterion). If the series of general term x, 1s convergent, 
then for any ¢ > 0 there is an integer ny such that, forn >n, and p > 0, 
Snap — 8,|} = [|5χρ4α + --- + %n4y|| <e. Conversely, if that condition 
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15 satisfied and if the space E is complete, then the series of general term x,, 
ts convergent. 


This is merely the application of Cauchy’s criterion to the sequence (s,) 
(see 3.14). 


As an obvious consequence of (5.2.1) it follows that if the series (x,) is 
convergent, lim x,= lim (s,—s,_,)=0; but that necessary 


n—> © n—r 2 


condition is by no means sufficient. 


(5.2.2) If the series (x,) and (x,) are convergent and have sums 5, s', then 
the series (x, + x,) converges to the sum s+’ and the series (Ax,) to the 
sum As for any scalar A. 


Follows at once from the definition and from (5.1.5). 


(5.2.3) If (x,) and (x,) are two series such that x, = x, except for a finite 
number of indices, they are both convergent or both non-convergent. 


For the series (x,, — x,) is convergent, since all its terms are 0 except 


for a finite number of indices. 


(5.2.4) Let (k,) be a strictly increasing sequence of integers > 0 with k, = 0; 


if the series (x,) converges to 5, and if y,—= Σ᾽ χ,, then the series (y,) 
p=k 
converges also to s. 
n ky4i1—1 
This follows at once from the relation 2 y;= Σ᾽ x, and from 
i=0 j=0 


(3.13.10). 


PROBLEMS 


1) Let (a,) be an arbitrary sequence in a normed space E; show that there exists 


a sequence (4%,) of points of Esuch that lim +, = 0, and a strictly increasing sequence 
n—> © 


(k,) of integers such that a, = %) + #, +... 4+ xz, for every x. 


2) Let o be a bijection of N onto itself, and for each n, let p(n) be the smallest 
number of intervals [a,b] in N, such that the union of these intervals is o([0,”)). 
a) Suppose is bounded in N. Let (%,) be a convergent series in a normed space E; 
020 οο 


show that the series (ζσρῃ) is convergent in E and that Lx, = Σ Han): 
n=0 n=0 
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b) Suppose ῳ is unbounded in N. Define a series (χη) of real numbers which is 
convergent, but such that the series (Χσρη) is not convergent in R. (Define by induction 
on k a Strictly increasing sequence (m,) of integers having the following properties: 
1° if mp is the largest element of o([0,m,]), then [0,n,] is contained in o({0,mz44)]); 
2° p(mz) > k +1. Define then x, for np»< ἢ < nz41 such that x, = 0 except for 
2k conveniently chosen values of ἢ, at each of which ἅμ is alternately equal to I/F 
or to — 1/R.) 

3) Let (χη) be a convergent series in a normed space E; let o be a bijection of N 
onto itself, and let 


y(n) = |o(n) — ἈΠ“ sup ||%mll- 
mon 


Show that if lim v(m) = 0, the series (%g(q)) is convergent in E and that 
n—> © 


ee) οο n nw 
Σ χη = Σ χσρη. (Evaluate the difference Σ Xgr) — & χκ for large n.) 
n=0 n=0 k=0 k=0 
4) Let (χρη) (m > 0, m > 0) be a double sequence of points of a normed space E. 
Suppose that: 1° for each m> 0, the series %9 + ἄρ + --- + %mn +... 15 
convergent in E; let y, be itssum, and let ry, = *mn + ¥mn4+1 7 +++) 2° for each 
n > 0, the series 79, + 71, + --- + %n "ἘΠ... 15 convergent in E; let ¢, be its sum. 
a) Show that for each n> 0, the series ζρ, + ¥in + --- + ρθη +... 15 con- 
vergent; let z, be its sum. 


io @) 


lo 8) 
b) In order that LY γρι =  Zy, it is necessary and sufficient that lim ¢, = 0. 
m= 0 n= 0 n—> ὦ 


5) a) Show that the series + ——— is convergent and has a sum equal 
n>i,nAm m= — n* 


to — 3/4m? (decompose the rational fraction 1/(m? — +?)). 


1 
Ὁ) Let uy, = ————~ if m#n, and u,, = 0; show that 
m? — n2 
οΌ οο οο οΟ 
Σ Σ᾽ Umn) = — Σ, Ἵ Σ᾽ Umn) ~ 0. 
m=0 n=0 n=0 m=0 


6) If fis a function defined in N Χ N, with values in a metric space, we denote by 


lim f(m,n) the limit of f (when it exists) at the point (+ oo, + o) of R Χ R, 


m—>0,n—> 0 


with respect to the subspace N x N (3.13). Let (%m) be a double sequence of real 


numbers, and let sy, = 2 Xhk- 
h<xmk<n 
a) If lim Smn exists, then lim Xn = 0. Give an example in which 
mM --> ©, %—> 00 m—> 00, %—> οὦ 
Xum = ἄγριου ¥m2Qn = — ¥m2n+1 = Xm +1,2n for m> 2n+ 1, *on2n = 0, such that 
lim Smn = 0, and none of the series 49 + *mi + --- + %mn + «τον 


m—> 00,N—> 00 


Xon + ¥in + --- + 4mn ΓΞ... is convergent. 
b) Give an example in which +, = Oexceptifm =n+1,m=norn=m-+ 1 
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co οο a οο 
(hence all series Σ᾽ %y,, £ %m_, are convergent), Σ ἄρ = Σ ἄρ. = 0 for all 
n=0 m=0 n=0 m=0 
indices m,n, but lim Sm», does not exist. 


mM—> CO, —> CO 
3. Absolutely convergent series 


(5.3.1) In order that a series (χ,) of positive numbers be convergent τέ 15 


necessary and sufficient that for a strictly increasing sequence (k,) of integers 
οο 

= 0, the sequence (Sp) of partial sums be majorized, and then the sums = Σ᾽ x, 
, n=0 


ts equal to sups, . 
n 


The assumption x, > 0 is equivalent to s,_, <s,, and then the result 
follows at once from (4.2.1). 


In a Banach space E, an absolutely convergent series (x,) is a series such 
that the series of general term ||x,|| is convergent. 


(5.3.2) In a Banach space E, an absolutely convergent series (x,) ts con- 


vergent, and || Σ᾽ x,||< 2 |/x,||. 
n=0 n=0 


By assumption, for any ¢ > 0, there is an integer 1, such that for ” > my 
and any p>0, [[χ,...4| + «Ὁ + ||%,45]| <3 hence 


Inga tee + Xn +pl| NE, 


which proves the convergence of (x,) by (5.2.1). Moreover, for any ἤ, 


Mo ees Hall < [lol] +--+ + fl 


; the inequality || 2’ x,||< & ||x,]| 
n= 0 n=0 
then follows from the principle of extension of inequalities (3.15.4). 


(5.3.3) If (x,) is an absolutely convergent series and o a bijection of N onto 
uself, then (y,), with Y_= χρρην 15. an absolutely convergent series, and 


οο 


φο 
Σ χ,- 2 y, (“commutativity” of absolutely convergent series). 
n= 0 n=0 


Let's = 
k 


n n 
x,, S, = Σ γε; for each x, let m be the largest integer in 
=0 k=0 


the set o([0,”]); then by definition 2 ||y,||< 2 ||x,||, and (5.3.1) 
k=0 i=0 


shows that (¥y,) is absolutely convergent. Moreover, for any ¢ > 0, let 1, 
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be such that ||x,,,|| +... + ||*,4,||<e for ἡ 2m) and >0; thenif 
m, is the largest integer in o~1((0,m9]), we have ||y,,44|| + --- + [|Yeapll <e 
for π > m,, p> 0; furthermore the difference s,, —s, is the sum of 
terms x; with 7 > %», hence ||s,, — s,|| <<; therefore, for > m) and 


7 
00 


n> mp, |\s, — 5, < 3e, which proves that 2 x, rae Re 
n=0 = 


Let A be any denumerable set. We say that a family ie Ἢ α of elements 
of a Banach space E is absolutely summable if, for a bijection φ of N onto A, 
the series (χρρη) is absolutely convergent; it follows from (5.3.3) that this 
property is independent of the particular bijection gy, and that we can 


οο 


define the sum of the family (x,),¢4 aS 2 Χρρη» Which we also write 2 χα- 
n=0 aeA 


As any denumerable set SCE can be considered as a family (with S as 
the set of indices) we can also speak of an absolutely summable (denumerable) 
subset of E and of its swum. 


(5.3.4) In order that a denumerable family (x,).< of elements of a Banach 
space E be absolutely summable, a necessary and sufficient condition 1s 


that the finite sums 2 ||x,|| (JCA and finite) be bounded. Then, for any 
aeJj 


€ > 0, there exists a finite subset H of A such that, for any finite subset K 
of A for which HNK=@, 2 [[χ,|]  ε, and for any finite subset LDH 
aekK 


of A, 


| Σ xy τ 2’ χα ] < 2e 
acd aeL 


The first two assertions follow at once from the definition and from 
(5.3.1). Then, for any finite subset 1,95 Η, we can write L= HU K with 
Ha K = (5, hence || & x, — 2 4%,||<e; from the definition of the sum 

aeL aeH 


x, it follows (after ordering A by an arbitrary bijection of N onto A) 


«εκ 


that || 2 ας -- 2 ας} « δ, hence [{Σ x,— 2 x,|| < 2e 
acA aéeH aeA aeL 


(5.3.5) Let (x,),<4 δ6 an absolutely summable family of elements of a Banach 
space E. Then, for every are B of A, the family (%,)yepn 15 absolutely 
summable, and Σ᾽ ||x,|1< 2 I |. 

“eB 


If B is finite, the result cil follows from the definition. If B 
is infinite, then 2 ||x,||< 2 ||x,|| for each finite subset J of B, and 
ae J acd 


the result follows from (5.3.4). 
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(5.3.6) Let (x,),-4 be an absolutely summable family of elements of a Banach 
space E. Let (B,) be an infinite sequence of non-empty subsets of A, such that 
A= UB,, and B,NB,=9@ for p~q; then, tf z,—= & x,, the series 


“eB, 


(2,) 15 absolutely convergent, and X 2, = 2 x, (“associativity” of ab- 
n=0 aeA 
solutely convergent series). 


Given any e > 0 and any integer ἡ, there exists, by (5.3.2), for each 
k <n, a finite subset J, of B, such that [[2}} < 2 ||/x,||-+ e/(n +1); if 
ae Sp 


J= U J, we have therefore 2 ||z,||< 2 ||x,||+¢e< 2 ||x,|| +: 
k=0 k=0 aej . χε 


(5.3.1) then proves that the series (z,) is absolutely convergent. Moreover, 

let H be a finite subset of A such that, for any finite subset K of A such 

that HN K=90, 2 |/x,||<e, whence, for any finite subset L of A 
aeK 


containing H, || 2 x,— Σ᾽ x,|| < 2e (see (5.3.4)). Let πρ be the largest 
aeA aeL 


integer such that HN B,, τέ (6, and let 1 be an arbitrary integer > m9. For 
each k < n, let J, be a finite subset of B, containing HN B,, and such that 


for any finite subset L, of B, containing J,, we have ||z, — 2 x,|| <e/(n+ 1) 
aeL, 


(5.3.4). Then, if L= UJ L,, wehave || 2 2, --. 2 x,|| <e, and as LOH, 
k=0 k ΧΕΙ, 


0 
it follows from the definition of H that || 2 z,— 2 x,||< 3e, which ends 
k=0 aeA 


the proof. 

There is a similar (and easier) result when A is decomposed in a finite 
number of subsets B, (l1<k<%); moreover, in that case, there is a 
converse to (5.3.6), namely, if each of the families (x,),.,, is absolutely 


summable, so is (%,),-4; the proof follows, by induction on u, from the 
criterion (5.3.4). 


PROBLEMS 


1) Let (d,) be a sequence of real numbers d, > 0, such that the series (d,) is not 
n 
convergent (i.e., lim Σ᾽ ἀμ = + 0). What can be said of the convergence of the 
n—»ok=0 
following series: 
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2) Let (u,) be a convergent series of real numbers, which is not absolutely 


Cc 

convergent, and let s = Σ u,. For each number s’ > 5, show that there exists a 
n=0 

bijection o of N onto itself such that o(m) = m for all m such that u, > 0, and that 


CO 
Σ᾽ Ug(n) = 5΄. (Show by induction that for each » there is a bijection o, of N onto 
n=0 


itself such that o,(k) = ἃ for all & such that μι > 0 and that, if up” = uw, qm, there 
is an index p, having the property that, for k > py 


k 
ξ΄ Ξ ὦ uy <1)n; 
1=0 


furthermore, o, 41 is such that o,41(k) =o,(%) for all k such that o,(k) « p, and 
all ἃ such that u,< — 1jn.) 


3) Show that for every finite family (χη εἰ of points of the product space R” 
(with the norm |||| = sup |&| for αὶ = (&)1<k<n), one has & ||¥;||< 2n- sup || 2 ¥;|| 
tel JCI τε] 
(consider first the case n = l). 
4) In a normed space E, a series (%,) is said to be commutatively convergent if, for 
every bijection o of N onto itself, the series (%,(,)) 15 convergent. 


a) In order that a convergent series (#,) be commutatively convergent, it 15 
necessary and sufficient that for every e > 0, there exist a finite subset J of N such 
that, for any subset H of N for which JNH=8@, || 2 +%,||< ε. When that condi- 

neH 


οο 


tion is satisfied, the sum 2 χσρὴ is independent of o. (To prove the last assertion, 
n=0 


and the sufficiency of the condition, proceed as in (5.3.3). To show that the condition 

is necessary, use contradiction: there would exist an α > 0 and an infinity of finite 

subsets H, (k = 1,2,...) of N, no two of which have common points, and such that 
|| © χρί 2a for each ἃ; starting from the existence of these subsets, define o 
neH, 

for which the series (%,(,)) is not convergent.) 


Ὁ) Suppose the series (%,) is such that, for any strictly increasing sequence (7,) 
of integers, the series (%n,) is convergent. Show that the series (*%,) is commutatively 


convergent (use the same argument as in a)). Prove the converse when E is complete 
(use the criterion proved in a)). 

c) If E = R”, show that any commutatively convergent series in E is absolutely 
convergent (use problem 3 and the criterion of a)). 

d) Extend the associativity property (5.3.6) to commutatively convergent series. 


5) Let E be the real vector space consisting of all infinite sequences + = (€,)y> Ὁ 
of real numbers, such that lim &, = 0. For any χε Ἐ, let ||*|| = sup ἰξ,]. 
n—> 2 n 
a) Show that |||] is a norm on E, and that E, with that norm, is a Banach space 
(the ‘‘space (cy)’’ of Banach). 
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Ὁ) Let e,, be the sequence (djin)n>0, With Omn = 0 if m 4 ἢ, Siam = 1. Show that 
οο 


for every point * = (&,)e¢E, the series 2X &,e, is commutatively convergent in E, 
n=0 


and that its sum is ¥; give examples in which the series is not absolutely convergent. 


4. Subspaces and finite products of normed spaces 


Let E be a normed space, F a vector subspace of E (i.e. a subset such 
that xe F and yeF imply ax + #yeF for any pair of scalars α,6); 
the restriction to F of the norm of E is clearly a norm on F, which defines 
on F the distance and topology induced by those of E. When talking of a 
‘‘subspace”’ of E, we will in general mean a vector subspace with the induced 
norm. If E is a Banach space, any closed subspace F of E is a Banach 
space by (3.14.5); conversely, if a subspace F of a normed space E is a 
Banach space, F is closed in E by (3.14.4). 


(5.4.1) If F 1s a vector subspace of a normed space E, its closure F in E ts a 
vector subspace. 


By assumption, the mapping (x,y) >x + y of E x E into E maps 


F x F into F, hence maps F x F into F, by (3.11.4); as F x F=FxF 
by (3.20.3), the relations x ε F, ye Fimply x + ye F. Using the continuity 
of (A,x) — Ax, we similarly show that x Ε F implies Ax € F for any scalar Δ. 


We say that a subset A of a normed space E is ¢otal if the (finite) linear 
combinations of vectors of A form a dense subspace of E; we say that a 
family (x,) is total if the set of its elements is total. 

Let E,,E, be two normed spaces, and consider the product vector 
space E=E, x E, (with (%1,%3) + (Ve) = (% + γ., ζᾳ + Ye) and 
A(%4,%_) = (Ax,,A%)). It is immediately verified that the mapping 
(%1,%_) — sup (||%,||,||%||) is a ~orm on E, which defines on E the distance 
corresponding to the distances on E,,E,, and therefore the topology of 
the product space E, x E, as defined in (3.20). The “natural” injections 
x1 —> (%,,0), x, > (0,x,) are linear isometries of E, and E, respectively onto 
the closed subspaces Εἰ = E, x {0}, E, = {0} x E, of E (3.20.11), and 
E is the direct sum of its subspaces E},E,, which are often identified to 
E,,E, respectively. 

Conversely, suppose a normed space E is a direct sum of two vector 
subspaces F,,F,; each x € E can be written in a unique way x = p(x) + ,(x), 
with £,(x) Ε Εἰ, p(x) Ε Ἐς, and 2,24 are linear mappings of E into F,,F, 
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respectively (the “‘projections” of E onto F,,F,). The “natural” mapping 
(VVo) +9, + Yq is a linear bijection of the product space F, x F, onto E, 
which is continuous (by (5.1.5)), but mot necessarily bicontinuous (see 
section 6.5, problem 2). 


(5.4.2) In order that the mapping (y1,V2) > Vy + Yq be a homeomorphism 
of F, x F, onto E, a necessary and sufficient condition is that one of the 
linear mappings p,,p. be continuous. 


Observe that as x = p,(x) + #,(x), if one of the mappings #,,p2 is 
continuous, so is the other. The mapping x — (p,(*),p9(x)) of E onto 
F, x F, being the inverse mapping to (¥,,V¥2) > ¥; + V2, the conclusion 
follows from (3.20.4). 


When the condition of (5.4.2) is satisfied, E is called the topological 
direct sum of F,,F,; a subspace F of E such that there exists another 
subspace G for which E is the topological direct sum of F and G is called a 
topological direct summand of E, and any subspace G having the preceding 
property is called a topological supplement to F. Any topological direct 
summand is necessarily closed (by (3.20.11)), but there may exist closed 
subspaces which are not topological direct summands (although any 
subspace always has an algebraic supplement in E); for examples of such 
spaces, see Bourbaki [6], chap. IV, p. 119, exerc. 5c) and p. 122, exerc. 
17 b). 

The definitions and results relative to the product of two normed spaces 
are immediately extended to the product of a finite number ” of normed 
spaces (by induction on x). 


5. Condition of continuity of a multilinear mapping 


(5.5.1) Let E,,...,E, be n normed spaces, Ἐ a normed space, 4 a mulitlinear 
mapping of E, X ... ΧΕ, into F. In order that u be continuous, a nec- 
essary and sufficient condition is the existence of a number a > Ὁ such that, 
for GNY (44,5 <45%,) € Ey X Ey Xi: X B,, 


[2% 1% ap + + % qu) |] <a> Π|χῳ [τ [al] Lal: 
We write the proof for n = 2. 


1) Sufficiency. To prove u is continuous at any point (c,,c.), we write 
U(X ,%—_) — (01,04) = U(X, — Cy,%q) + U(C4,%_— Cg), Hence {{πῴΧ,Χ4] — Μ(Ο,,04}}} 
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is al: sl + Πα] Ih — ll. For any ὁ such that 0 < 8 < 1 
suppose ||x, — ¢,|| < 6, hence ||%2|| < |]eg|| + 1. We there- 
fore have 


||#(%1,%—) — (cy,¢5)|| < a(||ey|| + [641 + 1 


which is arbitrarily small with 6. 


2) N err If τε is continuous at the point (0,0), there exists a ball B: 

<7 in Εἰ x E, such that the relation (x,,x,) € B implies 
| ne ell ἰδ Ἷ arbitrary; suppose first x, 4 0, x, 4 0; 
then if 2, = 7x,/{|x,||, we have ||z,|| = ||z,|\| =7, and 
therefore ||u(z,,z,)|| << 1. But gh ἐξ Paice All|] >| 
||(%1,%9)|| <a> [[24|- ||xQ|| with a = 1/r?. If x, = Oor x, = 0, U(X4,%»_) = 90, 
hence the preceding inequality still holds. 


(5.5.2) Let u be a continuous linear mapping of a Banach space into a Banach 
space Β΄. If (x,) ts a convergent (resp. absolutely convergent) series in E, 
(u(%,)) 15. ἃ convergent (tesp. absolutely convergent) series in F, and 


du(x,) = u(L'x,). 


The convergence of the series (u(x,)) and the relation Yu(x,) = u(Dx,) 


follow at once from the definition of a continuous linear mapping (see 
(3.13.14)). From (5.5.1) it follows that there is a constant ἃ > 0 such that 
||«(x,)||  «- ||x,]|, hence the series (u(x,)) is absolutely convergent by 
(5.3.1) if the series (x,) is absolutely convergent. 


(5.5.3) Let E,F,G be three Banach spaces, u a continuous bilinear mapping 
of E x F into G. If (x,) is an absolutely convergent series in E, (y,) am 
absolutely convergent series in F, then the family (u(x,,V,)) is absolutely 
summable, and 


Σ κί Χο Λα) = ᾿Ξ: Weta 2 Vn): 


mn 


Using the criterion (5.3.4), we have to prove that for any ~, the sums 
Σ᾽ | |u(x,,,¥,)|| are bounded. But from (5.5.1), there is an a> 0 


MaPn<p 


such that ||u(x,,,¥,)|| << a||x 


mil 


Eller <a ΣΟ {0} livll = @( Σ lll) 2 yal 


Mapn=p MoPn=spP 


5. CONTINUITY CONDITION OF A MULTILINEAR MAPPING 101 


which is bounded, due to the assumptions on (x,) and (y,). Moreover from 
(5.3.6) and (5.5.2) it follows that, ifs = 2%,, s’ = ΣΎ, 
n n 


LUX Vn) = 2 (LUX peVy)) = LUXS!) = μ(5,57). 
ts 0 


(5.5.4) Let E be a normed space, F a Banach space, G a dense subspace 
of E, f a continuous linear mapping of G into F. Then there ts a unique 
continuous linear mapping ἢ of E into F which is an extension of f. 

From (5.5.1) it follows that f is uniformly continuous in G, since 
7(.) — [0}}} = {{{ Ὁ — v)|| « «- ||* — γ||; hence by (3.15.6) there is a 


unique continuous extension f of f to E. The fact that 7 is linear follows 
from (5.1.5) and the principle of extension of identities (3.15.2). 


PROBLEMS 


1) Let « be a mapping of a normed space E into a normed space F such that 
u(x + y) = u(x) + u(y) for any pair of points x,y of E and that u is bounded in the 
ball B(0;1) in E; show that τε is linear and continuous. (Consider the mapping 
x —» ||u(x)|| of E in R and observe that ||u(¥ + y)||< ||(~) |] + |jee(y)|| and u(r¥) = ru(x) 
for rational 7; to prove that u(Ax) = Au(*) for every real A, use the same kind of 
argument as in section 4.2, problem 1.) 

2) Let E,F be two normed spaces, u ἃ linear mapping of E into Ἐς Show that 


if for every sequence (%,) in E such that lim +, = 0, the sequence (u(7,)) is bounded 
n> 


in F, then uw is continuous. (Give an indirect proof.) 

3) a) Let a,b be two points of a normed space E. Let B, be the set of all ve E 
such that ||* — a|| = ||¥ — b|| = |la — b||/2; for m > 1, let B, be the set of x€ B, 1 
such that ||¥ — y||< 6(B,—4)/2 for all y ε B, _ 1 (6(A) being the diameter of a set A). 
Show that 6(B,) < 6(B, —1)/2, and that the intersection of all the B, is reduced to 
(a + 6)/2. 

b) Deduce from a) that if f is an isometry of a real normed space E onto a real 
normed space F, then /(%) = (2) + c, where u is a linear isometry, and ce F. 

4) Let us call rectangle in N X N a product of two intervals of N; for any finite 
subset H of N x N, let ψ(Η) be the smallest number of rectangles whose union is H. 
Let (H,,) be an increasing sequence of finite subsets of N X N, whose union is N x N 
and such that the sequence (%(H,)) is bounded. Let E,F,G.be three normed spaces, 
(x,) (resp. (y,)) a convergent series in E (resp. ΕἾ, f a continuous bilinear mapping 
of E x F into G. Show that 


(*) lim Zt (%m Yn) =P Σ Hm Σ Vn) 


n—»oo (h,k) € H, n 
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5) Let (H,) be an increasing sequence of finite subsets of N x N, whose union 
is N x N; for eachj € N and each EN, let (j,m) be the smallest number of intervals 


of N whose union is the set H,, 1G) of all integers ὁ such that (7,7) Ε H,. Suppose g(j,n) 
is bounded in N X N. Let (x,) be a convergent series in a normed space E, (y,) an 
absolutely convergent series in a normed space F, “ a continuous bilinear mapping 
of E x F into a normed space G. Show that formula (*) of problem 4 still holds 


(use (5.5.1), and remark that the sums & %*; are bounded in E for all 7,n). 
(1,7) ΕΗ, 


6. Equivalent norms 


Let E be a vector space (over the real or the complex field), ||x||, and 
||¥||, two norms on E; we say that ||z||, is finer than ||x||, if he topology 
defined by ||x/|, is finer than the topology defined by ||x||, (see (3.12)); 
if we note E, (resp. E,) the normed space determined by ||x/|, (resp. ||%||.), 
this means that the identity mapping x — x of Εἰ into Ἐς is continuous, 
hence, by (5.5.1), that condition is equivalent to the existence of a number 
a> 0 such that ||x||,<a- ||x/||,. We say that the two norms ||x]||,,||*||p 
are equivalent if they define the same topology on E. The preceding remark 
yields at once: 


(5.6.1) In order that two norms ||x||,,||x|\, on a vector space E be equivalent, 
a necessary and sufficient condition 1s that there exist two constants a > 0, 
b> 0, such that 


a\|x]l,< || lle < 2] || 
jor any xEE. 


The corresponding distances are then uniformly equivalent (3.14). 

_ For instance, on the product E, x E, of two normed spaces, the norms 
sup {1{5},}4}}), | Viet [5415 are equivalent. On the 
space E = @,(I), the norm ἢ defined in (5.1.4) is mot equivalent to the 
norm ||/||,, = sup |f(¢)| (see section 5.1, problem 1). 

tel 


7. Spaces of continuous multilinear mappings 


Let E, F be two normed spaces; the set #(E; ΕἼ of all continuous 
linear mappings of E into F is a vector space, as follows from (5.1.5), 
(3.20.4) and (3.11.5). 
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For each μ ε L(E; ΕἸ, let |||] be the g.l.b. of all constants a > 0 which 
satisfy the relation ||(x)|]| << a- ||x|| (see (5.5.1)) for all x. We can also 
write 
(5.7.1) l= sup. lite) 

For by definition, for each a> {{μ|[, and |jx||< 1, |{u(x)||<4@, hence 
sup ||u(x)|| < ||w||; this already proves (5.7.1) for ||u|| = 0. If ||u|| > 0, 
llzll< ; 
for any ὃ such that 0 < ὁ < ||u||, there is an x Ε E such that ||«(x)|| > || ||; 
this implies x 4 0, hence if z = x/||x||, we still have ||m(z)|| > ὃ - ||z|| = ὃ, 
and as ||z|| = 1, this proves that b< sup |{(x)||, hence ||s||< sup ||u(x) 
1 ΠΠ1|{Ξ1 


{11} Ξ 


and (5.7.1) is proved. The same argument also shows that 


(5.7.2) |= sup. [mC 

We now show that ||s|| is a norm on the vector space Y(E; F). For ifu=0, 
then ||«|| = 0 by (5.7.1), and conversely if ||w|| = 0, then u(x) = Ὁ for 
\|x|| <1, hence, for any x #0 in E, u(x) = |{x||u(x/||x||) = 0. It also 
follows from (5.7.1) that ||Aw|| = |A|- ||«||; finally, if w = « + v, we have 
02) || < |](2)|] + lfo(2) |], hence ||| < [1μ]} + [0]} from (5.7.1). 


(5.7.3) If F ts complete, so 15 the normed space L(E;F). 


For let (u,,) be a Cauchy sequence in #(E; ΕἸ; for any e > 0, there is 
therefore an m, such that ||u,, — u,|| ΞΞ for m > 1m, n >My. By (5.7.1), 
for any x such that ||x|| <1, we therefore have ||u,,(x) — u,(x)|| << for 
Mm > Ny, ἢ => N,; this shows that the sequence (u,(%)) is a Cauchy sequence 
in ΕἾ hence converges to an element v(x) EF. This is also true for any 
x €E, since we can write x = dz with ||z|| << 1, hence u,(x) = Au,(z) tends 
to a limit v(x) = Av(z). From the relation u,(x + y) = u,(x) + 4,(y) and 
from (5.1.5) it follows that v(x + y) = v(x) + v(y), and one shows 
similarly that v(Ax) = Av(x), in other words v in linear. Finally, from 
||4n4(%) — 4,,(x)|| <e€ for m > no, n > no, we deduce ||v(x) — u,(x)|| < e for 
\|~|| <1 hence ||v(x)|| < ||w,|| + ε, which proves (by (5.5.1)) that v is 
continuous, hence in Y(E; ΕἸ; furthermore ||v — u,||<e for ἢ > my (by 
(5.7.1)), which proves the sequence (u,) converges to v. 

From the definition it follows that, for every x EE and every we Y(E;F), 


(5.7.4) |μ(}}}} < {{ω||- [{π|} 
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which proves that the bilinear mapping (x,u) > u(x) of E x @(E; ΕἸ into F 
is continuous (by (5.5.1)). 

The definition of the norm in Y(E; F) depends on the norms in E and 
in F; but it is readily seen that, when the norms in E and F are replaced 
by equivalent norms, the new norm in #(E; ΕἸ is equivalent to the old one. 


(5.7.5) Let u be a continuous linear mapping of a normed space E into a 
normed space Ἐς and v a continuous linear mapping of F into a normed 
space G. Then ||voul| < ||v]| - [[{}. 


For if ||«|| <1, then by (5.7.4) {{υ(μ(4}}} < {10} - 1 μ(4}}} < {10 - {||}, 
and the result follows from (5.7.1). 


(5.7.6) If F is a real (resp. complex) normed space, the mapping which to 
each a¢ F associates the element 0,: —->é&a of “(Β; ΕἸ (resp. Y(C; F)) is 
a linear 1sometry of F onto #(R; F) (resp. Y(C; F)). 


The mapping a — 6, is obviously linear; it is surjective, for every linear 
mapping / of R (resp. C) into F is such that /(&) = f(€- 1) = &f(1) = éa 
with a = f(1). Finally ||6,|| = sup ||&a|| = ||a|) by axiom (III) of (5.1). 

[ἐ| εἰ 


Let now E,,...,En,F be ἡ + 1 normed spaces, and define “0Ε,,....Ε,Ε) 
as the vector space of all continuous multilinear mappings of E, x ... ΧΕ, 
into F. Then for ue #(E,,...,E,;F), the same argument as above shows 
that the g.l.b. [|| of all constants a > Ὁ such that 


|[ee( 4, - ᾿ ΤΠ Ε}} -- a||%,||. δὰ || % | 
is also given by 
(5.7.7) μ} = sup eae 2) |p 
Neill <1,--Magl] <2 
We also see that ||#|| is a norm on #(E,,...,E,;F); but in fact these vector 


spaces can be reduced to spaces ¥(X; Y): 


(5.7.8) For each ue £(E,F;G) and each x €E,. let u, be the linear mapping 
y—>u(x,y). Then a: x +u, 15 a linear continuous mapping of E into £(F; G), 
and the mapping u -- ἢ 1s a linear isometry of #(E,F;G) onto “ΖΕ; F(F; G)). 


We have ||u,(y)|| = |lu(x,y)|| < |||] - ||x|| - |||], hence «, is continuous 
by (5.5.1); moreover ||w,|| = sup ||#(x,¥)||, hence (2.3.7) 
Iyl|< 
sup ||#,||= sup — ||u(x,¥)|| = ||e| 


I[<l}<1 (lel]<1,||y{[<1 
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which proves that x - u, (which is obviously linear) is continuous, and 
u—é# is an isometry of Y(E,F;G) into P(E; Y(F; G)). Finally «> ἢ is 
surjective, for if ve Y(E; “ΚΕ; G)), then uw: (x,y) > (v(x)){y) is obviously 
bilinear, and as |{(v(x))(v)|| < {{0(2}}- {Iyll < loll llxll- [07] by (6.7), 
u is continuous, and v(x) = 4,, which ends the proof. 

By induction on x, it follows that Y(E,,E,,...,E,;F) can be 
naturally identified (with conservation of the norm) to 


PEE Deeg ΠΕ en) 


PROBLEMS 


1) Let E be the space (c,) of Banach, defined in section 5.3, problem 5; we keep 
the notations of that problem. Let u be a continuous linear mapping of E into R; 
if u(e,) = ἢ», Show that the series 2’, is absolutely convergent, and that, in the 


Banach space E’ = Y(E; R), 


Cc 
|u|] = X |n,| (apply (5.5.1) for suitable values of 
n= 0 


*xe€E). Conversely, for any absolutely convergent series (ἡ) of real numbers, there 

is one and only one continuous linear mapping uw of E into R such that u(e,) = ny 
wD οο 

for every ἢ; δηᾶ 1 αὶ -Ὺοὸὶ. J &,e,¢E, then u(x) = 2 nyé, (the space E’, with the 


n= 0 n=O 
norm defined above, is the ‘‘space 7!”’ of Banach). 
b) As a vector space (without a norm) E’ can be considered as a subspace of E; 
show that the norm on Ἐ is strictly finer (5.6) than the restriction to E’ of the 
norm of E. 


c) Show that the space Ε΄ = Y(E’; R) of the continuous linear mappings of E’ 
into R can be identified with the space of all bounded sequences x = (ζ,) of real 
numbers, with norm ||*|| = sup |Z,| (‘space ©” of Banach; use the same method 

n 


as in a)). E can be considered as a closed subspace of E”. 


d) In the space E’, let P be the subset of all absolutely convergent series u = (n,) 
with terms 7, = 0; any element of E’ can be written wu — v, where both uw and v are 
in P; yet show that the interior of the set P is empty. 


2) a) Let E be the space (cy) of Banach, and let U be a continuous linear mapping 


CO 
of E into itself. With the notations of problem 1, let U(e,) = 2 Omye,,; Show that: 
m=O 
οῦ 00 
1° lim omy, = 0; 2° the series LX |o,.,| is convergent for every m; 3° sup L lay, 
m —> oO n=0 m n=Q 


is finite. (Same method as in problem 1 a).) Prove the converse, and show that the 
Banach space “#(E; E) can be identified with the space of double sequences U = (any) 


le 8) 
satisfying the preceding conditions, with the norm ||U|| = sup 2 [αρρ}- 
m n=0 
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Ὁ) Let E’ be the space /! of Banach (problem 1). Show similarly that the Banach 
space (E’; ΕἼ can be identified with the space of double sequences U = (g,,,,) such 


οο oO 
that: 1° the series 2 |a,,,| is convergent for every n; 2° sup J lxmn| is finite; 
m = 0 nm=0 


οο 
the norm is then equal to [{{ = sup Σ᾿ [ἀριρ]-. 
n m=0 


3) Let E be a normed space; show that there cannot exist two continuous linear 
mappings u,v of E into itself such that ποὺ — vou = 1 (the identity Mapping). (Prove 
that this would imply μου τ]. y*+loy = (nm + 1)v%, and therefore the inequality 
(n + 1)|{v”|| < 2||u]| - [10] - ||o*||, which leads to v™ = 0 as soon as n is large enough, 
hence v = Q, which is a contradiction.) 


8. Closed hyperplanes and continuous linear forms 


We recall that a linear form on a real (resp. complex) vector space E 
is a linear mapping Γ᾿ of E into R (resp. C); its kernel H = /—1(0) is then 
a vector subspace such that for any a¢H, E is the algebraic direct sum 
of H and Ra (resp. Ca). A subspace having this last property is called a 
hyperplane; if H is a hyperplane, a¢H, and if for any χε we write 
x τὸ f(x)a + y with f(x) a scalar and y EH, then ἡ is a linear form and 
H = f-1(0). The relation f(x) = Ο is called an equation of H; if ἢ is another 
linear form such that H = /,~1(0), then ἡ = af (α scalar). We also recall 
that a hyperplane is maximal: any vector subspace of E containing a 
hyperplane H is either H or E itself. 


(5.8.1) In a real (resp. complex) normed space E, let H be a hyperplane 
of equation f(x) = 0. In order that H be closed in E, a necessary and suffi- 
cient condition 15 that f be continuous. For any b€ H, E ts then the topological 
direct sum (see (5.4)) of H and of the one-dimensional subspace D = Rb 
(resp. Ὁ = (Cd). 


It is clear that if f is continuous, H = /—1(0) is closed (see (3.15.1)). 
To prove the converse, let a¢ H be such that f(2z) = 1. As H is closed, 
so is a+ H (by (5.1.5)), and as O¢ a + H, there is a ball V: |{x|| <7 
which does not meet a + H; therefore x € V implies f(x) #1. We prove 
x €V implies |f(x)| Ξ 1. Suppose the contrary, and let α = f(x), with 
la] > 1; then |]x/a|| = (1{{α|} {4} <7, and f(x/a) = 1, which contradicts 
the definition of V. By homogeneity and (5.5.1) it follows that / is contin- 
uous. If }¢ H, we have x = g(x)b + y with y eH for each χε, and 
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g(x) = 0 is another equation of H; hence g is continuous, and the mapping 
x — ρ(χὴ of E into D = Rb (resp. Cd) is therefore continuous, which proves 
the last part of (5.8.1) by (5.4.2). 


(5.8.2) In a normed space E, a hyperplane H ἐξ either closed or dense. 
For H is a vector subspace (by (5.4.1)) which can only be E or H. 


PROBLEMS 


1) Let E be the (non complete) subspace of the space (cy) of Banach, consisting 
of the sequences x = (&,) of real numbers, having only a fimtte number of terms 


οΌ 
different from 0. For any sequence (ἀρ) of real numbers, the mapping αὶ > u(x) = 2 aydy 
n=O 
is a linear form on E, and all linear forms on E are obtained in that way; which of 
them are continuous (see (5.5.4) and problem 1 of section 5.7) ? 


2) a) In a normed space E, let H be the closed hyperplane of equation u(x) = 0, 
where u« is a continuous linear form. Show that for any point ac E, the distance 
d(a,H) = |u(a)|/||x||. 


Ὁ) In the space (cy) of Banach, let H be the closed hyperplane of equation 


2 6) 
u(x) = Σ 2-"§,=0; if a¢ H, show that there is no point δ ΕΗ such that 


n=0 
d(a,H) = d(a,b). 

3) In a real vector space E, the linear varieties of codimension 1 (section 5.1, 
problem 5) are again called hyperplanes; they are the sets defined by an equation 
of the type u(x) = «, where u is a linear form, « any real number; the hyperplanes 
considered in the text are those which contain 0, and are also called homogeneous 
hyperplanes; any hyperplane defined by an equation u(x) = α is said to be parallel 
to the homogeneous hyperplane defined by μί(χ) = 0. If A is a non empty subset 
of E, a hyperplane of support of A is a hyperplane H defined by an equation u(%) = a, 
such that u(x) — «> 0 for all xe A, or u(x) —a <0 for all xe A, and u(%) =a 
for at least one point χ9ῈΕ A. 


a) In a real normed space E, a hyperplane of support of a set containing an 
interior point is closed (see (5.8.2)). 


b) Let A be a compact subset of a real normed space E; show that for any 
homogeneous closed hyperplane Hy, defined by the equation u(%) = 0, there are two 
hyperplanes of support of A which are defined by equations of the form u(%) = a, 
and may eventually coincide; their distance is at most equal to the diameter 
of A. 


c) In the space (c,) of Banach, consider the continuous linear form καὶ -- u(x) 
οο 
= Σ᾿ 2-"f.: show that the closed ball B’(0;1) has no hyperplane of support 


n=O 


having an equation of the form u(x) = α (cf. problem 2 b)). 
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9. Finite dimensional normed spaces 


(5.9.1) Let E be an n-dimensional real (resp. complex) normed vector space; 
tf (a,,...,4,) ts a basis of E, the mapping 


(&,. : 9S) Ἐπ ia, a es ἘΞ Edn 


of R” (resp. ©") onto E is bicontinuous. 

We use induction on 22, and prove first the result for 7 = 1. We know 
by (5.1.5) that € + ga, is continuous; as a, 40 and ||éa,|| = ||a,||- [ξ 
we have || < (1/|jay|) -||éa, 
by (5.5.1). 

Suppose the theorem is proved for m — 1, and let H be the hyperplane 
in E generated by a,,...,a,_,; the inductive assumption implies that the 


norm on H (induced by that of E) is equivalent to the norm 900 ἱξ, 
Il<xi<sn-l 


Σ 


, which proves the continuity of éa, -» , 


. 
; 


hence Η is complete (for both norms) and therefore closed in E (by (3.14.4)). 
It follows from (5.8.1) that the mapping (€,a4, + ... + &,a,) > &, is contin- 
uous, and this, together with the inductive assumption, ends the proof 
(by (3.20.4) and (5.4.2)). 


(5.9.2) Ina normed space E, let V be a closed subspace, W a finite dimensional 
subspace; then V + W 1s closed in E. In particular, any finite dimensional 
subspace 15 closed in E. 


We can use induction on the dimension ἢ of W, and therefore reduce 
the proof to the case n= 1. Let W= Ra (resp. W= (Ca); if aeV, 
V+ W=V and there is nothing to prove. If not, we can write any 
xeEV-+ W in the form x = f(x)a + y with y eV, and as V is a closed 
hyperplane in V + W, f is continuous in V + W, by (5.8.1). Let (x,) be 
a sequence of points of V + W tending to a cluster point ὁ of V + W 
(see (3.13.13)); write x, = f(x,)a + y,. By (5.5.1), the sequence (/(x,)) 
is a Cauchy sequence in R (resp. 6), hence tends to a limit 4; therefore 
Vn = ἅ, —/(x,)a tends to ὁ — da; but as V is closed, the limit of (y,) is 
in V, hence δὲν + W, 4.6.4. (see section 6.5, problem 2). 


(5.9.3) In anormed space E, let V be a closed subspace of finite codimension 
(1.6. having a finite dimensional algebraic supplement); then any algebraic 
supplement of V 15 also a topological supplement. 


Let W be an algebraic supplement of V in E; we use induction on the 
dimension of W, the result having been proved for = 1 in (5.8.1). 
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We can write W — D + U where D is one-dimensional and U is (” — 1)- 
dimensional (direct sum); by (5.9.2), V + D is closed in E, hence U is a 
topological supplement to V + D by the inductive assumption. In other 
words, E is naturally homeomorphic to (V + D) x U; by (5.8.1), V + D 
is naturally homeomorphic to V x D, hence E is naturally homeomorphic 
toV x D x U. Finally, as D x U is naturally homeomorphic to W, E 15 
naturally homeomorphic to V x W, q.e.d. 


(5.9.4) (F. Riesz’s theorem). A locally compact normed space E 1s finite 
dimensional. 


Replacing the norm by an equivalent one, we can suppose the ball B: 
\\x|| <1 is compact. Therefore (3.16.1) there exists a finite sequence of 
points a; (1 <i <7) such that B is contained in the union of the balls 
of center a, and radius 1/2. Let V be the finite dimensional subspace 
generated by the a;. We prove by contradiction that V=E. Suppose 
indeed there is an x € E which is not in V. As V is closed (by (5.9.2)) 
d(x,V) = « > 0; by definition of d(x,V), there is in V a point y such that 
a<||x— γ}|} < Ba. Let z= (x — y)/||x — γ); we have \|z|| = 1, hence 
there is an index 7 such that ||z —,|| << 1/2. Let us write 


x=y + ||x—yllz=¥ + |lx — yllas + [15 — »} 5 -- αὴ 


and note that y + ||x — y||a; ε V. By definition of d(x,V), we have therefore 
|x — y||-|jz —a,|| >a, hence || — y|] > 2a, which contradicts the 
choice of y, since « 4 0. 


PROBLEMS 


1) Show that if E is a finite dimensional normed space, every linear mapping of E 
into a normed space F is continuous (use (5.9.1) and (5.1.5)). 

2) We recall that a vector basis of a vector space E is a family (a,)jey, such that 
any element of E can be written in a unique way as a linear combination of a finite 
number of aj; this implies in particular that the a, are linearly independent. 

a) Let (a,) be a sequence of linearly independent elements in a Banach space E. 
Define inductively a sequence (μρ) of real numbers > 0 in the following way: if ἄρ 
is the distance of the point p,a, to the subspace V,, _ 1 generated by @,,...,@, — 1 (note 
that d, > 0 by (5.9.2)), take 41 such that |My, +1|° ||¢n+1|| < 4/3. Show that the 


ie @) 


series 2 4,4, is absolutely convergent, and that its sum x does not belong to any 
n=1 


of the subspaces V,. 
b) Deduce from a) that a Banach space of infinite dimension cannot have a 
denumerable vector basis. 
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3) Show that a normed space in which there is a sphere which is compact is finite 
dimensional. (Observe that the set of points in a normed space E such that a < lla||<b 
(with a > 0) is homeomorphic to the product Space of the interval [a,b] and of the 
sphere 5: ||#|| = 1; use then Riesz’s theorem (5.9.4).) 


10. Separable normed spaces 


(5.10.1) If in a normed space E there exists a total (5.4) sequence, E ts 
separable. Conversely, in a separable normed space E, there exists a total 
sequence consisting of linearly independent vectors. 


Suppose (a,) is a total sequence, and let D be the set of all (finite) linear 
combinations 7,4) + ... + 7,4, with rational coefficients (when E is a 
complex vector space, by a “rational” scalar we mean a complex number 
«+16, with both a and # rational). D is a denumerable set by (1.9.3) 
and (1.9.4). As by definition the set L of all linear combinations of the a, 
is dense in E, all we have to prove is that D is dense in L, and as 


[Arar + e+. + Ὺ:,) = (Naty + eee + γ,6.}}} SA; τ lal 
j=1 
this follows from (2.2.16). 

Suppose conversely E is separable; we can of course suppose E is 
infinite dimensional (otherwise any basis of E is already a finite total 
subset). Let (a,) be an infinite dense sequence of vectors of E. We define 
by induction a subsequence (a, ) having the property that it consists of 


linearly independent vectors and that for any m < k,, a, is a linear combina- 
tion of a,,...,a@,. To do this, we merely take for k, the first index for 
1 n 


which a, τέ 0, and for k, ει the smallest index m > k, such that a,, is not 
in the subspace V,, generated by a,,.. ..4, ; such an index exists, otherwise, 


as V, is closed by (5.9.2), V, would contain the closure E of the set of all 
the a,, contrary to assumption. It is then clear that (a, ) has the required 


properties, and is obviously by construction a total sequence. 


PROBLEM 


Show that the spaces (cg) and 1} of Banach (section 5.3, problem 5 and section 5.7, 
problem 1) are separable, but that the space /® (section 5.7, problem 1) is not separable. 
(Show that in /© there exists a nondenumerable family (x%,) of points such that 
|v. — ¥,|| = 1 for A A μ, using problem 2 b) of section 4.2 and (2.2.17).) 


Chapter VI 


Hilbert Spaces 


Hilbert spaces constitute at present the most important examples of 
Banach spaces, not only because they are the most natural and closest 
generalization, in the realm of “infinite dimensions’, of our classical 
Euclidean geometry, but chiefly for the fact that they have been, up to 
now, the most useful spaces in the applications to Functional Analysis. 
With the exception of (6.3.1), all the results easily follow from the defini- 
tions and from the fundamental Cauchy-Schwarz inequality (6.2.4). 


1. Hermitian forms 


For any real or complex number A, we write A for its complex conjugate 
(equal to A if Ais real). A hermitian form on a real (resp. complex) vector 
space E is a mapping f of E x E into R (resp. €) which has the following 
properties: 


(I) f(x + %',y) = f(xy) + [(π',}), 
(IT) x,y + 9) = f(x,y) + %,9), 
(IIT) f(Ax,y) = Af(%,9), 

(IV) {(x,Ay) = Af(x,y), 

(V) Hy.) = f(x,y) 


(Observe that (II) and (IV) follow from the other identities; (V) implies 
that f(x,x) is real.) When E is a veal vector space, conditions (I) to (IV) 
express that / is bilinear and (V) boils down to f(y,x) = f(x,y), which 


111 
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expresses that / is symmeiric. For any finite systems (¥,),(y,),(a,),(8;) of 
scalars, we have 


(6.1.1) ΚΣα;κ,, 28;4;) = 2 aBf(x:,¥,) 
4 7 1,1 


by induction on the number of elements of these systems. 

From (6.1.1) it follows that if E is finite dimensional and (a,) is a basis 
of E, f is entirely determined by its values ἂρ; = f(a;,a;), which are such 
that (by (V)) 

(6.1.2) αι; = Ky. 


qt 


Indeed we have then, for x = 2 ξα,, y = Σ ἢ; ἃ; 
(6.1.3) f(x,y) = 2 Mig SiN; 
i,j 


Conversely, for any system («,;) of real (resp. complex) numbers satisfying 
(6.1.2), the right hand side of (6.1.3) defines on the real (resp. complex) 
finite dimensional vector space E a hermitian form. 


(6.1.4) Example: Let Ὁ bea relatively compact open set in R?, and let E 
be the real (resp. complex) vector space of all real-valued (resp. complex- 
valued) bounded continuous functions in D, which have bounded contin- 
uous first derivatives in D. Then the mapping 


(7,8) > φί( ,8) = \| ΟΣ + b(x,¥) τ ᾿ + c(x,y) 2) ἀχ dy 


D 


(where a,b,c are continuous, bounded and real-valued in D) is a hermitian 
form on E. 


A pair of vectors x,y of a vector space E is orthogonal with respect to 
a hermitian form f on E if f(x,y) = 0 (it follows from (V) that the relation 
is symmetric in x,y); a vector x which is orthogonal to itself (i.e. /(%,%) = 0) 
is isotropic with respect to /. For any subset M of E, the set of vectors y 
which are orthogonal to αἰΐ vectors x € M is a vector subspace of E, which 
is said to be orthogonal to M (with respect to ἢ). It may happen that there. 
exists a vector a 4 0 which is orthogonal to the whole space E, in which 
case we say the form / is degenerate. On a finite dimensional space E, 
nondegenerate hermitian forms f/ defined by (6.1.3) are those for which 
the matrix («,,) 1s invertible. | 
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PROBLEM 


a) Let f be a hermitian form on a vector space E. Show that if E is a real vector 
space, then 


4{(5,7}} = fle + ye + γ) — Hae —¥¥ — 9) 
and if E is a complex vector space 
4f (x,y) = f(x + γ,5 + γ) -- ἔ(5 — y.% — γ) + if(¥ + ty,4 + 15) — ἱξ(5 — ty,* — ty). 


b) Deduce from a) that if f(¥,~) = 0 for every vector in a subspace M of E, then 
f(*,v) = 0 for any pair of vectors +,y of M. 

c) Give a proof of b) without using the identities proved in a). (Write that 
Ια + Ay,* + Ay) =0 for any 4.) 


2. Positive hermitian forms 


We say a hermitian form / on a vector space E is posztive if f(x,x) > 0 
for any χε. For instance, the form g defined in example (6.1.4) is 
positive if a,b,c are > 0 in Ὁ. 


(6.2.1) (Cauchy-Schwarz inequality). If f 15 a positive hermitian form, then 
I *,¥) |? < F(x, x)4(y,9) 
for any patr of vectors x,y in E. 


Write a = f(x,x), ὃ = f(x,y), ὁ = f(y,y) and recall a and c are real 
and 5:0. Suppose first c ~ 0 and write that f(x + Ay,x + Ay) > 0 for 


any scalar A, which gives a + 6A + 564 + ολ > 0; substituting A = — b/c 
yields the inequality. A similar argument applies when c= 0, a <0; 
finally if a = c = 0, the substitution Δ = — ὁ yields — 266 >0, 1.6. ὃ = 0. 


(6.2.2) In order that a positive hermitian form ῥ on E be nondegenerate, 
a necessary and sufficient condition 15 that there exist no isotropic vector for f 
other than 0, 1.6. that f(x,x) > 0 for any x #0 in E. 


Indeed, /(x,x) = 0 implies, by Cauchy-Schwarz, that f(x,y) = 0 for 
all ye Ε. 


(6.2.3) (Minkowski’s inequality). Jf f ts a positive hermitian form, then 


Viet yx - 5) «- 75,3) + Vin) 


for any patr of vectors x,y in E. 
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As f(x + y,% + y) = f(*,x) + f(x,y) + fx,¥) + fy,y), the inequality 
is equivalent to 


22f(x,y) = x.y) + f(y) < 2VHx,x)f(y,y) 


which follows from Cauchy-Schwarz. 


The function x > Vila,x) therefore satisfies the conditions (I), (III) 
and (IV) of (5.1); by (6.2.2), condition (II) of (5.1) is equivalent to the 
fact that the form / is nondegenerate. Therefore, when / is a nondegenerate 
positive hermitian form (also called a positive definite form), γα ,χ) iS 4 
norm on E. A prehilbert space is a vector space E with a given non- 
degenerate positive hermitian form on E; when no confusion arises, that 
form is written (x|y) and its value is called the scalar product of x and y; 
we always consider a prehilbert space E as a normed space, with the norm 


4|} = V (|x) ; and of course, such a space is always considered as a metric 
space for the corresponding distance ||x — y||. With these notations, the 
Cauchy-Schwarz inequality is written 


(6.2.4) [(5|5}} < [{π||- [9 


and this proves, by (5.5.1), that for a real prehilbert space E, (x,y) — (x\y) 
15 a continuous bilinear form on E x E (the argument of (5.5.1) can also be 
applied when E is a complex prehilbert space and proves again the con- 
tinuity of (x,y) + (x|y), although this is not a bilinear form any more). 
We also have, as a particular case of (6.1.1): 


(6.2.5) (Pythagoras’s theorem). In a prehilbert space E, if x,y are orthogonal 
vectors, 


"π᾿ + ll? = |l#1l? + 1}»}}3. 


An tsomorphism of a prehilbert space E onto a prehilbert space E’ is 
a linear bijection of E onto E’ such that (/(x)|f(y)) = (x|y) for any pair 
of vectors x,y of E. It is clear that an isomorphism is a linear isometry 
of E onto E’. 

Let E be a prehilbert space; then, on any vector subspace F of E, 
the restriction of the scalar product is a positive nondegenerate hermitian 
form; unless the contrary is stated, it is always that restriction which is 
meant when F is considered as a prehilbert space. 
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A Hilbert space is a prehilbert space which is complete. Any finite 
dimensional prehilbert space is a Hilbert space by (5.9.1) ; other examples 
of Hilbert spaces will be constructed in (6.4). 

If in example (6.1.4) we take a > 0, ὁ > 0, ὁ > 0, it can be shown that 
the prehilbert space thus defined is not complete. 


PROBLEMS 


1) Prove the last statement in the case a = 1, ὃ = c = Ο (see section 5.1, prob- 
lem 1). 

2) Let E Be a real hormed space such that, for any two points +#,y of E, 
Ile + yl|® + 15 — yl? = 2{}4|15.-Ὁ [ly||2)- Show that f(x,y) = [le + 9ll® — [lel|? — 5} 
is a positive nondegenerate hermitian form on E. 

3) Let / be a positive nondegenerate hermitian form. In order that both sides of 
(6.2.1) be equal, it is necessary and sufficient that + and y be linearly dependent. 
In order that both sides of (6.2.3) be equal, it is necessary and sufficient that x and y 
be linearly dependent, and, if both are ~ 0, that y = Ax, with A real and > 0. 

4) Let a,b,c,;d be four points in a prehilbert space E. Show that 


Πα — el| + [Jb — @|| < ]|a — δ]} - |e — al] + [16 — e||- la — al]. 


(Reduce the problem to the case a = 0, and consider in E the transformation 
x —» 23, défined for x 4 0.) When are both sides of the inequality equal ? 


3. Orthogonal projection on a complete subspace 


(6.3.1) Let E be a prehilbert space, F a complete vector subspace of E (i.e. a 
Hilbert space). For any x € E, there is one and only one point y = P,(x) EF 
such that ||x — y|| = d(x,F). The point y = P,(x) ts also the only point 
zEF such that x — z 4s orthogonal to F. The mapping x > P,(x) of E 
onto F is linear, continuous, and of norm 1 if F 4 {0}; its kernel F’ = Pz *(0) 
1s the subspace orthogonal to F, and Ἐ τς the topological direct sum (see (5.4)) 
of F and F’. Finally, F is the subspace orthogonal to F’. 


Let « = a(x,F); by definition, there exists a sequence (y,) of points 


of F such that lim [[χ — y,|| = a; we prove (y,) is a Cauchy sequence. 
n—> oO 


Indeed, for any two points u,v of E, it follows from (6.1.1) that 
(6.3.1.1) [lee + v||? + [joe — vf]? = 2(| |]? + [10 


hence ||y>q — yall? = 2 |x — Yall? + [5 — y4ll2) — 4{ — 3.5, + 99) 
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But 4(y,, + ¥,) EF, hence ||x — 4(y,, + y,)||? > «?; therefore, if ny is 
such that for >, ||x — y,||/?< α +e, we have, for m >, and 
N = MN; ||Vmn — »,13 < 4e, which proves our contention. As F is complete, 
the sequence (y,) tends to a limit yeF, for which ||x — y|| = d(x,F). 
Suppose y’ € F is also such that ||x — y’|| = d(x,F); using again (6.3.1.1), 
we obtain ||y — y’||? = 4α3 — 4||x — d(y + y’)||2, and as dy + y’) EF, 
this implies ||y — y’||? « 0, ie. y’ = y. Let now z 4 0 be any point of F, 
and write that ||x — (y + Az)||?> α for any real scalar λέ; this, by 
(6.1.1), gives 


2AR(x — y|z) + A?||z|/?> 0 


and this would yield a contradiction if we had &(x — γ[5) # 0, by a suitable 
choice of A. Hence &(x — y|z) = 0, and replacing z by ἐξ (if E is a complex 
prehilbert space) shows that %(x — y|z)=0, hence (x — y|z)=0 in 
every case; in other words x — y is orthogonal to F. Let y’ Ε F be such 
that x — y’ is orthogonal to F; then, for any z40O in F, we have 
[le — (y’ + 2)||? = ||* — y’||2 + |lz||? by Pythagoras’s theorem, and this 
proves that y’ = y by the previous characterization of y. 

This last characterization of y = P,(x) proves that P, is linear, for 
if x — y and x’ — y’ are orthogonal to F, then Ax — Ay is orthogonal 
to F and so 15 (x 4+ x’) —(y+ y)) = (x — y) + (x — y’); asy+y'eEF 
and νεῖ, this shows that y+ y’ = P(x + x’) and Ay = P,(Ax). 
By Pythagoras’s theorem, we have | 


(6.3.1.2) |π|}5 = [LP eC)? + Π|τ — Pe) 


and this proves that ||Pp(x)|| < ||x||, hence (5.5.1) P, is continuous and 
has norm <1; but as Ρε(χ) = x for χε F, we have ||P,|| = 1 if F is 
not reduced to 0. The definition of P,; implies that F’ = Py '(0) consists 
of the vectors x orthogonal to F; as x = P,(x) + (x — P,(x)) and 
x — P,(x)e€F’ for any χε, we have E=F-+F’; moreover, if 
xEFNF’, x is isotropic, hence x = 0, and this shows that the sum F + Ε΄ 
is direct. Furthermore, the mapping x — P,(x) being continuous, E is 
the topological direct sum of F and F’ (5.4.2). Finally, if x Ε E is orthogonal 
to F’, we have in particular (x|x — P,(x)) =0; but we also have 
(Pp(x)|x — Py(x)) = 0, hence ||x — Pp(x)||?=0, ie. x = P,(x) EF. 
Q.E.D. 

The linear mapping Py, is called the orthogonal projection of E onto F, 
and its kernel F’ the orthogonal supplement of F in E. Theorem (6.3.1) 
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can be applied to any closed subspace F of a Hilbert space E (by (3.14.5)), 
or to any finite dimensional subspace F of a prehilbert space, by (5.9.1). 


(6.3.2) Let E be a prehilbert space; then, for any acE, x + (χα) ts a 
continuous linear form of norm |la||. Conversely, 1f E 1s a Hilbert space, 
for any continuous linear form u on E, there is a unique vector ac E such 
that u(x) = (x\a) for any χ ΕἘ. 


By Cauchy-Schwarz, |(x|a)| < ||a||- ||x||, which shows (by (5.5.1)) 
x —» (x|a) is continuous and has a norm < «||; on the other hand, if a 4 0, 
then for %) = a/||a||, we have (x9/@) = ||a@||; as ||%9|| = 1, this shows the 
norm of x — (x|a) is at least ||a||. Suppose now E is a Hilbert space; 
the existence of the vector a (= 0) being obvious if « = 0, we can suppose 
u=0. Then H = u-1(0) is a closed hyperplane in E; the orthogonal 
supplement H’ of H is a one-dimensional subspace; let ὁ #0 be a point 
of H’. Then by (6.3.1) H is orthogonal to 5, in other words we have (x|b) = 0 
for any ΧΕ H. But any two equations of a hyperplane are proportional, 
hence there is a scalar A such that u(x) = A(x|b) = (x|a) with a = Ab, 
for all x Ε E. The uniqueness of a follows from the fact that the form (x|¥) 
is nondegenerate. 


PROBLEMS 


1) Let B be the closed ball of center 0 and radius 1 in a prehilbert space E. Show 
that for each point αὶ of the sphere of center 0 and radius 1, there exists a unique 
hyperplane of support of B (section 5.8, problem 3) containing ~. 

2) Let E be a prehilbert space, A a compact subset of E, ὃ its diameter. Show 
that there exist two points a,b of A such that ||a — ὃ] = ὃ and that there are two 
parallel hyperplanes of support of A (section 5.8, problem 3) containing ὦ and ὃ 
respectively, and such that their distance is equal to 6. (Consider the ball of center a 
and radius 6 and apply the result of problem 1.) 

3) Let E be a Hilbert space, F a dense linear subspace of E, distinct from E. Show 
that there exists in the prehilbert space F a closed hyperplane H such that there is 
no vector ~ 0 in F which is orthogonal to H. 


- 4, Hilbert sum of Hilbert spaces 


Let (E,) be a sequence of Hilbert spaces; on each of the E,, we 
write the scalar product as (x,|y,). Let E be the set of all seguences 
(= (%4,%q,...,%q..-) Such that x,eE, for each , and the series (||%,||%) 
is convergent. We first define on E a structure of vector space: it is clear 
that if x = (x,) € E, then the sequence (Ax,,...,A%x,,...) also belongs to E. 
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On the other hand, if y = (y,) is a second sequence belonging to E, we 
observe that ||x, + y,||? < 2(||x,||? + [|ν,| by (6.3.1.1), hence the 
series (||x,, + y,||2) is convergent by (5.3.1), and therefore the sequence 
(%1 + Vy.---5%q% + )7,θ»...}) belongs to E. We define x + y = (x, + y,), 
Ax = (Ax,), and the verification of the axioms of vector spaces is trivial. 
On the other hand, from the Cauchy-Schwarz inequality, we have 


[(5,.,»,}} S|] %al | τ nl] SHC %ul |? -Ὲ {yl |?) 


Therefore, if x = (x,) and y = (y,) are in E, the series (of real or complex 
numbers) ((x,|¥,)) is absolutely convergent. We define, for x = (x,) and 


y = (y,) in E, the number (x|y) = 2 (x,|y,); it is immediately verified 


that the mapping (x,y) — (x|y) is a Hermitian form on E. Moreover we 


have (x|x) = 2 |\x 


form and defines on E a structure of prehilbert space. We finally prove E 
is in fact a Hilbert space, in other words it is complete. Indeed, let 
(x!) — (x) be a Cauchy sequence in E: this means that for any e>0 
there is an m, such that for p > m, and q > my, we have 


(6.4.1) Z | |x?) — x2 < ε. 
n=1 


For each fixed n, this implies first ||x‘?) — x{%||* << e, hence the sequence 
2... is a Cauchy sequence in E,, and therefore converges to a 
ἼΜΕΝ Vo: “From (6.4.1) we deduce that for any given N 


N 
Σ |x) — αἱ} <e 
n=1 
as soon as p 4 are > mp, hence, from the SonMnunyy of the norm, we 


deduce that z ΠΩ — y,||2<e for 9} Σ5 mp, and as this is true for all 


integers N, we have Σ [χ) — y,||2<e. This proves first that the 
n=l 


sequence (x!?) — y) belongs to E, hence y = (y,) also belongs to E, and 
we have ||x'?) — γ{}3 «εἰ for p > mp, which ends the proof by showing 
that the sequence (x) converges to y in E. 
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We say that the Hilbert space E thus defined is the Hilbert sum of the 
sequence of Hilbert spaces (E,). We observe that we can map each of the 
F,, into E by associating to each x, € E, the sequence 7,(x,) € E equal to 
(0,...,0,%,,0,...) (all terms 0 except the mth equal to x,); it is readily 
verified that 7, is an tsomorphism of E, onto a (necessarily closed) subspace 
E\, of E; 7, is called the natural injection of E,, into E. From the definition 
of the scalar product in E, it follows that for ρ ~n, any vector in Εἰ, 
is orthogonal to any vector in E,; furthermore, from the definition of the 
norm in E, it follows that for any x = (x,) € E, the series (7,,(%,)) is convergent 


in E, and x= 2'7,(x,) (observe that the series (7,(%,)) 1s not absolutely 


n=1 
convergent in general). This proves that the (algebraic) sum of the sub- 
spaces E, of E (which is obviously direct) is dense in E, in other words 
that the smallest closed vector subspace containing all the E, is E itself. 
Conversely: 


(6.4.2) Let F be a Hilbert space, (F,) a sequence of closed subspaces such 
that: 1° for m 4 n, any vector of Ἐ,, 1s orthogonal to any vector of F,; 2° the 
algebraic sum H of the subspaces F,, ts dense in F. Then, if E ts the Hilbert 
sum of the F,, there 1s a unique tsomorphism of F onto E which on each F,, 
coincedes with the natural injection j, of F, into E. 


Let Ε΄ =7,(F,), and let h, be the mapping of F, onto F,, inverse to 7,. 
Let G be the algebraic sum of the Ε΄ in E; that sum being direct, we can 
define a linear mapping A of G into F by the condition that it coincides 
with 4, on each F,. I claim that ὦ is an isomorphism of G onto the prehilbert 
space H (which, incidentally, will prove that the (algebraic) sum of the F, 
is dtrect in F); from the definition of the scalar product in E, we have to 
check that 


% n 


(Σ᾽ x] Σ yy) = Σ (Je (%e) Tae) 
k=1 k=l k=1 

for x,EF,, y,€F,; but by assumption (x,|y,) = 0 if ἃ ~, and the result 
follows from the fact that each 7, is an isomorphism. There is now a unique 
continuous extension h of ᾧ which is a linear mapping of G = E intoH = F, 
by (5.5.4); the principle of extension of identities (3.15.2) and the con- 
tinuity of the scalar product show that h is an isomorphism of E onto a 
subspace of F, which, being complete and dense, must be F itself; the 
inverse of h satisfies the conditions of (6.4.2). Its uniqueness follows from 
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the fact that it is completely determined in H and continuous in F (3.15.2). 
Under the conditions of (6.4.2), the Hilbert space F is often identified 
with the Hilbert sum of its subspaces F,. 


(6.4.3) Remark. We can also prove (6.4.2) by establishing first that the 


n 
sum of the Εἰ, is direct; indeed, if Σ᾽ x; = 0 with x;e¢F;, (l<i<n) we 


i=l 

also have (x;| Σ᾽ χῇ = 0 for any 7 <n, and as (x,|x,) = 0 for i144, this 
i=1 

boils down to |{x,||2 = 0, hence x, = 0 for 1 <j <m. Then we define the 
inverse mapping g of h by the condition that it coincides with ;, on each F,: 
we at once verify, as above, that g is an isomorphism of H onto G, and 
then (5.5.4) is applied in the same way. We observe that this argument 
still applies when F is a prehilbert space and the F, are complete subspaces 
of F; it proves the existence of an isomorphism of F onto a dense subspace 
of the Hilbert sum E of the F,, which coincides with 7, on each F,. 


5. Orthonormal systems 


If (with the notations of (6.4)) we take for each E, a one-dimensional 
space (identified to the field of scalars with the scalar product (ξ[η) = ξῆ), 
the Hilbert sum yields an example of an infinite dimensional Hilbert 
space E, which is usually written {3 (with index R or C to indicate if necessary 
what the scalars are); the space ἐξ (resp. /%) is therefore the space of all 


οΌ 


sequences * = (&,) of real (resp. complex) numbers, such that Σ᾽ |é,|? is 
n=1 


convergent, with the scalar product (z/y) = Σ &,%,. 
n=1 


In J?, let e, be the sequence having all its terms equal to 0 except the 
m-th term equal to 1; we then have (¢,,|e,) = 0 for m a, and |le,|| = 1 
for each n, and we have seen in (6.4) that for every x = (&,) in /?, we can 

οΟ 


write «= D Ee 


nn? 
n=I1 


shows the sequence (e,) is total in /?, hence (5.10.1) 12 is separable. 


the series being convergent in 12. We observe that this 


Let us now consider an arbitrary prehilbert space F; we say that a 
(finite or infinite) sequence (a,) in F is an orthogonal system if (a,,|@,) = 0 
for mn and a, 40 for every ; we say that (a,) is an orthonormal 
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system if in addition ||a,|| = 1 for each 9. From any orthogonal system (a,) 
we deduce at once an orthonormal system by “‘normalizing”’ (4,),1.e. consider- 
ing the sequence of the ὁ, = a,/||a,||. We have just seen an example of 
an orthonormal system in /?; another fundamental example is the following: 


(6.5.1) Let I be the interval [— 1,1] of R, and let F =@,(I) be the 
vector space of all continuous complex-valued functions defined on 1. 
We define on F a scalar product by 


1 


(fg) = | nota 


-1 


(the fact that this is a nondegenerate positive hermitian form is readily 
verified). For each positive or negative integer 7, let 

palt) = er 
It is readily verified that (y,/V2) is an orthonormal system in F, called 
the trigonometric system. 


Let now (a,) be an arbitrary orthonormal system in a Hilbert space F; 
for each x € F, we say that the number c,(x) = (xl|a,) is the -th coefficient 
(or 2-th coordinate) of x with respect to the system (a,) (‘‘n-th Fourier 
coefficient’ of x for the system (6.5.1)). 


(6.5.2) In a Hilbert space F, let (a,) be an orthonormal system, V the closed 
subspace of F generated by the a,. Then, for any x EF: 


οο 
1° the series & [(χ]4.}}2 is convergent, and we have 


E |(xla,) = ||Py(x)||? < |]x||?, (Bessel’s inequality) 
1 


z= 


co 


and Σ΄], (]α,) = (Py(x)|Py(y)); 


a= 


2° the series of general term (x\|a,)a, ts convergent in F and we have 


E (x\a,)a, = Py(x). 


n=1 
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Conversely, let (λ,) be a sequence of scalars such that Σ᾽ |A,|? is convergent. 
1 


Then, there exists a unique vector yeEV such that (y\a,) = A, for every n; 
any other vector x Ε F such that (x|a,) = A, for every n is such that x = y + z, 
with z orthogonal to V, and conversely. 


For any ΧΕΙ, we can write x = Py(x) + z, with z orthogonal to V 
(6.3.1) and we have therefore (x|a,) = (Py(x)|a,). To prove the theorem, 
we can therefore assume V = F; but then, the one-dimensional subspaces 
F, generated by the vectors a, satisfy the assumptions of (6.4.2), and the 
results are mere restatements of (6.4.2) for that particular case (taking into 
account the definition of a Hilbert sum). 


The most interesting case is that in which V = F, i.e., the orthogonal 
system (a,) is total. It is then called an orthonormal basis for F; (e,) is 
such a basis for J?. It will be proved in (7.4.3) that the trigonometric 
system (6.5.1) is total. For a Hulbert space F and a fotal orthonormal 
system (a,), we can replace everywhere Py by the identity in (6.5.2); the 
relations 


ΠΝ 
Σ (x\a,) (yja,) = (x]y) 


are then called Parseval’s identities. Τί follows at once from (6.5.2) that 
these identities represent not only necessary but sufficient conditions for 
(a,) to be a total system in a Hilbert space. 


(6.5.3) In a Hilbert space F, a necessary and sufficient condition for an 
orthogonal system (a,) to be total ts that the relations (x|a,) = 0 for every n 
imply x = 0. 


Indeed, by (6.5.2) this means that the relation P,(x) = 0 implies x = 0, 
and this is equivalent to the relation V = F, since Py(x — Py(x)) = 0. 


(6.5.4) Remark. Suppose E is a prehilbert space and the orthonormal 
system (a,) in E 15 total. Then the results 1° and 2° of (6.5.2) are still valid, 
with P(x) replaced by x; this follows by the same argument as in (6.5.2), 
using the remark (6.4.3). 
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PROBLEMS 


1) Let E be a Hilbert space with an orthonormal basis (é,),>1. Let A be the 


μὲς 1 ; 
subset of E consisting of the linear combinations 7 = Σ᾽ λα [ -- Ἰ ep with A, > 0 
k=1 


n 
and 2 A, = 1 (m arbitrary). 
k=1 


a 1 
a) Show that the closure A is the set of all the sums of theseries Σ᾿ A, [ = 5 Cn» 
n 


n=1 
oO 
where 1, >> 0, the series Σ 4, is convergent and has a sum equal to 1. 
n=1 


b) Prove that the diameter of A is equal to 2 but that there is no pair of points 
a,b of A such that ||a — b|| = 2 (compare section 6.3, problem 2). 


2) Let E be a Hilbert space with an orthonormal basis (éy),> 0. Let a, = ἔφη 
1 
and ὃ, = és, + rae] €o,41 for every n> 0; let A (resp. B) be the closed vector 
nm + 
subspace of E generated by the a, (resp. b,). Show that: 
a) An B = {0}, hence thé sum A + B is direct (algebraically). 


Ὁ) The direct sum A + B is not a topological direct sum (consider in that subspace 
the sequence of points b, — a, and apply (5.4.2)). 


c) The subspace A + B of E is dense but not closed in E (show that the point 


(b,, — a,) does not belong to A + B). 
0 


3) Show that the Banach space f(I!; 132) can be identified with the space of double 


Ι ye 


CO 
sequences U = (a,,,) such that: 1° the series 2 |x,,|? is convergent for every n: 


=0 
οο ὥ οΌ 
2° sup Σ [αρρ is finite. The norm is then equal to ||U|| = sup ( Σ᾽ |amn|*)1/? (same 
nm=0 n m=0 
method as in section 5.7, problem 2 b)). 
οο 
4) a) Let u bea continuous linear mapping of /? into itself, and let u(éy) = 2 αρινέρι" 
m=0 


οο οο 
show that the series Σ᾿ |am»|? and 2 |x,,|? are convergent for all values of m and , 
n= 0 m=0 
and that their sums are < ||u||*. (Observe that αὶ — (u()|ém) is a continuous linear 
form on E and use (6.3.2).) 


οο 
b) Give an example of a double sequence (a ,) such that 2 |a»,|?< 1 and 
n=Q 


00 

Σ [ὰ;,.»1 5 <1 for all values of m and m, but such that there is no continuous linear 
m=0 
mapping τι of /? into itself satisfying the relations (u(e,)|¢m) = %mn for all pairs (m,n). 
(If 15 a subspace of 12 generated by the vectors e, with » Ε H, where H is a set of p 
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integers, show that there is a linear mapping u, of V into itself such that 
(Up(én)lem) = 1///p for all indices m,n of the set H, but ||up|| > Vp.) 


6. Orthonormalization 


(6.6.1) Let E be a separable prehilbert space, (b,) @ total sequence of linearly 
independent vectors in E (see (5.10.1)), and let V,, be the n-dimensional subspace 
of E generated by b,,...,b,. Then if we define ¢, Ξε ὃ, — Py (On), (c,) 15 


a total orthogonal system, such that Cy,---+,C, generate V, for each n. 


We use induction on m, assuming that Cy,..-,C, 1 15. an orthogonal 
system generating V, _ ,; then, by definition of Py _, (6.3.1), ¢, is orthogonal 
to V,,_1, which proves that (c,|¢;) = 0 for 1 <i<j<n; moreover, as 
ὁ ἘΝ, 1 by assumption, c, 40, hence ¢,.. Cy, —1,C, 18 an orthogonal 
system; moreover, ὁ, —c,€V,_,, hence c,...,c, generate the same 
subspace as the union of V,,_, and {b,}, ie. V,. This completes the proof. 


If we normalize the system (c,), by putting a, = c,/||c,||, the system (a,) 
is said to be deduced from (b,) by the orthonormalization process. For 
instance, in the space F =@,(I) considered in (6.5.1), the sequence (¢”) 
is total (as will be proved in (7.4.1)) and obviously consists of linearly 
independent vectors. If we denote by (Q,) the orthonormal system deduced 
from (é") by orthonormalization, it is clear that Q(t) =a,f"+..., pol- 
ynomial of degree 9: (with a, 0) with real coefficients; the Q, are (up to 
a constant factor) the Legendre polynomials (see section 8.14, problem 1). 


(6.6.2) Any separable prehilbert space (resp. Hilbert space) 1s tsomorphic 
to a dense subspace of I? (resp. to 1?). 

As there exists in a separable prehilbert space a total orthonormal 
system by (6.6.1), the result follows at once from (6.5.2). 


PROBLEMS 


1) Let E be a separable non complete prehilbert space. Show that there exists 
in E an orthonormal system which is not total, but which is not properly contained 
in any orthonormal system (imbed E as a dense subspace of a Hilbert space, and 
use problem 3 of section 6.3). 

2) Let E be an infinite dimensional separable Hilbert space, V a closed vector 
subspace of E. Show that if V is infinite dimensional, there exists an isometry of E 
onto V (write E as the direct sum of V and its orthogonal supplement V’, and take 
orthonormal bases in V and V’). 
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3) Let (¥;)1<i<n be a finite sequence of points in a prehilbert space E. The Gram 
determinant of that sequence is the determinant G(%1,%2,...,%,) = det ((%;|%;)). 

a) Show that G(x,,...,%,) > 0 and that G(%,,...,%,) = 0 if and only if the 4%; 
are linearly dependent. (Consider an orthonormal basis of the subspace generated 
by the ζ,, and express the #; as linear combinations of that basis). _ 

Ὁ) Suppose the χα; are linearly independent, and let V be the n-dimensional 
subspace which they generate. Show that the distance of a point x to V is equal to 
\Glax,- . .,%y)/G(%,,-.-,%,) (find the projection of x on V, writing it as a linear 
combination of the +%;). 


Chapter VII 


Spaces of Continuous Functions 


Spaces of continuous functions are second only to Hilbert spaces as 
to their importance in Functional Analysis. Their definition makes it 
possible to give a much more intuitive meaning to the classical notion of 
uniform convergence. The most important results of the Chapter are: 
1“ the Stone-Weierstrass approximation theorem (7.3.1), which is a very 
powerful tool for the proof of general results on continuous functions, by 
the device which consists in proving these results first for functions of a 
special type, and then extending them to all continuous functions by a 
density argument; 2° the Ascoli theorem (7.5.7), which lies at the root 
of most proofs of compactness in function spaces, and, together with 
(7.5.6), gives the motivation for the introduction of the concept of 
equicontinuity; the latter plays an even more vital part in the general 
theory of duality mentioned in Chapter V. 

The last section of Chapter VII introduces, as a useful technical tool 
in the development of Calculus, a category of functions which are classically 
Gescribed as ‘‘functions with discontinuities of the first kind’: in an effort 
towards a more concise expression, and to avoid one more use of the 
overworked term “‘regular’’, the author has tentatively introduced the 
neologism “regulated functions’’ (corresponding to the French “fonctions 
réglées’’), which he hopes will not sound too barbaric to English-speaking 
readers. 


1. Spaces of bounded functions 
Let A be any set, F a real (resp. complex) normed space; a mapping 
f of A into F is bounded if f(A) is bounded in F, or equivalently if sup ||f(d)]| 
teA 


is finite. The set @,(A) of all bounded mappings of A into F is a real 
126 
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(resp. complex) vector space, since ||f(é) + g(é)|| < ||A@|| + |le(||- Moreo- 
ver, on this space, 


(7.1.1) A] = sup [Ὁ] 

teA 
is a norm, as can be trivially verified. If F has finite dimension, and 
(@,), <j;<n is a basis for F such that ||a,/| = 1, any mapping of A into F can 
be written in one and only one way 
(7.1.2.1) t—>f(t)= f(a, +... +4,(44, 


and f is bounded if and only if the scalar mappings f; (] <1 <4) are 
bounded. Moreover the norm of the mapping ¢ — f,(t)a; is ||f,|| - |]@,|| = ||A| 
(the norm of f; being taken in @p(A), resp. B(A)). From (5.9.1), (5.4.2) 
and (5.5.1) it follows that there is a constant ὁ such that for each ἐξ A, 
4()| <c- {ἢ}, hence ||f;|| ο- ||f||. Let L; be the subspace of 4,(A) 
consisting of all bounded mappings of the form ¢ — f(é)a; (f scalar). Then, 
using again (5.4.2) and (5.5.1), the preceding remarks prove that 


(7.1.2) If F has finite dimension, then @,(A) ts the topological direct sum 
of the L,, each of which is isometric to Bp(A) (resp. Be(A)). 


In particular, if we consider the veal normed vector space underlying 
BA), we see that it is the topological direct sum @p(A) + *#p(A). 


(7.1.3) If F ts a Banach space, B,(A) 1s a Banach space. 


Let (/,) be a Cauchy sequence in @,(A); this means that for any e > 0 
there is 7) such that ||f,, — f,|| << for m > m, n>. From (7.1.1) it 
follows that for any ἐξ A we have |jf,,(t) — f,(4)|| <¢ for m > Ἠρ, n> MN; 
hence, as F is complete, the sequence (/,,(t)) converges to an element g(¢) € F. 
Furthermore we have, by the principle of extension of inequalities, 
ifm(t) — g(é)|| << for any ἐξ A and all m > mp. From this we first deduce 
that ||g(4)|| < ||7,,|| + ε for all ἐξ A, hence g is bounded. Moreover we 
have ||f,, — g|| <efor all m > mg, and this means the sequence (/,) converges 
to g in the space &,(A). 


In general, if ({,) is a sequence of mappings of A into a metric space F, 
we say that the sequence (/,) converges simply in A to a mapping g of A 
into F if, for each ἐξ A, the sequence (/,(¢)) converges in F to g(é); we 
say that (f,) converges uniformly in A to g if the sequence of numbers 
(sup d(f,(2),g(é))) tends to 0. It is clear that uniform convergence implies 
teA 


128 VII. SPACES OF CONTINUOUS FUNCTIONS 


simple convergence; the converse is not true. If F is a normed space, con- 
vergence of a sequence of elements of @,(A) therefore means, by 
definition, uniform convergence of the sequence in A. Similarly, we 
say that a series (u,) which converges in @,(A) to a sum s is 
untformly convergent in A to the sum 5. If F is a Banach space, it follows 
from (7.1.3) that in order that a series (u,,) in @,(A) be uniformly convergent, 
a necessary and sufficient condition is that, for any « > 0, there exist 
an integer m) such that, for ~ > m, ἢ > 0 and any te A, we have 


||% q(t) + Mya r(t) +... + Ma p(d)|| <e. 


From (7.1.3) and (5.3.2) it follows that if F is a Banach space and if a series 
(w,) of bounded functions is such that the series (||,||) converges in R, then 
the series (u,) is uniformly convergent; moreover, for each ἐξ, since 
||2,,(t)|| <u, the series (u,(¢)) is absolutely convergent in F. However, 
these two properties do not imply that the series (||w,||) is convergent; to 
avoid misunderstandings, we therefore say that the series (u,) is normally 
convergent in #,(A) if the series (||w,||) converges. We define similarly a 
normally summable family (u,),<; In @p(A) (1, denumerable, cf. (5.3)). 


PROBLEMS 


1) In the space @R(R), let u, be the function equal to I/n for nx<t<n4+ 1, 
to 0 for other values of ¢. Show that the series (u,) is uniformly and commutatively 
convergent (section 5.3, problem 4) and that for every ἐξ R, the series (u,(t)) is 
absolutely convergent, but that (u,) is not normally convergent. 


2) Let A be any set; show that the mapping u — sup u(t) of MR(A) into R is 
teA 


continuous. 

3) Let E be a metric space, F a normed space; show that the set of all mappings 
f€ Br(E) whose oscillation (3.14) at every point of E is at most equal to a given 
number « > 0, is closed in the space @p(E). 


2. Spaces of bounded continuous functions 


Let now E be a metric space; we denote by @,(E) the vector space of 
all continuous mappings of E into the normed space F, by @p(E) the set 
of all bounded continuous mappings of E into F. We note that if E is compact, 
ΦΈ (E) =@,(E) by (3.17.10). In general we have @p(E) = @,(E) ἢ B,(E). 
We will consider 65 (E) as a normed subspace of @,(E), unless the contrary 
is explicitly stated. If F is finite dimensional, in the decomposition (7.1.2.1) 
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f is continuous if and only if each of the ἡ; is continuous (see (3.20.4) and 
(5.4.2)). The remarks preceding (7.1.2) then show that in such a case, 
€@(E) is a topological direct sum of a finite number of subspaces, each of 
which is isometric to@g(E) (resp. @@ (E)). In particular, the real normed 
space underlying @@(E) is the topological direct sum @g(E) + 1@R(E). 


(7.2.1) The subspace $f (E) ts closed in @,(E); 1m other words, a uniform 
limit of bounded continuous functions 1s continuous. 


Indeed, let (/,) be a sequence of bounded continuous mappings of E 
into F, which converges to g in @,(E); for any e > 0, there is therefore an 
integer , such that ||f, — g|| < e/3 for πὶ >. For any 4c E, let V bea 
neighborhood of fy such that ||/, (ἢ — /,,(f0)|| < ¢/3 for any EV. Then, as 
\If,.(4) — g(t)|| <e/3 for any ἐξ Ε, we have g(t) — g(tp)|| <e for any 
ἐξ V, which proves the continuity of g. 


Well-known examples (e.g. the functions x — x” in [0,1]) show that a 
limit of a simply convergent sequence of continuous functions needs not 
be continuous. On the other hand, examples are easily given of sequences 
of continuous functions which converge non-uniformly to a continuous 
function (see problem 2). However (see also (7.5.6)): 


(7.2.2) (Dini’s theorem). Let E be a compact metric space. If an increasing 
(resp. decreasing) sequence (f,) of real-valued continuous functions converges 
simply to a continuous function g, it converges uniformly to g. 


Suppose the sequence is increasing. For each e > 0 and each ἐξ Ε, 
there is an index n(é) such that for m > n/(t), g(t) — 7,,(t) < e/3. As g and 
fw) are continuous, there is a neighborhood V(é) of ¢ such that the relation 
{ ε V(t) implies |g(t) — g(t’)| <e/8 and |Aw(t) — ἐω(}] < €/3; hence, 
for any ¢’ € V(t) we have g(t’) — {,ω({) < e. Take now a finite number 
of points ἐ; in E such that the V(¢,) cover E, and let m, be the largest of 
the integers v(t). Then for any t€ E, ¢ belongs to one of the V(z,), hence, 


for n > mo, B(t) — {,(ἢ < ε(ἢ — {,.((ἡ < 84) — fey) Se, 9.6.4. 


PROBLEMS 


1) Let E bea metric space, F a normed space, (u,) a sequence of bounded contin- 
uous mappings of E into F which converges simply in E to a bounded function v. 

a) In order that v be continuous at a point χρε E, it is necessary and sufficient 
that for any ε > 0 and any integer m, there exist a neighborhood V of χη and an index 
n > m such that ||v(~) — u,(%)|| << « for every xe V. 
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b) Suppose in addition E is compact. Then, in order that v be continuous in E, 
it is necessary and sufficient that for any e > 0 and any integer m, there exist a finite 
number of indices n;> m such that, for every xe E, there is at least one index i 
for which ||v(*) — Un,(*)|| << (use a) and the Borel-Lebesgue axiom). 


2) For any integer » > 0, let g, be the continuous function defined in R by the 
conditions that g,(¢) = 0 for#< 0 and ἐξ: 2/n, g,(1/n) = 1, and g,(t) has the form 
af + β (with suitable constants a,8) in each of the intervals [0,1/n] and [1/n,2/n]. 
The sequence (g,) converges simply to 0 in R, but the convergence is not uniform 
in any interval containing ¢ = 0. 

Let m—r,y, be a bijection of N onto the set Q of rational numbers, and let 


ce 
fr{t) = Σ 2-%e,(t — rm). The functions ἔμ are continuous (7.2.1), and the sequence 
m=0 


({,) converges simply to 0 in R, but the convergence is not uniform in any interval of R. 
3) Let I be a compact interval of R, and (f,) a sequence of monotone real func- 


tions defined in I, which converge simply in I to a continuous function /. Show that f 
is monotone, and that the sequence (f,) converges uniformly to f in I. 


4) Let E be a metric space, F a Banach space, A a dense subset of E. Let (f,) 
be a sequence of bounded continuous mappings of E into F such that the restrictions 
of the functions /, to A form a uniformly convergent sequence; show that (f,) is 
uniformly convergent in E. 

5) Let E bea metric space, F a normed space. Show that the mapping (%,u) — u(x) 
of Ex ΦΈ (E) into F is continuous. 


6) Let E,E’ be two metric spaces, F a normed space. For each mapping f of 
E x Ε΄ into F and each ye E’, let ἐν be the mapping καὶ — f(x,y) of E into F. 


a) Show that if f is bounded, if each ἐγ is continuous in E and if the mapping 
y >}, of E’ into Cr (E) is continuous, then f is continuous. Prove the converse if 
in addition E is compact (use problem 3 a) in section 3.20). 

Ὁ) Take E = E’= F=R, and let f(%,y) = sin xy, which is continuous and 
bounded in E x ἘΠῚ show that the mapping y > /, of E’ into Or (E) is not contin- 
uous at any point of E’. 

c) Suppose both E and E’ are compact, and for any f€ @p(E x ΕἼ, let ἦ be the 
mapping y -- ἦν of E’ into @p(E); show that the mapping / > Ϊ is a hnear isometry 
of ΦΈ(Ε x ΕἼ onto ὅς}. 

7) Let E be a metric space, F a normed space. For each bounded continuous 
mapping f of E into F, let G(f) be the graph of / in the space E x F. 

a) Show that f — G(f) is a uniformly continuous injective mapping of the normed 
space @ τ (Ε) into the space %(E x F) of closed sets in E x F, which is made into 
a metric space by the Hausdorff distance (see section 3.16, problem 3). Let I" be the 
image of @f (E) by the mapping f > G(/). 

b) Show that if E is compact, the inverse mapping G7} of I" onto Er (E) is 
continuous (give an indirect proof). 


c) Show that if E = [0,1] and F = R, G~! is not uniformly continuous. 
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8) Let E be a metric space with a bounded distance d. For each χε Ὲ let ὦ, be 
the bounded continuous mapping y —> d(x,y) of E into R. Show that αὶ — d, 15 an 


isometry of E onto a subspace of the Banach space 6p (E). 
3. The Stone-Weierstrass approximation theorem 


For any metric space E, the vector space Cn (E) (resp. Co (E)) is an 
algebra over the real (resp. complex) field ; from (7.1.1) it follows that we 
have in that algebra ||/g|| < {{Π|- ||g||.. hence, by (5.5.1), the bilinear 
mapping (/,g) > fg is continuous. From that remark, it easily follows 
that for any subalgebra A of €n(E) (resp. €q (E)), the closure A of A in 
6x (E) (resp. Co (E)) is again a subalgebra (see the proof of (5.4.1)). 

We say that a subset A of Bp(E) (resp. Bo(E)) separates points of Ε τὶ 
for any pair of distinct points x,y in E, there is a function ΓΕ A such that 


f(x) A f(y). 


(7.3.1) (Stone-Weierstrass theorem). Let be a compact metric space. 
If a subalgebra A of @g(E) contains the constant functions and separates 
points of E, A is dense in the Banach space @,(E). 


In other words, if S is a subset of @g(E) which separates points, for any 
continuous real-valued function / on E, there isa sequence (g,,) of functions 
converging uniformly to f, such that each g, can be expressed as a pol ynomial 
in the functions of S, with real coefficients. 

The proof is divided in several steps. 


(7.3.1.1) There exists a sequence of real polynomials (u,) which in the 


interval [0,1] is increasing and converges untformly bo γι. 
Define u, by induction, taking u, = 0, and putting 
1 
(7.3.1.2) Un +r(t) = Un(t) + = (ἐ — u,7(2)) for n>}. 


We prove by induction that u,,, >, and u,(¢) < Ve in [0,1]. From 
(7.3.1.2), we see the first result follows from the second, On the other hand 


ΠΗ. t — m0) 


= (lt — wn) (1 = 5 (Vet ws) 
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and from u,(t) < γε we deduce (Vt. + u,(t)) < γε. «(1. For each te [0,1], 
the sequence (u,(t)) is thus increasing and bounded, hence converges to 
a limit υ(ἢ (4.2.1); but (7.3.1.2) yields ¢ — v?(¢) = 0 and as v(t) > 0, 
v(t) = Vt. As v is continuous and the sequence (w,) is increasing, Dini’s 
theorem (7.2.2) proves that (u,) converges uniformly to v. 


(7.3.1.3) For any function fe A, |f| belongs to the closure A of A in @p(E). 


Let a =||f||. By (7.3.1.1), the sequence of functions u,(f2/a2), which 
belong to A (by definition of an algebra), converges uniformly to 


\Pja? = |fl/a in E. 


(7.3.1.4) For any pair of functions f,g in A, inf (f,g) and sup (f,g) belong 
to A. 

For we can write sup (fg) = 4f+¢+ |f—el) and inf (fg) = 
4(f +g — |f—g\|); the result therefore follows from (7.3.1.3) applied to 
the algebra A. 


(7.3.1.5) For any pair of distinct points x,y in E and any pair of real 
numbers «,8, there is a function f EA such that f(x) = «, f(y) = β. 


By assumption, there is a function ge A such that g(x) # g(y). As A 
contains the constant functions, take f= «+ (β — a)(g — y)/(6 — γ), 
where y = g(x), ὃ = g(y). 


(7.3.1.6) For any function fE@p(E), any point ΧΕ, and any «> 0, 
there 1s a function geA such that g(x) = f(x) and gly) < f(y) + ε for any 
yeE. 


For any point zé E, let , be a function of A such that h,(x) = f(x) and 
h,(z) < f(z) + €/2; the existence of such a function is obvious for z = x and 
follows from (7.3.1.5) for zx. There exists a neighborhood V(z) of z 
such that for y € V(z), 4,(y) < f(y) + ε, due to the continuity of f and 4,. 
Cover E with a finite number of neighborhoods V(z,;). Then, by (7.3.1.4), 
the function g = inf (h,,) belongs to A and satisfies the required conditions, 


since every y € E belongs to some V(z,). 
(7.3.1.7) A =@p(E). 


Let / be any function of @g(E); for any e > 0 and for each x cE, let 
g,€A be such that g,(x) = f(x) and gy) <f(y) +e for all yeE 
(7.3.1.6). Then, there is a neighborhood U(x) of x such that, for y € U(x), 
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e.(y) > f(y) — εκ due to the continuity of f and g,. Cover E with a finite 
number of neighborhoods U(x,). Then, by (7.3.1.4), the function φ = sup (g, ) 


belongs to A and is such that, for any yeE, [0] -- ε - φῇ) <f(y) +e 
(since every γΕῈ belongs to some U(x,)); in other words ||f — || « ε, 
and this shows that ἢ belongs to the closure of A, ie. to A itself. 


The corresponding theorem for @¢(E) is false (see chapter IX); there is 
only the weaker result: 


(7.3.2) Let E be a compact metric space. If a subalgebra A of @¢(E) contains 
the constant functions, separates points of E and 15 such that for each fe A, 


the conjugate function ἢ also belongs to A, then A ts dense in δ. (Ε). 

We remark that for any fe A, Af = 4(f + ἢ and Gf = (f -- f)/2i also 
belong to A; hence, if A, is the (real) subalgebra of A consisting of real- 
valued functions, it follows at once from the definition that Ay separates 
points of E and contains the (real) constant functions. Therefore Ag 15 
dense in @p(E), and the density of A in @(E) = @g(E) + ἐκ) follows 
at once, since A = Ag + 1Ap. 


4. Applications 


In the Stone-Weierstrass theorem, take for E any compact subset 
of R”, and for A the algebra of the restrictions to E of the polynomials in 
the coordinates. The separation condition is satisfied, since for two 
distinct points of E, at least one of the coordinates has distinct values. 
Hence we have the original Weierstrass approximation theorem: 


(7.4.1) Any real-valued continuous function on a compact subset E of R” 
ts the limit of a sequence of polynomials which converges uniformly in E. 


Take now for E the unit circle x? + y? = 1 in R?, parametrized by the 
angle xt, so that continuous functions on E can be identified with contin- 
uous functions on R having the period 2 (see chapter IX). Take for A the 
(complex) algebra generated by the constants and the functions e” and 


ε΄ ™': it is immediate that the elements of A are the ¢rtgonometric polynomials 
N 
Σ οὐ As the function e™ separates the points of E, all the condi- 
n=-—N 


tions of (7.3.2) are satisfied, hence: 
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(7.4.2) Any continuous complex-valued function on R, which is periodic 
of period 2, is the limit of a sequence of trigonometric polynomials, which 
converges uniformly in R.. | 


This last result enables us to give a proof of the following fact, which 
was announced in (6.5): 


(7.4.3) The trigonometric system is total in the prehilbert space F = € (1) 
(as defined in (6.5.1); note that here we do not put on ,(I) the norm 
(7.1.1)). 


Indeed, for any function ΓΕ δ ς(1) and any integer x > 0, let g be the 
function equal to f for — 1 + I1/n <¢t <1, equal to f(1) for ¢ = — 1, and 
linear between — 1 and — 1 + 1/n; then f(t) — g(t) = Oif ¢ > —1+1]n, 
and (f(t) — g(t)| < 4||/||., for the other values of ¢ (we write ||.. |ὼ for the 
norm defined by (7.1.1) and ||..||, for the prehilbert norm). Therefore, 
we have 


1 
gage | ld) — φῶ δι «- 16|}Π|2 κ; 
Σ 


in other words, ||f — g||, is arbitrarily small. As g is continuous and can 
be extended by periodicity since g(1) = g(— 1), there is by (7.4.2), a trig- 


onometric polynomial # such that |jg — All, < Vai lg —Al|,, is arbitrarily 
small, and this ends the proof. 


(7.4.4) If E is a compact metric space, the spaces @p(E) and @,(E) are 
separable. 


As @((E) is the topological direct sum of @p(E) and :@,(E), we need 
only give the proof for @p(E). Let (U,) be a denumerable basis for the 
topology of E (3.16.2), and let g,(t) = d(t,E — U,). The monomials g*.. .g% 
in the g, also form a denumerable set (ἢ,) (by (1.9.3) and (1.9.4)), and the 
vector space A generated by the h, is the subalgebra of @,p(E) generated 
by the g,. If we prove that A is dense in @,(E), our proof will be complete 
(5.10.1); but we only have to apply the Stone-Weierstrass theorem, and 
therefore check that the family (g,) separates points of E. But if x4, 
there is a U, such that xeU,, v¢U,, hence by definition g,(x) τέ Ὁ, 
£,(v) = 0, q.e.d. 
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PROBLEMS 


1) Let E,F be two compact metric spaces, f a continuous mapping of E x F 
into R. Show that for any «> 0 there exists a finite system (u;))} <j;<» of continuous 
mappings of E into R and a finite system (v;)] <;<» of continuous mappings of F into R 


n 
such that, for any (¥,y)e€E x F, |f(#,v) — 2 u;(x)v,(y)| <e. (Apply the Stone- 
i= 
Weierstrass theorem to the algebra generated by the continuous mappings (%,y) — π( 5) 
and (x,y) > v(y), where ue @R(E) and ve @R(F)). 
2) Let ἢ —> 17, be a bijection of N onto the set of rational numbers in the interval 
[0,1] =I. Define by induction a sequence (I,) of closed intervals contained in I, 
such that: 1° the center of I, is Yh» where k,, is the smallest index p such that rp is not 


in the union of the intervals I, with h <n; 2° the length of I, is < 1/4”, and I, 
does not meet any of the I, with h < n. In the product space I x R, define a bounded 
real continuous function u having the following properties: 1° for each integer > 0, 
x — u(x,n) takes the value 1 for + = The is equal to 0 for +¢éI1,, and 0< μίχ,") < 1 


for all x EI; 2° for each x eI, the function y — u(x,y) has the form ay + £ in each 
of the intervals ]— oo,0] and [m,n + 1] (ne N). Show that there is no finite system 


n 
of functions v; € @R(1), ὦ; € A(R) (1 <i < 2) such that |u(x,y) — 2X v;(x)w;(y)|< 1/4 
t=1 
in I x R. (Suppose the contrary; consider the functions u,: * — u(%,m) in @r(I), 
and observe that ||u,|| = 1, ||«, το u,,|| = 1 for m3. If there existed a finite 
dimensional subspace E of @ (I) such that d(u,,E) << 1/4 for each n, there would 
exist in E an infinite sequence (ἡ) such that ||h,|| = 2 and ||A, — h,,|| > 1/2 for 
γι τέ n, contradicting (5.10.1).) 
3) Let E be the interval [0,1] in R. 
a) Show that if a, (1 - ἃ < η) aren distinct points of E, the functions ¥ > |x — a,| 
are linearly independent in @R(E). 
b) Deduce from a) that the function (%,y) + [5 — y| in E x E cannot be written 
nn 
as a finite sum JZ v;(x)w;(y), where v; and ὦ; are continuous in ΒΕ. 
+=1 
4) Show that the Banach space €p(R) is not separable. (Use a similar method 
as the one applied in the problem of section 5.10.) 


5. Equicontinuous sets 


Let H be a subset of the space #,(E) (E metric space, F normed space) ; 
we say that H is equicontinuous at a point x, € E if, for any ε > 0, there isa 
6 > 0 such that the relation d(x),~) <6 implies ||f(x) — f(x»)|| <e for 
every {EH (the important thing here being that ὃ is wndependent of ἢ. 
We say that H is equicontinuous if it is equicontinuous at every point 
of E. 
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Examples. (7.5.1) Suppose there exist two constants c,a > 0 such that 
A(x) — f(y)|| < c+ (d(x,y))* for any f ΕΗ, and any pair of points x,y of E; 
then H is equicontinuous. 


(7.5.2) Any fente set of functions which are continuous at a point %, 
(resp. in E) is equicontinuous at x, (resp. equicontinuous). More generally 
any finite union of sets of functions which are equicontinuous at χορ (resp. 
equicontinuous) is equicontinuous at x, (resp. equicontinuous). 


(7.5.3) Let ({,) be a sequence of functions in B,(E) which converges simply 
to a function g and is equicontinuous at xq (resp. equicontinuous). Then g 
1s continuous at Xp» (resp. continuous). 


Indeed, suppose ||f,(%9) — f,()|| <e for any x such that d(x,%) - ὃ 
and any ”; then, by the principle of extension of inequalities, we have 
le(x) — g(%)|| <e for any x such that d(x,x9) < ὃ, q.e.d. 


(7.5.4) In the space ὅπ (ΕἸ, the closure of any equicontinuous subset is 
equicontinuous. 


This follows at once from (3.13.13) and from the proof of (7.5.3). 


(7.5.5) Suppose F ts a Banach space, (f,) an equicontinuous sequence 1n 
ΦῈ (E), and that for any point x of a dense subset D of E, the sequence (f,,(x)) 
ts convergent in F. Then the sequence (f,) converges simply to a (continuous) 
limit g. 


As F is complete, we have to prove that for each xeEE, (f,(x)) is a 
Cauchy sequence in F. Now for any ¢ > 0, there is a ὃ > 0 such that the 
relation d(x,y) < ὃ implies ||7,(x) — #,(y)|| < e/3 for every . On the other 
hand, there exists ye D such that d(x,y) < 6, and by assumption, there 
is an m such that ||/,,(v) -- {,(0}}} < 6/3 for m >, n>. It follows 
that for m>m, n>, {{{,.(5] — f,(*)|| « ε, 4.6.4. 


(7.5.6) Suppose E 1s a compact metric space, (f,,) an equicontinuous sequence 
in @,(E). If ({,) converges simply to gin E, tt converges untformly to gin E. 


Given ¢ > 0, for each x € E there is a neighborhood V(x) such that the 
relation y € V(x) implies ||/,(x) — f,(¥)||<e/3 for every n. Cover E by 
a finite number of neighborhoods V(x;); there exists an m) such that for 
nN > ἤρ, we have ||g(x;) — #,(%,)|| < ¢/3 for all the indices 7. But for any 
x €E, κα belongs to one of the V(x,), hence we have ||/,(x) — 7,(,)|| < ¢/3 
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for all n, and letting tend to + oo, this yields ||g(x) — g(x,)|| < ¢/3. 
Hence we have ||g(x) — #,(x)|| << ε for any » > mp and every x EE, q.e.d. 


(7.5.7) (Ascoli’s theorem). Suppose F 1s a Banach space and E a compact 
metric space. In order that a subset H of the Banach space @,(E) be relatively 
compact, necessary and sufficient conditions are that H be equicontinuous 
and that, for each x EE, the set H(x) of all f(x) such that f EH be relatively 
compact in F. 


a) Necessity. If H is relatively compact for every ¢ > 0, there exists 
a finite number of functions /; ΕΗ such that for every fe H, there is an 
index 7 such that ||f — /;|| < e/3 (3.17.5). From this it follows first that 
for every x € E we have ||/(x) — f,(x)|| < ¢/3, and as F is complete, this 
shows by (3.17.5) that H(x) is relatively compact. On the other hand, let V 
be a neighborhood of x such that ye V implies ||f,(y) — f,(x)|| < ¢/3 for 
every index 7; then, for any fe H, γε V implies ||/(y) — f(x)|| < e, which 
proves H is equicontinuous. 


b) Sufficiency. As @,(E) is complete by (7.1.3) and (7.2.1), we need 
only prove H is precompact (3.17.5). Given any ε > 0, for each x € E, let 
V(x) be a neighborhood of x such that y € V(x) implies ||/(y) — f(x)|| < e/4 
for every ΕΗ. Cover E with a finite number of neighborhoods V(x,) 
( <2 < m). On the other hand each of the sets H(x;,) is relatively compact 
in F by assumption; so is therefore their union K; let (¢,),<;<, bea 
finite subset of K such that every point of K is in a ball of center one of 
the c; and radius ε[4. Let now @ be the (finite) set of all mappings 7 — g(t) 
of [1,m] into [1,9] (intervals in N); for each pe ®, denote by L, the set 
of all functions f€H such that, for every index ὦ in [l,m], we have 
\IH(%;) — Coa)|| < e/4. Some of the L, may be empty, but from the defini- 
tion of the c; it follows that H is covered by the union of the L,. To end 
the proof we need only show that the diameter of each L, is <e. Now 
if f,g are both in L,, for each y Ε E there is an ὦ such that γε V(x;), hence 
(0) — £(%,)|| < e/4 and ||g(y) — g(x;)|| < €/4; as ||f(x;) — e(x,)|| < €/2 by 
definition, we have ||f(y) — g(y)||<e for every yeE, 1.6. ||f — gl| <e, 
q.e.d. 


PROBLEMS 


1) Let E be a metric space, F a normed space, H a bounded subset of 4Ἐ (E). 
For each χε E, let x be the mapping τὸ — u(x) of H into F, which is continuous and 
bounded. Show that in order that H be equicontinuous at %, it is necessary and 


sufficient that the mapping αὶ --» x of E into Cr (H) be continuous at ζΖ0. 
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2) Let E be a metric space, F a normed space, (/,) an equicontinuous sequence 


in Or (E). Show that the set of points x Ε E, such that (/,(%)) is a Cauchy sequence 
in F, is closed in E. 
3) Let E be the interval [0, + oo[ in R, and for any 2, let 


fa(t) = sin |/t + 4027? 
in E. Show that the sequence (/,) is equicontinuous in E and converges simply to 0 


in E, but that it is not relatively compact in the space Er (E) (show that if it were, 
it would converge uniformly to 0). 
4) Let E be a metric space, F a normed space, (f,) a sequence of functions in 


Cr (E), which is equicontinuous at a point ae E. Show that if the sequence ({,(α)) 

is convergent to be F, then for any sequence (%,) in E such that lm x, =a, the 
n> © 

sequence (/,(%,)) converges to ὃ in F. 

5) Let E be a metric space, F a normed space. We say that a subset H of 6Ἐ (E) 
is uniformly equicontinuous if for any e > 0, there is a ὃ > 0 such that the relation 
d(x,y) < δ implies ||f(~) — f(y)|| << e for every fe H. Any function 7 Ε H is uniformly 
continuous; conversely a finite set of uniformly continuous functions is uniformly 


equicontinuous. Show that for a bounded subset H of Cr (E), the following properties 
are equivalent: 
α) H is uniformly equicontinuous. 


$B) The mapping χα -- x of E into ΦῈ (H) (problem 1) is uniformly continuous. 
vy) The mapping (u,x) > u(x) of H x E into F (H being considered as a subspace 


of ΦῈ (E)) is uniformly continuous. 
6) Let E be a metric space, F a normed space, H a uniformly equicontinuous 


subset of @p (E) (problem 5); show that the closure of H in @p (E) is uniformly 
equicontinuous. 

7) Let E be a compact metric space, F a normed space. Show that any equi- 
continuous subset of @p(E) is uniformly equicontinuous. 

8) Let E be a compact metric space, F a Banach space. Show that if a subset H 
of @(E) is relatively compact, the union of all the sets H(), where x € E, is relatively 
compact in F (use problem 5 of section 7.2). 

9) Show that the conclusion of Ascoli’s theorem (7.5.7) is still valid if instead 
of supposing H(x) relatively compact in F for every x € E, one only supposes H(z) 
relatively compact for all x € D, where D is a dense subset of E. 


10) Let E be a metric space, H an equicontinuous subset of €R(E). Show that 
the set A of points x € E such that Η(5) is bounded in R is both open and closed in E. 
If E is eompact and connected and if for one point *,¢ E, H(%q) is bounded in R, 
then H is relatively compact in @R(E). 


11) Let E be a metric space, H an equicontinuous subset of @R(E). For each 
x EE, let v(x) = sup f(x), w(*) = inf f(x); show that if v (resp. w) is finite at 
feH feH 


one point χὺ, it is finite and continuous in a neighborhood of %; if v(%) = + © 
(resp. w(% 9) = — oo) then v(*) = + o (resp. w(¥) = — oo) in a neighborhood of 4%. 
Conclude that the set of points χὰ E for which υ(χ) (resp. w(%)) is finite is both open 
and closed in E. 
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6. Regulated functions 


Let I be an interval in R, of origin a and extremity ὁ (a or ὃ or both 
may be infinite), F a Banach space. We say that a mapping 7 of I into F 
is a step-function if there is an increasing finite sequence (xJoeien Of 
points of I (closure of I in ἘΠ) such that % = 4, x, = ὃ, and that [15 constant 
in each of the open intervals ]*,,%;4,[ (0 « ὁ « αὶ -- 1). 

For any mapping / of I into F and any point x el distinct from ὃ, we 


say that { has a limit on the right if lim f(x) exists; we then write 


yvel,y>* 
yx 


the limit {(x-+). Similarly we define for each point x eI distinct from a, 
the limit on the left of f at x, which we write /(x—); we also say these 
limits are one-sided limits of f. A mapping f of 1 into F is called a regulated 
function if it has one-sided limits at every point of I. It is clear that any 
step-function is regulated. 


(7.6.1) In order that a mapping f of a compact interval 1 = [a,b] into F be 
regulated, a necessary and sufficient condition is that {| be the limit of a 
uniformly convergent sequence of step-functions. 


a) Necessity. For every integer ἡ, and every x eI, there is an open 
interval V(x) = ]y(x),2(x)[ containing x, such that ||f(s) — f(t)|| < 1/m if 
either both s,f are in ]y(x),x[MI or both in ]x,2(x)[MI. Cover I with a 
finite number of intervals V(x,), and let (¢;)y <j<m be the strictly increasing 
sequence consisting of the points a,),x,,y(%,) and 2z(x;). As each c; is in some 
V(x,), ¢4, is either in the same V(x;) or we have ¢,,, = 2(%,), for 
7 <m—1; in other words if s,f are both in the same interval ]c,,¢c; 441, 
then ||f(s) — f(é)|| <1/". Now define g, as the step-function equal to f at 
the points c,, and at the midpoint of each interval ]c,,c;,,[, and constant 
in each of these intervals, It is clear that ||f — g,|| < 1/7. 


b) Sufficiency. Suppose f is the uniform limit of a sequence (f,,) of 
step-functions. For each ¢>0 there is an ” such that ||f — f,|| <e/3; 
now for each x €I, there is an interval ]c,d[ containing x and such that 
\If,(s) — f,(¢)|| <e/3 if both s and ¢ are in Je,x[ or both in ]x,d[; hence 
under the same assumption we have ||/(s) — f(#)|| < ε, and this proves the 
existence of one-sided limits of f at x, since F is complete (3.14.6). 


Another way of formulating (7.6.1) is to say that the set of regulated 
functions is closed in @,(E), and that the set of step-functions is dense in 
the set of regulated functions. 
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(7.6.2) Any continuous mapping of an interval 1C R into a Banach space 
1s regulated; so 1s any monotone mapping of I into R. 


This follows from the definition, taking into account (3.16.5) and (4.2.1). 


PROBLEMS 


1) Let / be a regulated mapping of an interval IC R into a Banach space F. Show 
that for each compact subset H of I, {(H) is relatively compact in F; give an example 
showing that /(H) need not be closed in F. 

2) The function f(x) = αὶ sin (1/x) (f(0) = 0) is continuous, hence regulated 
in I = [0,1], and the function g(%) = sgn x (g(*) = 1 if x > 0, g(0) = 0, g(x) = — 1 
if x < 0) is regulated in R, but the composed function gof is not regulated in I. 

3) Let I = [a,b] be a compact interval in R. A function of bounded variation 
in I is a mapping / of I into a Banach space ΕἾ, having the following property: there 
is a number V > 0 such that, for any strictly increasing finite sequence (t,o <i<n 


n—1 


of points of I, the inequality Σ᾽ {|f(t;+1) — #(¢)|| << V holds. 


ἐτε0 
a) Show that /f(I) is relatively compact in F (prove that f(I) is precompact, by 
an indirect proof). 
b) Show that / is a regulated function in I (use a) and (3.16.4)). 
c) The function g defined in [0,1] as equal to x? sin (1/%?) for x 4 0 and to 0 for 
* = 0, is not of bounded variation, although it has a derivative at each point of I. 


Chapter VIil 


Differential Calculus 


The subject matter of this Chapter is nothing else but the elementary 
theorems of Calculus, which however are presented in a way which will 
probably be new to most students. That presentation, which throughout 
adheres strictly to our general ‘‘geometric’’ outlook on Analysis, aims at 
keeping as close as possible to the fundamental idea of Calculus, namely the 
“local” approximation of functions by linear functions. In the classical 
teaching of Calculus, this idea is immediately obscured by the accidental 
fact that, on a one-dimensional vector space, there is a one-to-one cor- 
respondence between linear forms and numbers, and therefore the deriv- 
ative at a point is defined as a number instead of a linear form. This slavish 
subservience to the shibboleth of numerical interpretation at any cost 
becomes much worse when dealing with functions of several variables: 
one thus arrives, for instance, at the classical formula (8.9.2) giving the 
partial derivatives of a composite function, which has lost any trace of 
intuitive meaning, whereas the natural statement of the theorem is of 
course that the (total) derivative of a composite function is the composite 
of their derivatives (8.2.1), a very sensible formulation when one thinks in 
terms of linear approximations. 


This “intrinsic” formulation of Calculus, due to its greater “abstrac- 
tion”, and in particular to the fact that again and again, one has to leave 
the initial spaces and to climb higher and higher to new “function spaces’ 
(especially when dealing with the theory of higher derivatives), certainly 
requires some mental effort, contrasting with the comfortable routine of 
the classical formulas. But we believe that the result is well worth the 
labor, as it will prepare the student to the still more general idea of 
Calculus on a differentiable manifold; the reader who wants to have a 
glimpse of that theory and of the questions to which it leads can look into 
the books of Chevalley [9] and de Rham [12]. Of course, he will observe 
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that in these applications, all the vector spaces which intervene have 
finite dimension; if that gives him an additional feeling of security, he 
may of course add that assumption to all the theorems of this chapter. 
But he will inevitably realize that this does not make the proofs shorter 
or simpler by a single line; in other words, the hypothesis of finite dimen- 
sion is entirely irrelevant to the material developed below; we have 
therefore thought it best to dispense with it altogether, although the 
applications of Calculus which deal with the finite dimensional case still 
by far exceed the others in number and in importance. 


After the formal rules of Calculus have been derived (sections 8.1 to 8.4), 
the other sections of the Chapter are various applications of what is probably 
the most useful theorem in Analysis, the mean value theorem, proved 
in section 8.5. The reader will observe that the formulation of that theorem, 
which is of course given for vector valued functions, differs in appearance 
from the classical mean value theorem (for real valued functions), which 
one usually writes as an equality f(b) — f(a) = f’(c)(b — a). The trouble 
with that classical formulation is that: 1° there is nothing similar to it 
as soon as f/ has vector values; 2° it completely conceals the fact that 
nothing is known on the number c, except that it lies between a and 3, 
and for most purposes, all one needs to know is that /’(c) is a number which 
lies between the g.l.b. and 1.u.b. of /’ in the interval [a,b] (and not the fact 
that it actually is a value of /’). In other words, the real nature of the mean 
value theorem is exhibited by writing it as an inequality, and not as an 


equality. 
Finally, the reader will probably observe the conspicuous absence of 
a time-honored topic in Calculus courses, the ‘‘Riemann integral”. It 


may well be suspected that, had it not been for its prestigious name, this 
would have been dropped long ago, for (with due reverence to Riemann’s 
genius) it is certainly quite clear to any working mathematician that 
nowadays such a ‘“‘theory’’ has at best the importance of a mildly in- 
teresting exercise in the general theory of measure and integration. Only 
the stubborn conservatism of academic tradition could freeze it into a 
regular part of the curriculum, long after it had outlived its historical 
importance. Of course, it is perfectly feasible to limit the integration 
process to a category of functions which is large enough for all purposes 
of elementary Analysis (at the level of this course), but close enough to 
the continuous functions to dispense with any consideration drawn from 
measure theory; this is what we have done by defining only the integral 
of regulated functions (sometimes called the “‘Cauchy integral”). When 
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one needs a more powerful tool, there is no point in stopping halfway, and 
the general theory of (““Lebesgue’’) integration is the only sensible answer. 


1. Derivative of a continuous mapping 


Let E, F be Banach spaces (both real or both complex) and A an open 
subset of E. Let /, g be two mappings of A into F; we say that / and g are 
tangent at a point x,EA if lim — ||f(x) — g(x)||/||z — x9|| = 0; this 


X—P> Χρ, XFXq 

implies of course that /(x,) = g(x). We note that this definition only 
depends on the topologies of E and F; for if /, g are tangent for the given 
norms on E and F, they are still tangent for equivalent norms (5.6). If /,g 
are tangent at x), and g,h tangent at x), then /,A are tangent at x, as follows 
from the inequality {|f(x) — 4(x)|| < {{ 5) — g(x)|| + |le(x) — 4(~)||. 

Among all functions tangent at x) to a function /, there is at most one 
mapping of the form x — /(%)) + u(x — x») where τε is linear. For if two 
such functions x --» /(%) + 4,(% — %9), x >/(%9) + Μα(α — χρ) are tangent at %p, 
this means, for the linear mapping v=u4,—w,, that lim |jv(y)|I/|/y|| = 0. 

y—>0, y#0 


But this implies v = 0, for if, given ¢ > 0, there is 7 > 0 such that ||y|| <7 
implies ||v(y)|| < e||y||, then this last inequality is still valid for any x 4 0, 
by applying it. to y = rx/||x||; as ε is arbitrary, we see that v(x) = 0 for 
any Xx. 

We say that a continuous mapping / of A into F is differentiable 
at the point %)¢A if there is a linear mapping w of E into F such that 
x -α f(x») + u(x — χορ) is tangent to / at %. We have just seen that this 
mapping is then unique; it is called the derivative (or total derivative) of f 
at the point x), and written /’(%9) or Df(x,). 


(8.1.1) If the continuous mapping f of A into F ts differentiable at the point 
Xo, the derivative Κ΄ (χορ) 15 a continuous linear mapping of E into F. 


Let τ = [(χρ). Given ¢ > 0, there is 7 such that 0<7< 1 and that 
||¢|| <7 implies {{{{50-Ὁ ἢ — f(%9) || <e/2 and {{{{59- ὃ) — f(x) — u(2)|| <elél|/2 
hence ||¢|| < 7 implies ||«(¢)|| < e, which proves τε is continuous by (5.5. 1) 


The derivative (when it exists) of a continuous mapping f of A into F, 
at a point %)¢A,is thus an element of the Banach space £(E; ΕἸ (see (5.7)) 
and not of F. In what follows, for ue Y(E;F) and ἐξ E, we will write 
u-t instead of u(t); we recall (5.7) that ||u-¢|| < ||u||- {|| and that 
[2] = ΠῚ [μα τ}: 


ἘΞ 
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When E has finite dimension ” and F has finite dimension m, i (Xp) 
can thus be identified to a matrix with m rows and n columns ; this matrix 
will be determined in (8.10). 


Examples. (8.1.2) A constant function is differentiable at every point 
of A, and its derivative is the element 0 of Y(E; F). 


(8.1.3) The derivative of a continuous linear mapping u of E into F exists 
at every point x EE and Du(x) = τ. 


For by definition u(x») + u(x — x9) = u(x). 


(8.1.4) Let E,F,G be three Banach spaces, (x,y) + [x+y] a continuous 
bilinear mapping of E x F into G. Then that mapping is differentiable 
at every point (x,y)eE x F and the derivative is the linear mapping 
(st) > [%-4] + [s-y]. 


For we have 


[(5 - s)*(y + ἢ] — [x+y] — [*-¢] — [s- y] = [5 -ἢ 


and by assumption, there is a constant c >0 such that ||[s -¢]||<c-||s|| -||é|| 
(5.5.1). For any ¢ > 0, the relation sup (||s||,||¢||) = ||(s,¢)|| < e/e implies 
therefore 


ke +t] — [χ .}} — [¥-#] — [sy] |l/| (5.9 || <e 


which proves our assertion. 
That result is easily generalized to a continuous multilinear mapping. 


(8.1.5) Suppose F = F, ΧΕ; x ... x F,, ts ἃ product of Banach spaces, 
and f = (f,,...,/,,) @ continuous abpine of an open subset A of E into F. 
In order that f be differentiable at xy, a necessary and sufficient condition is that 
each ἡ, be differentiable at x9, and then f'(x») = (f,(%)>+ - «sfm(%q)) (when 
L(E; ΕἸ ts identified with the product of the spaces LE; F,)). 


Indeed, any linear mapping « of E into F can be written in a unique 
way 1 = (uM ,...,u,,), where u; is a linear mapping of E into F,, and we 
x)|| = sup (||#,(x)|[,...,||e,,(%)||), whence it follows 
(by (5.7.1) and (2.3.7)) that ||«|| = sup (||w,||,...,|\x,,[|), which allows the 


identification of «ΚΕ; ΕἸ with the product /7 Y(E; F,). From the defini- 


t=1 
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tion, it follows at once that # is the derivative of f at x, if and only if τ 
is the derivative of ἡ; at x) for - 1 < m. 


Remark. Let E,F be complex Banach spaces, and Εν, the underlying 
veal Banach spaces. Then if a mapping f of an open subset A of E into F 
is differentiable at a point xp, it is also differentiable with the same deriv- 
ative, when considered as a mapping of A into Fo (a linear mapping of E 
into F being also linear as a mapping of E, into Fy). But the converse is 
not true, as the example of the mapping z — Z (complex conjugate) of ( 
into itself shows at once; as a mapping of R? into itself, μη: z — Z (which 
can be written (x,y) — (x,— y)) is differentiable and has at each point a 
derivative equal to μ, by (8.1.3); but « is not a complex linear mapping, 
hence the result. We return to that question in chapter IX (9.10.1). 

When the mapping / of A into F is differentiable at every point of A, 
we say that / is differentiable in A; the mapping x —> f'(x) = Df(x) of A 
into L(E; ΕἸ will be written /’ or Df and called the derivative of f im A. 


2. Formal rules of derivation 


(8.2.1) Let E,F,G be three Banach spaces, A an open neighborhood of xy Ε E, 
f a continuous mapping of A into F, yy = f(x), B an open neighborhood of 
Yo in F, g a continuous mapping of B into G. Then τῇ f is differentiable at 
χρῷ and g differentiable at Yo, thé mapping h = gof (which is defined and 
continuous in a neighborhood of %,) is differentiable at x9, and we have 


h'(%) = 8'(Yo) ο Γ (Χο). 


By assumption, given δε such that 0 < ε < 1, there is an 7 > 0 such that, 
for ||s|| <7 and ||t|| <7, we can write 


f(% +s) = f(%o) + Κ΄ (%) "5 + ο.(5) 
(Vo +4) = B(¥o) + B'(Yo) "ὁ + ορ(ἢ 


with ||o,(s)|| < el|s|| and |Jo9(t)|| < e||t||. On the other hand, by (8.1.1) 
and (5.5.1), there are constants a,b such that, for any s and /, 


IIf'(%) "5}} <alls|] ἃπά |[a"(¥0) "ἐ < 4 Ilel| 


hence (Χο) “5 + 9,(s)|| < (@ + 1)}5}} 
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for ||s|| <7. Therefore, for ||s|| << 7/(a + 1), we have 


{lon(7’(%9) “5 + 04(s)) || < (4 + 1)e||s|| 
and \|8’(Yo) * Ox(s nee 


hence we can write 


h(%q + S) = B(Vqo + f'(%) "5 + ο7(5)} = βίο) - B’(Ho) * ([ (Χο) " 5) + οᾳ(5) 
with |log(s)|| < (a + ὃ + Lel|s||, 
which proves the theorem. 


(8.2.1) has of course innumerable applications, of which we mention 
only the following one: 


(8.2.2) Let {,ρ be two continuous mappings of the open subset A of E into F. 
If fand g are differentiable at %), so are f + g and af (a scalar), and we have 


(7 + 6) (#0) = f'(%o) + 8'(%) and (cxf)'(%9) = af" (Hp). 


The mapping / + g is composed of (u,v) +u-+ v, mapping of F x F 
into F, and of x — (/(x),e(x)), mapping of A into F x F; both are dif- 
ferentiable by (8.1.3) and (8.1.5), and the result follows (for / + g) from 
(8.2.1). For αὐ the argument is still simpler, using the fact that the mapping 
u — au of F into itself is differentiable by (8.1.3). Of course, (8.2.2) could 
also be proved very simply by direct arguments. 


Let E,F be two Banach spaces, A an open subset of E, B an open subset 
of F. If A and B are homeomorphic, and there exists a differentiable 
homeomorphism f of A onto B, it does vot follow that, for each % € A, f’(%p) 
is a linear homeomofphism of E onto F (consider e.g. the mapping § — & 
of R onto itself). 


(8.2.3) Let f be a homeomorphism of an open subset A of a Banach space E 
onto an open subset B of a Banach space F, g thé inverse homeomorphism. 
Suppose f is differentiable at the point χρ, and f'(x,) 15 a linear homeomorphism 
of E onto F; then g is differentiable at yy = f(x) and g'(yo) ts the inverse 
mapping to f'(x») (cf: (10.2.5)). 


By assumption, the mapping 5 > /(%) + 5) — /(%9) is a homeomorphism 
of a neighborhood V of 0 in E onto a neighborhood W of 0 in F, and the 
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inverse homeomorphism if ¢ > ρίγο + ἢ — g(¥9). By assumption, the 
linear mapping /’(%)) of E onto F has an inverse # which is continuous, 
hence (5.5.1) there is ¢ > 0 such that ||u(¢)|| < c/l¢|| for any ἐε F. Given 
any ε such that 0<«< 1/2c, there is an 7 >0 such that, if we write 
H(% +s) — [(50) = 7 (50) “5 + 0,(s), the relation ||s|| <7 implies ||o,(s)|]<el|s]]. 
Let now 7’ be a number such that the ball ||t/| <7’ is contained in W and 
that its image by the mapping ¢ — g(y) + ἢ) — σ(γο) is contained in the 
ball ||s||<7. Let z= g(yo + ἢ) — g(yo); by definition, for ||¢|| <7’, 
this equation implies ¢ = /(% + 2) -- f(%q) and as ||z|| <7, we can write 
t = f'(%) " z + 0,(z), with |{o,(z)|{ < e|[z||. From that relation we deduce 


u-t= tb: (P(X) " 2) + w+ ογ(2) = z+ τ" 0,(2) 


by definition of τι, and moreover || - 0,(z)|| < c¢|lo,(z)|| < cel|z|| < 4l|zl], 
hence fu tl) > {|| -- [lz] = 4el|; therefore ||| <2[|u-#|| «- 3 
and finally || - 0,(z)|| < ce||z|| < 2c?e||¢/].. We have therefore proved that 
the relation ||t}|< γ' implies ||g(yo + ἢ) — glo) — 1. 2}} < 2cell¢||, and 
as € is arbitrary, this completes the proof. 


The result (8.2.3) can also be written (under the same assumptions) 


(8.2.3.1) (ἢ) ([(50)) = (f'(%))*- 


PROBLEMS 


1) Let E be a real prehilbert space. Show that in E the mapping x +> ||x|| of E 
into R is differentiable at every point αὶ ~ 0 and that its derivative at such a point 
is the linear mapping s — (s|x)/||z||. 

2) a) In the space (cy) of Banach (section 5.3, problem 5) show that the norm 
x —» ||x|| is differentiable at a point x = (ξ,) if and only if there is an index My) Such 
that |&,,| > |&,| for every ἢ 4 m9. Compute the derivative. 

b) In the space /! of Banach (section 5.7, problem 1), show that the norm x — |/z/| 
is not differentiable at any point (use (8.1.1) and problem 1 c) of section 5.7). 

3) If I = [0,1], show that in the space @p(I), the norm αὶ — [[1|] is not differen- 
tiable at any point. 

4) Let f be a differentiable real valued function defined in an open subset A of 
a Banach space E, 

a) Show that if at a point %,¢A, f reaches a relative maximum (section 3.9, 
problem 6), then Df(%)) = 0. 

Ὁ) Suppose E is finite dimensional, A is relatively compact, ἢ is defined and 
continuous on A, and equal to 0 on the boundary of A. Show that there exists a 
point %,¢ A where Df(% 9) = 0 (‘‘Rolle’s theorem”; use a) and (3.17.10)). 
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3. Derivatives in spaces of continuous linear functions 


(8.3.1) Let E,F,G be three Banach spaces. Then the mapping (u,v) -- vou 
(also written vu) of L(E; F) x L(F; 6) into “ΚΕ; G) ἐς differentiable, and 
the derivative at the point (up,Up) 15 the mapping (s,t) — vgos + tottg. 


If we observe that, by (5.7.5), the mapping (u,v) — vow is bilinear and 
continuous, the result is a special case of (8.1.4). 


(8.3.2) Let E,F be two Banach spaces, such that there extsts at least a linear 
homeomorphism of E onto F. Then the set # of these linear homeomorphisms 
is open in L(E;F); the mapping u—u— of # onto the set #—* of linear 
homeomorphisms of F onto E is continuous and differentiable, and the derivative 
of u + πὶ at the point uy is the linear mapping (of “ΞΕ; ΕἸ into 2(F; E)) 
5- — Uy losoug—1. 


a) We consider first the case F = E, and write I for the identity mapping 
of E. Then: 


(8.3.2.1) If [ὦ 1 in LE; E), the linear mapping 1 + w ts a homeo- 
morphism, its inverse (1 + το) 1s equal to the sum of the absolutely convergent 
series Σ (— 1)"w", and we have 


n=O 


(8.3.2.2) | +) — 1 + ὦ]] < jle||2/1 — |e). 


We have 2 er Ξε (1 — ΠΝ 1} — ||w||) << 1{(1 — [[[}}, hence, 


οο 


by (5.7.5), (5.3.1), (5.3.2) and (5.7.3), the series 2 (— 1)"w” is absolutely 
n=O 
convergent in Y(E;E). Moreover, we have 


(1+ w)(l— w+ w?+...+(—1)%w%) 
=(l—w4 w+... +(—1w) (140) Ξε  --νδ Τῇ, 


and as w%*! tends to 0 with 1/N, we have by definition and by (5.7.5), 
for the element v= Σ (— 1)"w” of (E;E), (l+w)v=v1 + ὦ) =1, 


n=0 
which proves the first two statements; the inequality (8.3.2.2) follows from 
the relation (1 + w)-! —1+ 0 = w%(1 — w+ ὧϑ +4 ...) and from (5.7.5) 
and (5.3.2). 
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b) Consider now the general case; suppose s€ L(E;F) is such that 
[5}}- ||“o ἢ} <1; then the element 1 - «5 's, which belongs to Y(E; ΕἸ, has 
an inverse, due to (5.7.5) and (8.3.2.1); as we can write μρ + 8 = u9(1+ g's), 
the same is true for #)-+ 8, the inverse being (1 + τς 's)—1u)'; hence 
we have 
(ug + 5). — ug * = (( + ug *s)~? — 1)ug*. 
Applying (8.3.2.2) to w = ug’ 5, we obtain, for ||s|| < 1/||u9 *|| 


(4g + 5)} = μρ * + ug * suey "|| < [μρ “11° [|5} 511 — lero “II τ [1 5}}).ὕ 


Therefore, if we take ||s|| << 1/2||u >’ 


|, we have 
ΤΠ + 5)7} — ug" + Me * smo "|| <ells||? 


with c = 2||u9 "||, and this ends the proof. 


4. Derivatives of functions of one variable 


When we specialize E to a one-dimensional vector space (identified to 
R or C), we know that #(E; F) is naturally identified to F itself, a vector 
δ Ε Ε' being identified to the linear mapping & — bé of E into F (5.7.6). 
If f is a differentiable mapping of an open set ACE into F, its derivative 
Df(&o) at a point & € A is thus identified to a vector of F, and the mapping D/ 
to a mapping of A into F. If F itself is one-dimensional (identified to R or C), 
we obtain the classical case of the derivative (at a point) as a number. 
The general results obtained above boil down in that last case to the 
classical formulae of calculus; for instance, (8.3.2), when E and F are 
one-dimensional, is simply the formula giving the derivative of 1/& as 
equal to — 1/€* for € 40. We explicitly formulate the following con- 
sequence of (8.2.1): 


(8.4.1) Let E,F be two real (resp. complex) Banach spaces, } a differentiable 
mapping of an open subset A of E into F, g a differentiable mapping of an 
open subset I of R (resp. C) into A; then the derivative at ξ ΕἸ of the composed 
mapping ἢ = fog of 1 into Fis the vector of F equal to Df(g(é)) - ρ΄ (ξ) (remember 
δ΄ (δ) is in E, and Df(g(é)) in “ΚΕ; F)). 
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Remarks. — Suppose F is a complex Banach space, ἡ a differentiable 
mapping of an open subset ACC into F; its derivative at ze A is thus 
identified with a vector of F. Let now g be a differentiable mapping of an 
open subset I of R into C (considered as the underlying 2-dimensional real 
vector space); then fog is a differentiable mapping of I into the underlying 
real Banach space Εὖ of F, and (8.4.1) shows that its derivative at a point 
Eel is g’(é)(Df(g(&)) (remember here g’(é) is a complex number). 

When E = R and F isa real Banach space, the notion of derivative can 
be greatly generalized: for any subset JCR and any point ξρε J such 
that & is a cluster point of J — {£)}, we can define, for a mapping / of J 
into F, the derivative of { at & (with respect to J) as the limit (when it exists) 


lim (Γ(ξ) — AE0)) (EF — ξρ). 
E—> &, Fe J — {&} 

When the limit exists, we say that / is differentiable at &, with respect to J. 
We shall only consider the case in which J is an interval of R; then at the 
interior points of I, the derivative with respect to J coincides (when it 
exists) with the usual one; at the origin a (resp. extremity #) of J, when 
it belongs to J, the derivative of f with respect to J is also called the deriv- 
ative on the right (resp. on the left) of f at the point « (resp. £) and written 
f,(a) or D, f(a) (resp. Κ(β) or D_f(8)). Theorem (8.4.1) is still valid when 
in the assumptions we suppose I is an interval and g has a derivative with 
respect to I at &; then if / is differentiable in A, fog has a derivative at é 
with respect to I given by the same formula (ρ΄ (ξ) being replaced by the 
derivative of g with respect to I). The proof is that of (8.2.1) with the 
obvious modifications. We omit the most usual consequences of that 
theorem, such as the result corresponding to (8.2.2). 


PROBLEMS 


1) a) Let f be a continuous mapping of an interval IC R into a Banach space E. 
In order that / be differentiable at an interior point %, of I, it is necessary and sufficient 
that (f(% + h) — [(50 — #))/(4 + 4) have a limit in E when the point (4,4) tends to 
(0,0) in the set of pairs such that h> 0, k > 0. 

Ὁ) The real function f equal to x? sin (1/x%) for x 4 0, to 0 for + = 0, is differen- 
tiable in R, but (f(*) — f(y))/(* — y) has no limit when (%,y) tends to (0,0) in the set 
of pairs such that x >0, y>0, + y. 

c) In the interval I = [0,1], the sequence of continuous functions /, is defined as 
follows: f,(?) = ἐ; for each n> 1, ἐμ has the form at + β in each of the 3” intervals 
k k+1 


85 SSS 


for 0< k < 3% — 1; moreover 
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he k k Ι k 2 
In 45 - = fy—1 gn—1 ’ hh gn—1 | gn = ἰ, --1 yen τε ᾽ 
k 2 k 1 
In 3 ae + 45 = tn --1 gr—1 + 8: . 


Show that the sequence (/,) converges uniformly in I towards a continuous func- 
tion which has no derivative at any point of I (use a)). 


2) Let / be a continuous mapping of an open interval I C R into a Banach space E, 
which has at every point ἐξ I both a derivative on the left f(t) and a derivative on 
the right ta(t). 

a) Let U be a non empty open subset of E, A the set of points #¢I such that 


f(t) €U. For any «a > 0, let Βα be the subset of I consisting of points ¢ such that 
there is at least a point seI for which -- α ΞΞ 5 -- ἐ and (f(t) — f(s))/(¢ — s)€U; 
show that B, is open and that An ᾧ B, is denumerable (use problem 3 of section 3.9). 


Conclude from that result that the set of points ¢¢A such that te (2) ¢ U is at most 
denumerable. 


b) Deduce from a) that the set of points ¢¢I such that [κ(ἢ ΞΕ fa(t) is at most 
denumerable. (Observe first that /(I) is a denumerable union of compact metric 
spaces, and by considering the closed vector subspace of E generated by /(I), reduce 
the problem to the case in which the topology of E has a denumerable basis (U,) of 
open sets; then remark that for every pair of distinct points a,b of E there is a pair 
of sets U,,U, such that ae Uy, bE U, and U,n Uy = ©.) 


3) a) Let ἢ be defined in ΒΞ by the conditions 


és 
ΞΞ Ἔξ εξ for 5 = (61,3) τέ (0,9), f(0) = 0. 
1 2 


Show that for any χε R* and any yeR?, the limit lim (f(¥+ty) —f(*))/t=g(%,y) 
t—+>0,t#0 


exists but that y --» g(0,y) is not linear (hence / is not differentiable at the point 0). 
Ὁ) Let f be defined in R? by the conditions 


3 
ξιξς 


τ ι- 


f(*) 


for w= (51,52) # (0,0), — #(0) = 0. 


Show that the limit g(%,y) exists for every + and y and y —> g(x,y) is linear for 
every χε R*, but that / is not differentiable at the point 0. 


4) a) Let f be a continuous mapping of an open subset A of a Banach space E 
into a Banach space F. We say that at χρε A the function f is quasi-differentiable 
if there exists a linear mapping uw of E into F, having the following property: for any 
continuous mapping g of I = [0,1] into A such that g(0) = x, and that the derivative 
g’(0) of g at 0 (with respect to I) exists, then ¢ > f(g(t)) has at the point ¢ = 0 a deriv- 
ative (with respect to I) equal to u(g’(0)). The linear mapping uw is then called a 
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quast-derivative of f at x). Show that if / is quasi-differentiable at %o, its quasi-deriv- 
ative is unique. Extend property (8.2.1) to quasi-differentiable mappings. 


b) Show that if / is quasi-differentiable at x,, its quasi-derivative u is a continuous 
linear mapping of E into F. (Suppose, as one may, that x) = 0, f(%) = 0. Use 
contradiction: if “ is not bounded in the ball B(0;1), there exists a sequence (a,) 


of vectors in E such that ||a,|| = 1, and a sequence (¢,) of numbers > 0, such that 
lim ἐμ = 0 and that |jt, “#(tn@n) || = a, tends to + oo; one can suppose that the 
n—> οὦ 


sequences (?,,) and (/centn) are decreasing and tend to 0. Define a continuous mapping g 
of [0,1] into E such that g(0) = 0, that g’(0) exists and is equal to 0, and that 


δ (|/centn) = tyAy). 

5) a) Let E,F be two Banach spaces, / a continuous mapping of an open subset A 
of E into ἘΞ Show that if is differentiable at x, ¢ A, it is quasi-differentiable at Xo 
and its quasi-derivative is equal to its derivative. 


b) Suppose E has finite dimension. Show that if / is quasi-differentiable at 4% EA, 
f is differentiable at x). (Use contradiction: let « be the quasi-derivative of f at Xo; 
and suppose there is ἃ > 0 and a sequence (χη) of points of A, tending to 9, such that 
|\1(¥n) -- f(%9)—~ τε" (%_, — %)|| > a||%_ — % ||. Using the local compactness of E, 
show that one may suppose that the sequence (||x, — %9||) is decreasing, and that 
the sequence of the vectors 2, = (4, — %)/||%, — %o|| tends to a limit in E; then 
define a continuous mapping g of [0,1] into E such that g(0) = Xo, that g’(0) exists, 
but that u(g’(0)) is not the derivative of ¢ — f(g(t)) at ἐ = 0.) 


6) Let I = [0,1], and let E be the Banach space @ (I). In order that the mapping 
* —» ||x|| of E into R be quasi-differentiable at a point x», it is necessary and sufficient 
that the function ἐ --» |x,(¢)| reaches its maximum in I at a single point f,¢€ 1; the 
quasi-derivative of x —> ||z|| at χρ is then the linear mapping u such that u(z) = 2(t,) 
if %9(fo) > 0, uz) = — χίρ) if 4%9(t9) < 0 (compare section 8.2, problem 3). (To 
prove the condition is necessary, suppose |%,| reaches its maximum at two distinct 
points f,,7, at least; let y be a continuous mapping of I into itself, equal to 1 at fp, 
to 0 at ἢ; examine the behavior of (||% + Ay|| — ||%9||)/A as the real number Δ 4 0 
tends to 0. To prove the condition is sufficient, let 4 — z, be a continuous mapping 
of I into E, having a derivative a¢ E at A = 0 and such that z = 0; observe that 
if ἐλ is the largest number in I (or the smallest number in I) where ¢—>|x(¢) + z,(2)| 
reaches its maximum, then ἐλ tends to ¢, when A tends to 0.) 


7) Let f be a continuous mapping of an open subset A of a Banach space E into 
a Banach space F. Suppose f is lipschitzian in A: this means (see (10.5.4)) that 
there exists a constant & > 0 such that ||f(*,) — f(%,)|| << Al|#, — *,|| for any pair 
of points of A. Let %,¢ A, and suppose there is a linear mapping u of E into F such 
that, for any vector a # 0 in E, the limit of (f(%) + at) — f(%9))/¢ when ¢ 4 0 tends 
to 0 in R, exists and is equal to u(a). Show that / is quasi-differentiable at 7. 


8) a) Let a,b be two points in a Banach space E. Show that the mapping 
t — |la + ?b|| of R into itself has a derivative on the right and a derivative on the left 
for every / € R (prove that if 0 <4 < s, then (||a + d¢|| — ||a||)/#< (||a + bs|| — |\|a||)/s 
and use (4.2.1)). 
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b) Let u be a continuous mapping of an interval Ie R into E. Show that if at 
a point ¢, € I, τ has a derivative on the right, then ¢ > ||u(¢)|| has at 4) a derivative on 
the right and 

D,.|lre(t)|| < ||[D4-a(4)|I 

(apply a)). 

c) Let U be a continuous mapping of I into Y(E; E). Show that if at a point 
t, € 1, U has a derivative on the right and U(t,) is a linear homeomorphism of E onto 
itself, then the mapping ¢ — ||(U(#))—4||, which is defined in a neighborhood of ), 
has a derivative on the right at ¢), and that 


D+ ({](O)) 111) < ΠΡ. 7) ||. 


5. The mean value theorem 


(8.5.1) Let I = [α,β] be a compact interval in R, f a continuous mapping 
of I into a Banach space F, φ a continuous mapping of 1 into R. We suppose 
that there is a denumerable subset D such that, for each EE 1 —D, f and φ 
have both a derivative at — with respect to 1, and that ||f’(é)|| < φ' (ξ). Then 


(8) — [(α}}} < (8) — va). 


Let ἡ — p, be a bijection of N onto D; for any e > 0, we will prove 
that ||/(8) — f(a)|| < (4) — φ(α) + ε(β —a+4+1); the left hand side 
being independent of ε, this will complete the proof. Define A as 
the subset of I consisting of the points € such that, for «<< é, 
Κῶ — Aa)|] < φ(ῶ) --- φ(α) + ε(ἰξ — a) +e Σ 27". It is clear that 


Py -ξ 
aeA; ifFfeAanda<y7< é, then 7 ΕΑ also, by definition; this shows 
that if y is the l.u.b. of A, then A must be either the interval [«,y[ or the 
interval [«,y]; but in fact, from the definition of A it follows at once that 
A = [a,y]. Moreover, from the continuity of / and » it follows that 


(8.5.1.1) |l/(v) — He) || < oy) — pla) +ely—o) +e Σ 2" 


Pn<¥ 


and therefore we need only prove that y = β. Suppose y < £; if y€D, 
then from the definition of the derivative, it follows that there is an interval 
[y.y + A] contained in I such that, fory<E<y+A 


lA) — 4) — POE -— IL <5  -—y) 


bo| 


and 


lv) — φῇ) —e' W)C -- )} <5 -- γ) 
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hence 


AE) — HONE -- γ) +5 (δ -- 7) «φγιξ -- γ) -Ὁ τ (ξ -- γ) 


Ξ φί(ζ) — ply) + ε(ξ — γ) 
and from (8.5.1.1) we deduce 


AS) — 1(.}}} < (a) te(C—a) +e Y 27" 
< φ(ζ) mas φ(α) + ε(ζ — a) t¢ ar: 


contrary to the definition of y. If γε Ὁ, let y= p,,; it follows from the 
continuity of f and @ that there is an interval [y,y + A] contained in I, 
such that for γ - C< yA, 


Wi) —AN<S2-", φί(ῶ -- eM) < 52 


bo| ὦ 


hence, from (8.5.1.1) we deduce again 


(ἢ) — f(a) || < φ(ῷ --- φ(α) + ely — a) +e Σ 2. " 


Py<é 


< φ(ῷ) — φ(α) -Ἐ ε(ξ -- α) +e Σ 2 " 


ρῃ ἢ 
and we reach again a contradiction, 4.6.4. 


The most important case is that in which g(&) = M(é — «) with M > 0: 


(8.5.2) If there 1s a denumerable subset D of I such that, for each δ ΕἸ — D, 
ὖ has at E a derivative with respect to I such that ||f'(é)|| <M, then 


(8) — f(a) || < M(B — a). 


For real-valued functions, the same argument as in (8.5.1) proves the 
first part of: 


(8.5.3) Suppose ῳ is a continuous mapping of I into R such that, at every 
pont ξ ΕἸ — D, φ has a derivative with respect to 1, and m < φ' (ξ) <M. 
Then m(B — x) < φίβ) — pla) < M(B — a); and in fact 


m(B —a)< p(B) — p(a) < ΜΙ — a), 
except when φ(ξ) = φ(α) + mE — a) or φ(ξ) = φ(α) + M(E—«) for ξ ΕἸ. 
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To prove the second part, observe that by the first part, the function 
φί(ξ) — pla) — m(E — a) is increasing in I; if it is not identically 0, then 
g(4) — g(a) — m(B — «) > 0. Similar argument for the other inequality. 


In a normed space E, we define the segment joining two points 4,6 as 
the set of points a+ &(—a)withO<é€<l. 


(8.5.4) Let E,F be two Banach spaces, f a continuous mapping into F of a 
neighborhood of a segment S joining two points χριχρ +t of E. If f ts dif- 
ferentiable at every point of S, then 


IIA % + ἢ — f(%o)|| < | lel cee If (% + ἐξ]. 


<§<l 


Consider the mapping g of the interval I = [0,1] into F defined by 
g(&) = f(xo + &t); by (8.4.1), (8.2.2) and (8.1.3), g is differentiable at every 
point of I (with respect to I) and its derivative is /’(x) + ét)-¢; hence the 
result by (8.5.2) and (5.7.4). 


PROBLEMS 


1) a) Let I = Ja,d[ be an open interval in R, and let / be a real function defined 
in I and continuous on the left at each point fel (ie. f(t —) = ((ἢ). Suppose there 
is a denumerable subset D of I such that for each ¢ eI — Ὁ, f is increasing on the right 
at the point ¢, which means that there is an interval [2 - h] (ἃ > 0) such that 
fé)<f@#) for ¢<t’<t+h. Show that f is increasing in I (apply the same kind 
of argument as in (8.5.1)). 


οο 
b) For each number ἐξ J = [0,1[, let 2 a,/2% be the unique ‘‘dyadic”’ devel- 


n=0 


opment of ἐ such that each a, is either 0 or 1, and there is no index m such that a, = 1 


cO 
for all n > m (see section 4.2, problem 2). Let f(t) = 2 a,/4"%. Show that f is 


n=0 
continuous on the right at every point ἐξ J (i.e. f(¢+) = [(Ὁ), is not constant in any 
subinterval of J having more than one point, and that it has at every point fe J 
a derivative on the right, equal to 0. 
2) Show that the conclusion of (8.5.1) is still true if it is only supposed that f and ῳ 
have both a derivative on the right at every point € of I — Ὁ (f being excepted), 


and that {{{4(8}}} < φαίξ). 

3) Let f be a real continuous function defined in a compact interval [a,8], and 
having a derivative on the right at every point of ]Ja,8[. Let m and M be the g.l.b. 
and L.u.b. of fz in 1α,β[. 


a) Show that if f is not a mapping ¢—Ai-+ μ, the set of all numbers ({(5) —f(y))/(*—y) 
when # and y are arbitrary numbers in [«,8] such that x # y, is identical to Jm,M[. 
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(By suitable substraction of a function of the form ¢— At + yw, reduce the problem 


to showing that if μι) (δ) <0 with y< δ, there are two distinct points in the 
interval ]y,d[, where / takes the same value.) 
Ὁ) Show that if in addition f has also a derivative on the left at every point of 


1α,β[1, then the g.l.b. (resp. l.u.b.) of ta and i in 1α,β[ are the same. 

c) Deduce from b) that if f has a derivative at every point of ]a,@[, the image 
by /’ of any interval contained in 1α,β is connected (see (3.19.1)). 

4) In the interval I = [— 1, + 1] of R, let f be the mapping of I into R? defined 


I i 
as follows: (ἢ = (0,0) if —1l<r+<0; f() = (: ans t? cos ‘) if 0O<f<l. 


Show that f has a derivative at every point of ]— 1, + 11, but that the image of 
that interval by /’ is not connected. 

5) Extend (8.5.4) when / is only supposed to be quasi-differentiable (section 8.4, 
problem 4) at every point of S, and /’ stands for the quasi-derivative. 

6) Suppose F is a real Hilbert space. Deduce (8.5.1) from the same theorem for 
veal functions g, by applying it to the real valued functions & --» (f(&)|a), where ae F. 
(This method can in fact be applied to any Banach space, and even to more general 
Classes of topological vector spaces; see [6] and [23] in the Bibliography.) 


6. Applications of the mean value theorem 


(8.6.1) Let A be an open connected subset of a Banach space E, f a contin- 
uous mapping of A into a Banach space F; τῇ f has a derivative equal to 0 
at every point of A, then f ts a constant. 


Let x, be a point of A, and let B be the set of points x € A such that 
{(x) = [(x9). Β 15 closed with respect to A (3.15.1); on the other hand, if 
x € B and if U is an open ball of center x contained in A, then U contains 
the segment joining x to any of its points y, hence by (8.5.4) 
f(y) = f(x) = χορ). This shows that B is also open with respect to A, 
hence equal to A by assumption (3.19). 


Better results are available, using (8.5.2): for instance, if E = R 
and A is an interval in R, it is only necessary to assume that the derivative 
of f exists and is 0 except at the points of a denumerable set. 


(8.6.2) Let E,F be two Banach spaces, f a differentiable mapping into F 
of an open neighborhood A of a segment S joining two points a,b. Then, for 
each x,E A, we have 


70) — f(a) — f'(%) " (6 — @)|| < [16 -- a]: =e ΠΓ() — F'(%) ||: 
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Apply (8.5.4) to the mapping 
% —> f(x) — [(λο) * * 
whose derivative is ¢ > (f’(x) — f’(%»)) ὁ by (8.2.2) and (8.1.3). 


(8.6.3) Let A be an open connected subset in a Banach space E, ({,) 4 sequence 
of differentiable mappings of A into a Banach space F. Suppose that: 1° there 
exists one point x,¢ A such that the sequence (f,(%9)) converges in F; 2° for 
every point ac A, there is a ball Bia) of center a contained in A and such 
that in B(a) the sequence (f,,) converges uniformly. Then for each «ΕΑΔ, the 
sequence (f,) converges uniformly in Bia); moreover, if, for each xeEA, 
f(x) = lim f(x) and g(x) = lim f(x), then g(x) = f'(x) for each χε A. 

Let 7 be the radius of B(a); then by (8.5.4), for any point x ε Bia), 
we have 


Π},(5) — ξ,(α) — (ὑμ(α) — fm(@))\] < 1χ — α]} SUP Win (2) — fn(2)|| 


(8.6.3.1) ον... \\fn(2) --- f(2) I]: 

As the sequence (f’) is uniformly convergent in B(a), and F is complete, 
this proves that if the sequence (f,(x)) is convergent at any point of B(a), 
it is also convergent at every point of B(a), and in fact uniformly convergent 
in B(a). This result first shows that the set U of the points x such that 
(f,(x)) is a convergent sequence, is both open and closed in A; as it is not 
empty by assumption, and A is connected, U = A. We finally prove g 1s 
the derivative of /: given ε > 0, there is by assumption an integer 7, such 
that for n>, m> Mp, ||f,(2) — fr(2)||<e/r for every ze B(a), and 
moreover ||g(a) — f,(a)|| <<; letting m tend to + oo in (8.6.3.1), we 
see that, for ἡ >, and x € B(a), we have 


Π7(5) — f(a) — ((,(5) — {,(4}}}} < elle — 4]. 


On the other hand, for any ” > mp, there is’ <r such that, for ||x—a||<7’, 
we have ||f,(x) — {,(α) — f(a): (* — @)||<e||x —a||; using (5.7.4), we 
finally see that for ||x — αἱ <7’, we have 


|x) — f(a) — g(a) - (α — 4)|| < 3el|x — a 


which proves that /‘(a) exists and is equal to g(a), q.e.d. 
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Again, we can state better results when E = Rand A is an interval in RB: 


(8.6.4) Let (g,) be a sequence of mappings of an interval ICR into F, and 
suppose that, for each n, g,(&) ts the derivative of a continuous function i, 
except for the points ξ of a denumerable subset D, CI. Suppose in addition 
that: 1° there exists a point ξρ ΕἸ such that the sequence ( f,(&)) converges 
in F; 2° for every point ξ ΕἸ, there is a neighborhood B(l) with respect to I 
such that in B(C) the sequence (g,) converges uniformly. Then for each CEA, 
the sequence ({,) converges uniformly in B(l); and if we put f(é) = lim i,(&) 


n—> Ὁ 


and g(f) = lim g,(&), then at every point of A not in (J D,, f’(é) = g(é). 


nu—> 


The proof repeats that of (8.6.3), using (8.5.2) instead of (8.5.4). 
(8.6.3) yields in particular: 


(8.6.5) Let A be an open connected subset in a Banach space, (u,) a sequence 
of differentiable mappings of A into a Banach space F. If for every ac A, 
there ts a ball B(a) of center a contained in A and such that the series (μ΄. is 
uniformly convergent in B(a), and if there exists a point χρ ε A such that 
the serves (u,(%»)) 1s convergent, then for each ac A, the series (u,) is uniformly 


co 


convergent in B(a), and its sum s(x) has a derivative equal to Σ u(x) at 
n=0 


every XEA. 


PROBLEMS 


1) Let /,g be two real valued differentiable functions defined in an open interval 
ICR. It is supposed that f(#) > 0, g(#) > 0, ζ(ἢ > 0 and g’(t) > O in I. Show that 
if the function /’/g’ is strictly increasing in I, either //g is strictly increasing in I, or 
there exists c € I such that //g is strictly decreasing for ¢<c and strictly increasing 
for ὁ >> c. (Prove that if f’(s)/g’(s) < f(s)/g(s), then for any ¢ < s, f’(2)/g’(t) < f(2)/g(2)). 
Apply to the function 


tgi tga 
t a 
ttgi—atga 


π 
in the interval J. =| ‘ 


2) a) Let I be an open interval in R, x, € R one of its extremities, ¢ a continuous 
mapping of I into a Banach space E. Suppose there is a denumerable subset D of I 


such that at each point of I — Ὁ, / has a derivative on the right. In order that fa(t) 
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have a limit when ἐ tends to x, in I — D, a necessary and sufficient condition is that 
(f(t) — f(s))/(4 — s) have a limit when the pair (5,1) tends to (%9,%9) in the set defined 
by sel, ¢e€I, s~#. Both limits are then the same; if ὁ is their common value, 
show that {(Π has a limit in E when ¢ tends to Χο in I, and that if f is extended by 
continuity to I U {χροὶ (3.15.5), (f(2) — [(59}}({ — χο) tends to c when ὁ tends to 4%, in I. 
(Use the mean value theorem and Cauchy’s criterion.) 


b) Show that at every point ¢¢ I — D where he is continuous on the left, / has a 


derivative on the left. If at ‘eI — D, ta is continuous, f has a derivative at the 
point #. (Use a).) 

3) Let f be a differentiable mapping of an open subset A of E into F (E,F Banach 
spaces). 

a) In order that f’ be continuous at % , a necessary and sufficient condition is 
that, for any e > 0, there exist 6 > 0 such that the relations ||s|| < δι << 6 imply 
IF(%o + 5) — f(% + ἢ — f’'(%)* (s — || < ells — ἢ]. 

Ὁ) In order that /’ be uniformly continuous in A, a necessary and sufficient condi- 
tion is that, for any e > 0, there exist 6 > 0 such that the relations ||s|| Ξ 6, xe A, 
x+éseA for 0O< ξςξ 1 imply ||f(* + 5) — f(*) — f’(4) " 5|] < ells]. 

4) Let f be a continuous mapping of a compact interval IC R into R, having a 
continuous derivative in-I. Let S bé the set of points ¢e I such that (ἡ = 0. Show 

οΌ 


that for any e > 0, there exist a sequence (7,) of numbers > 0 such that Σ' γρ Ξξ ε 
n= 0 


and that the set /(S) is contained in a denumerable union of intervals J,, such that 
O(Jn) <7. (For any a > 0, consider the open subset U, of I consisting of the points 
t where |f’(t)| <a; use (3.19.6) and the mean value theorem.) 

5) Let f be a continuous mapping of an interval IC R into C, such that f(t) ~ 0 


in I and that fa(t) exists in the complement of a denumerable subset D of I. In order 
that |f| be an increasing function in I, show that a necessary and sufficient condition 
is that B(fz(t)/f(t)) > O in I — Ὁ. 

6) Let E,F be two Banach spaces, A an open subset of E, B a closed subset of 
the subspace A, whose interior is empty and such that any segment in E which is not 
contained in B has an at most denumerable intersection with B. Let f be a contin- 
uously differentiable mapping of A — B into F, and suppose that at each point ὁ ε B, 
the limit of /’(¥) with respect to A — B exists. Show that f can be extended by 
continuity to a continuously differentiable mapping } of A into F (same method as 
in problem 2 a)). 


7. Primitives and integrals 


Let / be a mapping of an interval IC R into a Banach space F. We 
say that a continuous mapping g of I into F is a primitive of f in I if there 
exists a denumerable set D CI such that, for any eI — D, g is differen- 
tiable at € and g’(é) = /(&). 
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(8.7.1) If g1.2_ are two primitives of f in I, then gy — 8» ts constant in I. 
This follows at once from the remark following (8.6.1). 


Any interval I in R (not reduced to a point) is the union of an increasing 
sequence of compact intervals J,; to check that a function / defined in I 
has a primitive, it is only necessary to do so for the restriction of f 
to each of the J,,: for if ξρ is an interior point of J,, and if, for each n, g, is 
the primitive in J, of the restriction of f to J,,, such that g,(&) = 0 (which 
is uniquely determined by (8.7.1)), then the restriction of g,,, to 1, isa 
primitive of / in J, vanishing at &), hence equal to g,. We can therefore 
define the mapping g of I into F as equal to g, in each of the J,, and it is 
obvious that g is a primitive of f in I. 


(8.7.2) Let I be an interval of R; any regulated mapping of I into F (7.6) 
(and in particular any continuous mapping into F, or — when F=R — 
any monotone function) has a primitive in I. 


From the preceding remarks, it follows that we can assume I is compact. 
Then, from (8.6.4) and (7.6.1) it follows that we need only prove the theorem 
for step-functions. Suppose f is a step-function, (A,))<;<, an increasing 
sequence of points in I = [α,β] such that A) = α, A, = B and /(&) is equal 
to a constant ὁ; in Ιλ... (0<t<n-—1). Then if we define 
g such that in each interval [/;,A;,,] (0<i<n—1), we have 

i-1 


δ(ξ) =c¢(E—A)+ 2 c(A,.,—A,), it is readily verified that g is a 
k=0 


primitive of /. 
A primitive of a step-function is also called a piecewise linear function. 
For a continuous function, we have furthermore: 


(8.7.3) If gts a primitive of a continuous mapping f of 1 into F, then g has 
at every point € EI a derivative with respect to I equal to f(é). 


For it follows from (8.5.2) that for every interval [ξ,ξ + A) cI 
le(E + ἢ — κ(ξ) —KAE<e sup ||KE+n) — f4)| 


Oxyd 
for O<¢ <A, and sup |[f(&+ 7) — [(ξ}}} is arbitrarily small with 4, 
θκηξκλ 


by assumption. 


If gis any primitive of a regulated function /, the difference g(8) — g(a), 
for any two points of I, is independent of the particular primitive g which 
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B 
is considered, owing to (8.7.1); it is written [{(ξ)άξ, and called the zntegral 


of f between « and B. Any formal rule of derivation can be translated into 
that notation and yields a corresponding formula of “integral calculus” ; 
we only write explicitly the three most important ones; for convenience, 
if g is a primitive of a regulated function /, we write g’ instead of /, although 
g does not have in general a derivative everywhere, and when the deriv- 
ative exists it may fail to be equal to ἡ (at the points of a denumerable set) : 


(8.7.4) (‘Change of variables’). Let φ be a real-valued primitive of a 
regulated function defined in an interval 1; let f be any regulated function 
defined in an interval J > φ(]); then, if either f 1s continuous or p 15 monotone, 
for any two points α,β of I, we have 


B φ(β) 
[κριφηφίομε = | [(ζ)άς. 
α ola 


The only point to check is that {(φ(ξ))φ΄ (ξ) is a regulated function, which 
follows at once from the assumptions and from the definition of a regulated 
function (7.6); then, if g is a primitive of /, both sides of the formula are 
equal to g(y(6)) — g(y(a)), due to (8.4.1). 


(8.7.5) (‘Integration by parts’). Let f,g be primitives of regulated func- 
tions defined in an interval I, and taking their values in two Banach spaces 
E,F respectively; and let (x,y) —~ [x+y] be a continuous bilinear mapping 
of E x F into a Banach space G; then, for any points «,B of 1 


B β 

| [(ξ) - ε΄ (δ) ἀξ = [ΡῈ " 8(8)] — Ua) - ala)! -| [7'(€) - g(&) ]aé. 
Again, the only point to check is that [{- γ΄] and [/’- 6] are regulated 

functions, and then the formula follows from (8.1.4) and (8.4.1). 


(8.7.6) Let f be a regulated mapping of 1 into a Banach space F, and let u 
be any continuous linear mapping of F into a Banach space G. Then 


B B 
| winenas = {4 jes) 


ce 


This follows from (8.4.1) and (8.1.3). 
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The translation in terms of integrals of the mean value theorem reads: 


(8.7.7) For any regulated function } in a compact interval, 


B B 
| | nejas| < | E46 < (8 — 0) sup i) 


Here again, to apply (8.5.1) we have only to verify that  — |7(&)|| is 
regulated. 
Finally, we express for integrals results corresponding to (8.6.4) and 


(8.6.5): 


(8.7.8) Ifa sequence (g,) of regulated functions, defined in a compact interval 


B 
I = [a,8], converges uniformly in I to g, then the sequence ( Je,(£)@é) converges 


x 


β 
to fg(é)d&. (Remember g is regulated by (7.6.1).) 


(8.7.9) If a series (u,) of regulated functions, defined in a compact interval 


I = [α,β], 1s normally convergent (7.1) in I, then, ifu= ZX u,, the series 


n=0 
B B co β 
of general term [ u,(&)dé& is absolutely convergent, and [ u(£\dé a J 4, 


The absolute convergence follows at once from the assumption and the 
mean value theorem (8.7.7). 


PROBLEMS 


1) Let 7 be a regulated function defined in a compact interval Ic R. Show that 
for any ¢ > 0, there is a number 6 > 0 such that for any increasing sequence 
MHA. SRS RK HR 41K... τ #, Of points of I for which χὰ 4.4 — 4, <4, 
we have 


n—I1 


| fro seas Σ Σ σε τ xp) ||<e 


(“Riemann sums’’; consider first the case in which f is a step-function). 
2) a) Let / be a regulated function defined in a compact interval I = [a,b]. Show 
that for any e > 0, there exists a continuous function g defined in I and such that 


ὃ 
Sif — e@|ldt<e. 
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b) Suppose f takes its values in E; let ὁ be a regulated function defined in I and 
taking its values in F, and let (x,y) > [%- y] be a continuous bilinear mapping of 
E x F into G (E,F,G Banach spaces). Show that 


b 
πὰ f [f(@)- Ale + s)]dt = fr: (ἢ 11. 
s—0,s>04 


c) Show that 


b ὃ 9 b 
lim [f(é)sinntdt = lim ff(t)cosmtdt=0, lim Ϊ f(t)|sin nt|dt = — [ (ἡ 4! 
% a 


n-—>O ἃ n—->O @ n—»O a 


d) Let u be a primitive of /, and suppose μ(1) is contained in a ball BCE. Show 
that if g is a monotone function in I, then 


b 
J f@gle\dt = (u(b) — ο)6(6) + (ὁ — 4(@))g(a) 


where ce B. In particular, if f is a real regulated function, there exists s € I such that 
b 


s ὃ 
J fgttyat = φ(α) f fat + 6(6) [{{ἢἀἱ 


(‘the second mean value theorem”’). 


(For all these properties, use the same method as in problem 1). 


3) Let f be a regulated function defined in a compact interval I = [a,b]. For 


b—a 
any integer » > 0 and any integer k such that O< k< 1, let x, = a@ + k —— ; let 
n 


" b 
ἔθη anaes ΕΣ Τὴ — ff@at. 


a) Suppose f has a continuous derivative in I. Show that 


b—a 
lim nr(n) = Σ (f(b) — f(a)). 


nm—> © 
n—1 *k+1 
(Write γί) = 2 J (f(¥z +41) — f(t))dt; use the mean value theorem and problem 1.) 


b) Suppose f is an increasing real function in I; show that 


b—a 
O0<r(n)< 


(f(b) — f{a)). 
c) Give an example of an increasing continuous function f in I such that mr(n) 


b—a 
does not tend to (f(b) — f(a)) when n tends to + oo, (Take for f/ the limit of 
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a sequence (f,) of increasing continuous piecewise linear functions, satisfying the 
conditions 


m | oo 


(ὃ — a)(fn(b) — fu(a)) 


n 


ar hea b 
(6 — a) ἌΣ In| α - ἃ 2 — 2" Jf.@at> 


and 


b—a 


b= 
ΟΣ ἜΠΟΣ =) for 0<k <2") 


4) Show that, when » tends to + oo, the polynomial 
x 1 
tn(x) = f (1 — #)"ae] f (1 — 2)"at 
0 0 


converges uniformly to — I in any interval [~— 1, — ΕἾ and converges uniformly to +1 
1 1 

in any interval [e, +1] («> 0 arbitrary; use the inequality J (1 — ¢?)"di > J (1 — ἢ 4. 

0 0 


x 
Let g,(x) = f fu{t)dt; show that the polynomial g, converges uniformly to the 
0 


function 4] in [—1, +1], obtaining thus a new proof of (7.3.1.3)). 


5) Let f be a continuous mapping of an interval [%, + co[ into a Banach space E, 
such that for each A>0, lim (f(* + A) — f(x)) = 0. 


X—>-+ ὦ 
a) Show that f(* + A) — f(x) converges uniformly to 0 when χα tends to + oo 
and A remains in a compact interval K = [a,b] Cc [0,+ oof (i.e., for every € > 0 there 
exists A > 0 such that x > A implies ||f(# + 2) — f(*)||< ε for every Ae K). (Use 


contradiction: suppose there is a sequence (Χμ) such that lim χη = + oo, and 
n> © 


a sequence (A,) of points of K such that ||f(*, + 2,) — f(#,)|| > a> 0, for every n. 
Observe that there is a neighborhood J, of A, in Καὶ such that ||f(%, + 4) — f(,)|| > α 
for any A€ Jy. Define by induction a decreasing sequence of closed intervals I, € K, 
and a subsequence (4,,) of (%,) such that (σης + μὴ — f(%y,)|| 2 «/3 for every μετ; 
to define I, 1 1 when I, is known, observe that if δὰ is the length of I,, and gan integer 
such that gd, > b — a, then ||f(* + δα) — f(*)||< «/3¢ as soon as χὶ is large enough.) 
x+1 
Ὁ) Deduce from a) that lim ( [ [(ἢ 4 — f(x)) = 0, and conclude that 
X—>+0 χα 
lim f(*)/* = 0. 

a> © 

6) a) Show that there exists a differentiable real function / (resp. g) defined in R 
and such that /’(#) = sin (1/t) (resp. β΄ (ἢ) = cos (1/t)) for ὁ ~ 0 and /’(0) = 0 (resp. 
g’(0) = 0). (Consider the derivatives of the functions ἐξ cos (1) and 22 sin (1/t).) 
The functions /’ and g’ are not regulated. 

b) Let P(¢,u,v) be a polynomial in w and v with coefficients which are continuous 
real functions of ¢ in an open interval IC R containing 0. Show that there exists a 
differentiable function f defined in I, such that /’(¢) = P(#, sin (1/t), cos (1/t)) for 
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ὁ ᾿ξ 0 (express monomials in sin (1) and cos (1/#) as linear combinations of terms 
of the form sin (k/t) or cos (k/t), and use a)). What is the value of f’(0) ? Show that 
one may have /’(0) + P(0,0,0). 

c) Show that there exists a differentiable function f defined in [—1, + 1] and 
such that /’(é) = sin (1/sin (1/¢)) at every point ¢ other than 0 and the points I/nn 
(n positive or negative integer). (In the neighborhood of ¢#= I/nx, write 


1 
t= ----------- and use Ὁ) to prove the existence of f’(1/nz); furthermore, 
nna + Arcsin u 


show that there is a constant a > 0, independent of ἢ, such that 


2/(2n —1)x 
sin (1/sin (1/t))dt| << αν 
'2/(2n +1) 


for every integer > 0; consider then the function 


t 
g(t) = lim f sin (1/sin (1/s))ds 


e—>O € 


for t > 0, and define / similarly for ¢ < 0.) 


7) Let I = [0,1[ and let E be the vector space of regulated complex functions 
defined in I, bounded and continuous on the right (i.e. f(¢+) = f(¢) for te I). 


+1 
a) Show that on E, (flg) = J t@eae is a nondegenerate positive hermitian 
—1 


form (see (8.5.3)). Prove that the prehilbert space E thus defined is not complete (use 
the fact that the function equal to sin (1//) for ¢ > 0, to 0 for ¢ = 0, is not in E). 
Ὁ) Define the sequence (/,) of elements of E in the following way: 
1° fy is the constant 1; 
2° for each integer 2 > 0, let m be the largest integer such that 2” < n, and 


2k +1 


let n= 2" 4k; f, is taken as equal to 2”/2 for saat 


<< 


m {2 
a Ξ to — Qml 


2k+1 2k + 2 


for gm +1 Shs gm+1 ’ 


and to 0 for all other values of # in I. 
Prove that in the prehilbert space E, (ἐμ) is an orthonormal system (the “‘Haar 
orthonormal system’’). 


c) For each > 0, let V, be the subspace of E generated by the ἐκ of indices 
k<n. Show that there is a decomposition of I into + 1 intervals of type [a,A[ 
without common points, such that, in each of these intervals, every function belonging 
to V, is constant; conversely, every function having that property belongs to V, 
(consider the dimension of the vector subspace of E generated by these functions). 


d) Let g be an arbitrary function of E, h its orthogonal projection (section 6.3) 
on V,; show that in each of the intervals [a,8[ in which all the functions of V, are 
B 


| g(ujdu. 


a 


constant, A(t) = 


β--α 
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e) Show, by using d), that for any function γε E which is continuous in I, the 
series of general term (g|/,)/,(¢) is uniformly convergent in I and that its sum is equal 
to g(t). Conclude from that result that (f,) is a total orthonormal system in E. 

8) Let f be a regulated real valued function in a compact interval I = [a,b]; 

b 
let J |(t)|€@¢ = c. Show that for any ¢ > 0, there is a real valued continuous function g 

a 


b 
in I, such that |g(¢)| < 1 in I, and that [ f(t)g(t)dt > ὁ — ες. (Reduce the problem to 
a 


the case in which f is a step function.) 


8. Application: the number ὁ 


For any number a > 0, the function x - αὖ is continuous in R (4.3), 


hence the function g(x) = fa‘dt is defined and differentiable in R, with 
0 


ΧΙ x x+1 
g’(x) = α΄ everywhere. Now we have g(x + 1) = [ adt = J a'dt + [ adt. 
0 0 x 


x+tl 1 1 
But by (8.7.4), [ a’dt = [αὐ Ὁ “ἄπ --- αὐ fa“du; as a* > inf (a,1) forO <x <1, 
x 0 0 


1 
c = fa“du is >0 by (8.5.3), hence we can write 
0 


αὖ = c1(g(x + 1) — g(x)) 


and therefore αὖ is differentiable in R, and D(a*) = g(a) - a*, where g(a) 4 0 
if a~1. Suppose a ~ 1, and let ὃ be any number > 0; we can write 


b* ees qi 8a? 
and therefore, by (8.4.1) 


φί(θ) - δ᾽ = log, ὁ " g(a) " δ", 


in other words 
φ(θ) = φ(α) log, ὃ. 


There is therefore one and only one number ¢ > 0 such that φ(ε) = 1, 
namely ὁ = a/*"); as D(e*) = e*>0, e* is strictly increasing (by (8.5.3)), 
and hence e = e!> 60 = 1. The function 67 is also written exp (x) or exp x. 
The function log ,x is written log x and it follows from (8.2.3) and (4.2.2) 
that D(log x) = 1/* for x >0. Furthermore D(a*) = log a- a’. 
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PROBLEM 


Study the variation of the functions 


bes) GaP σε θη Gee) 
Ss ; 1+ — ’ SS ee Loss 1+ 
x x x x a 


for x > 0, p being a fixed arbitrary positive number; find their limits when x tends 
to + o., 


9. Partial derivatives 


Let / be a differentiable mapping of an open subset A of a Banach 
space E into a Banach space F; Df is then amapping of A into #(E; F). 
We say that / is continuously differentiable in A if Df is continuous in A. 

Suppose now E = E, x E,. For each point (a,,a,) € A we can consider 
the partial mappings x, — /(x,,a4,) and x, —/(a,,x,) of open subsets of 
E, and Ἐς respectively into F. We say that at (a,,4,), f is differentiable 
with respect to the first (resp. second) variable if the partial mapping 
X%, > f(%1,aq) (resp. χα > f(a,,%_)) is differentiable at a, (resp a,); the 
derivative of that mapping, which is an element of #(E,; ΕἸ (resp. #(E,; F)) 
is called the partial derivative of f at (a,,a,) with respect to the first (resp. 
second) variable, and written D,/(a@,,a,) (resp. Dg/(a,,4.)). 


(8.9.1) Let f be a continuous mapping of an open subset A of E, Χ E, 
into F. In order that f be continuously differentiable in A, a necessary and 
sufficient condtiton 15 that f be differentiable at each point with respect to the 
first and the second variable, and that the mappings (x,,%_) > D,/(x1,%_) and 
(%1,%_) + Dof(x,,%_) (of A into F(E,; ΕἸ and £(E,; ΕἸ respectively) be contin- 
uous in A. Then, at each point (x,,x%.) of A, the derivative of f is given by 


(8.9.1.1) Df(%1,%2) " (tyste) = Dyf(%1,%2) "ἢ + Dof(%1,%9) " te. 


a) Necessity. The mapping x, > /(x,,a,) is obtained by composing / 
and the mapping x, — (x,,a,) of E, into E, x E,, the derivative of this 
second mapping being ἡ, — (¢,,0) by (8.1.2), (8.1.3) and (8.1.5). Then by 
(8.2.1), x, +/(%,,@,) has at (a,,a,) a derivative equal tot, ~Df(a,,a,) - (¢,,0). 
If we call ἢ, (resp. 7.) the natural injection ἢ — (¢,,0) (resp. ¢, — (0,¢,)), 
which is a constant element of #(E,; E, Χ E,) (resp. Y(E,; E, x E,)), 
we therefore see that D,/(a,,a,) = D/f(a,,a,)o1,, and similarly D,/f(a,,a,) = 
D/(a@,,a,)ot, (all this is valid if f is simply supposed to be differentiable in A). 
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As the mapping (v,u) > vou of P(E, x E,; F) x #(E,; E, x E,) into 
£(E,; ΕἸ is continuous ((5.7.5) and (5.5.1)), the continuity of D,f and D,f 
follows from that of D/; finally, as (4,,¢,) = ἡ (ἢ) + t(¢), we have (8.9.1.1). 


b) Suffictency. Write 
f(a, + 41,42 + ty) — f(a,,49) 
= (f(a + bya + te) — fay + ty) + (fay + ty,42) — f(a4,42)). 
Given ¢ > 0, there is, by assumption, an r > 0 such that, for ||t,||<~7 
II/(41 + 44,42) — f(ay,42) — Dyf(ay,42) - || < e||4]|- 


On the other hand, we have in a ball B of center (a,,a,) contained in A, 
by (8.6.2) 


(ay + ἔνα + te) — (αι + t1,4) — Dof(ay + 41,49) " ἐᾳ}} 
- \¢0|| Ἵ sup ποις + ἦχγας + 2) — Dof(a, + ἢ,,44)}|]. 


[5 < [Its 


The continuity of the mapping D,/ therefore implies that there is 7’ > 0 
such that for {9} <7’ and {||} <7’, we have 


|\f(4y + by,dg + ty) — flay + t,a2) — Dof(a, + 4,42) ° te|| < εἰ} 
and on the other hand 
ΠΗ (a, + ἐχ,αρὴ — Def (a4,4,) || Se 
hence, by (5.7.4) 


|[Dof(a, ++ t,aq) " ty — Dof(ay,49) ° te|| S εἰ]. 


Finally, for sup ([[ἀ{],} {41} < inf (γ,7γ)ὴ we have 


I|7 (a + t1,€_ + ty) — f(4,,42) — D,f(a1,49) +t, — Dof(ay,22) - ty|| 
|; lee) 


which proves (8.9.1.1); the continuity of D/ follows from the fact that 
(8.9.1.1) can be written Df = Djfoz, + Πρ, οί, and from (5.7.5). 


< 4e sup (|| 


Theorem (8.9.1) can be immediately generalized to a product of ἡ 
Banach spaces by induction on ”; if we combine that result with (8.2.1), 
we obtain 
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(8.9.2) Let f be a continuously differentiable mapping of an open subset A 


of E= IT E, into F, and, for each 1, let g; be a continuously dttferentiable 
i=1 

mapping of an open subset B of a Banach space G into E;, such that 

(g,(z),.--.2,(2)) € A for each ΧΕ Β. Then the composed mapping fo(g,,.-- 8) 

is continuously differentiable τη B, and we have 


D(fo(g1,-- -&n)) = Σ ((θεδοίξν»: » 0,8.) 1) 6. 


PROBLEMS 


1) Let E,F be two Banach spaces, f a continuous mapping of an open subset A 
of E into F. Suppose that for each xeA, there is an element u(x) € «ΚΕ; ΕἾ such 
that, for every vector y €E, the limit of (f(# + ty) -- [(5}}}} when ¢ τέ 0 tends to 0 
in R, exists and is equal to u(x) + y. Suppose in addition that x — u(x) is a continuous 
mapping of A into A(E; ΕἸ. Show that f is then continuously differentiable in A and 
that u(x) = Df(x) for every χε A. (Apply the mean value theorem to the function 
t — f(x + ty) for te [0,1].) 

2) Let E be the space (cy) of Banach (section 5.3, problem 5); let F be the complex 
Banach space (cy) + i(¢9), consisting of all sequences z = (Cy)n>0 Of complex numbers 
such that lim ¢, = 0, with the norm ||z|| = sup [ζ,. We denote by F, the real 


n> τ n 
Banach space underlying F (section 5.1). Let Ic R be an open interval containing 0, 
and for each integer ἢ > 0, let /, be a continuous mapping of I into C such that the 


condition lim #, -- 0 implies lim f,(t,) = 0; this defines a mapping [: 
n> © n—-> oo 


(En) > (fnlEn)) of E into Fy. 
a) Suppose f is continuous in a neighborhood of 0. In order that f/ be quasi- 
differentiable at the point 0 (section 8.4, problem 4), it is necessary and sufficient 


that for each » the derivative f,,(0) exist and that sup | fn(0)| < +o. 
n 


b) In order that / be differentiable at 0, it is necessary and sufficient that for every 
ε 0, there isa 6 > 0 such that the relation |t| < ὃ implies |/,(¢) — /,(0) — fn(0)t|<el¢| 
for every n. 

c) In order that the derivative /’ exist in a neighborhood of 0 in E and be contin- 
uous at 0, a necessary and sufficient condition is that there exist a neighborhood 


J cI of 0 such that: 1° each " exists in J; 2° sup fn (0) | < +o; 3° the sequence 
n 


(fn) is equicontinuous at the point 0 (section 7.5). (See section 8.6, problem 3.) 

d) Let f,(t) = e”*#/n for every n > 1, (ἢ = 1. Show that 7 is quasi-differentiable 
at every point xe E; if u(x) is the quasi-derivative of f at the point x, show that 
the mapping (%,y) > u(x)-y of E x E into Fy is continuous, but that f is not 
differentiable at any point of E. ᾿ 
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3) Let f be a continuous mapping of an open set A of a Banach space 
E into a Banach space F. Suppose that for any xe€A and any yekE, 


lim = (f(¥ + ty) — f(x))/t = g(#,y) exists in E. If, for y;e€E, 1 <t1< 4, 
t—0,14+0 


and #,¢€ A, each of the mappings ¥ —g(x,y;) is continuous at ζ0. show that 
nr 
βίχω γι + Ve +... + 70) = Σ g(%o,y¥;) (apply the mean value theorem). 
+= 1 
4) Let E,,E,,F be three Banach spaces, / a continuous mapping of an open subset A 
of E, x Ἐς into F. In order that f be differentiable at (a,,a,) €¢ A, it is necessary and 
sufficient that: 1° D,f(a,,a,) and D,f(a,,a,) exist; 2° for any ε > 0, there exists db > 0 
such that the relations ||t,||< δ, ||¢.|]< 6 imply 


Πα. + ἢνας + te) — f(a, + tag) — [(α,,ας + ty) + f (41,4) || < (||| + ||¢21|)- 


Show that the second condition is satisfied if D,/(a,,a,) exists and there is a neigh- 
borhood V of (a,,@,) in E, Χ Ἐς such that D,f exists in V and the mapping 
(¥1,%_) — D,f(*,,%,) of V into W(E,; F) is continuous. 

5) Let f be the real function defined in R? by f(x,y) = (xy/r) sin (1/r) for 
(x,y) τέ (0,0), with y =|/¥2 + y?, and (0,0) = 0. Show that D,f and D,f exist at 
every point (%,y)¢R?, and that the four mappings x -- D,/(%,b), y > D,f(a,y), 
* —» D,f(x,b), y --ν D,f(a,y) are continuous in R for any (a,b) ε 2, but that / is 
not differentiable at (0,0). 


6) Let I be an interval in R, ῥ a mapping of I? into a real Banach space E, such 
that, for any (a,,...,@») € I?, each of the mappings 3) —> f(ay,.- .,4; —1,%7),4j 41,---,4p) 
(1<7< 2) is continuous and differentiable in I, and furthermore, the p functions 
Ὠ; (l<7< p) are bounded in I?. Show that / is continuous in I? (use the mean- 
value theorem). 


10. Jacobians 


We now specialize the general result (8.9.1) to the most important 
cases. 


A) E = R" (resp. E= (ἢ. If fis a differentiable mapping of an open 
subset A of E into F, the partial derivative D,/(«,,...,«,) is identified toa 
vector of F (8.4), and the derivative of / is the mapping 


n 
(ζχ,...«ὐὐζ,}-τ- Σ᾽ Dif (oy «458, )C,: 
k=1 
If Df is continuous, so is each of the D,/. Conversely, if each of the mappings 
D,f exists and is continuous in A, then f is continuously differentiable 
in A. 
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B) E=R* and F = R” (resp. E = (ἢ and F = 0. Then we can 
write { = (q1,...,@,,), Where the φ; are scalar functions defined in E, and 
by (8.1.5) f is continuously differentiable if and only if each of the φ; is 
continuously differentiable; again, by case A), φ; is continuously dif- 
ferentiable if and only if each of the partial derivatives Dy; (which is now 
a scalar function) exists and is continuous. Furthermore, the (total) deriv- 
ative of / is the linear mapping 


(C1, ΡΟ 2) ἘΞ (η1; Seem Nm) 
with 


in other words, /’, which is a linear mapping of R” into R® (resp. of €” 
into ©”), corresponds to the matrix (Dj,(a,,.. .,%,)), which is called the 
jacobian matrix of f (or Of Qy,---,Pm) at (%,...,4,). When m =n, the 
determinant of the jacobian (square) matrix of / is called the jacobtan of f 
(or of y,,...,9,). Theorem (8.9.2) specializes to 


(8.10.1) Let φ; (1 « 7 <_m) be m scalar functions, continuously differentiable 
in an open subset A of R* (resp. €”); let ψ, (lL <i <p) be p scalar func- 
tions, continuously differentiable in an open subset B of R™ (resp. ©”) 
containing the image of A by (Py,---,Pm)s then tf (x) = b(p1(%),-- - Pal *)) 


for xe A and 1 <i< hp, we have the relation 


(D,9;) = (Ὀ,ψὴ (D,9;) 


between the jacobian matrices; in particular, when m=n=p, we have 
the relation 


det (D,0;) = det(D,y,)det(D,¢,) 


between the jacobians. 


We mention here the usual notations fe (Es, sapeale. 0) Cbs ἐἰξχφι δον, 
for D,f(é,,...,¢,), which unfortunately lead to hopeless confusion when 
substitutions are made (what does f(y.) or f,(x,x) mean?); the 
jacobian det(D,9g,(§,...,§,)) is also written D(q1,- +» Pn) /D(S1,-- -5&,) OF 


O(P1,- + +, Py)/O(E1,- - -E)- 
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11. Derivative of an integral depending on a parameter 


(8.11.1) Let I = [α,β] CR be a compact interval, E,F real Banach spaces, 
f a continuous mapping of I x A into F (A open, subset of E). Then 


e(2z) = [ Με,)άξ 15 continuous in A. 

Given e > 0 and Ζ0 ΕΑ, for any ξεῖ, there is a neighborhood V(é) 
of € in I and a number 7(&) > 0 such that for ἡ € V(é) and ||z — 29] < 7(é) 
\\f(7,.2) — £(€,29)|| <<. Cover I with a finite number of neighborhoods 
V(é;), and let γ = inf (7(&,)). Then ||f(&,z) — f(€,29)|| << for ||z — 29} <7 
and any €€1; hence, by (8.7.7) 


|6(2) — g(%) || < e(B — a) 


for ||z — z|| <7, q.e.d. 


(8.11.2) (Leibniz’s rule). With the same assumptions as in (8.11.1), suppose 
in addition that the partial derivative D,f with respect to the second variable 
exists and 1s continuous in 1 x A. Then g is continuously differentiable 
in A, and 


B 
= J Dpf(§,2)dé 


(observe that both sides of that formula are in Y(E; F)). 

The same argument as in (8.11.1) applied to D,/, shows that given e > 0 
and z)¢A, there exists y >0 such that ||D,f(&,z) — D,f(é,2)|| <e for 
[15 — z|| <7 and any €e1; hence, by (8.6.2) 


IH(E,2o + ἢ — f(§,%9) — Def(é,25) - t|| < εἰ] 


for any ξ ΕἸ and any ¢ such that ||¢|| <7. By (8.7.7) we therefore have 
B 
IIg(Zo + 4) — gle) — J (Def(E,20) - t)d&|| < ε(β -- αἡ [|| 


β 
But by (8.7.6) and (5.7.4) we have Γι (Ὀ ,7(ξ,20) - ἢά4ξ = (f Dof(E,z9)dé) -ἐ 


for any #, and this ends the proof. 
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PROBLEMS 


1) Let J C R be an open interval, E,F two Banach spaces, A an open subset of E, 
f a continuous mapping of J x A into F such that D,f exists and is continuous in 
J x A, « and β two continuously differentiable mappings of A into J. Let 
B(2) 
g(z) = [Π(ξ,)άξ. 


(2) 


Show that g is continuously differentiable in A, and that g’(z) is the linear mapping 


B(z) 
t—>( f Daf(E.2)d&) +t + (B’(2) - )AB(2),2) — (α΄) - Mf a(2),2) 
α(2) 
(apply (8.9.1) and (8.11.2)). 
2) Let f,g be two real valued regulated functions in a compact interval [a,6], 
such that f is decreasing in [a,b] and 0< g(t) <1. Show that 


b ata 


b 
_S node < frmenar< J ioar 


b y 
where 4 = J g(éae. When is there equality? (Consider the integrals J fg@ae and 
a a 


a+ hy) y 
f(tjdt, where h(y) = J g(t)dt, as functions of y, and similarly for the other 


a a 
inequality.) 

3) Let the assumptions be the same as in problem 1, except that « and # are 
merely supposed to be continuous, but not necessarily differentiable, but in addition 
it is supposed that f(«(z),z) = 0 and f(@(z),z) = 0 for any ze A. Show that g(z) is 

Biz 
continuously differentiable in A, and that g’(z) = f Daf(é.2dé. (Use Bolzano’s 
α(:) 
theorem (3.19.8) to prove that if € belongs to the interval of extremities βίδρ) and 
B(z), there is ΖΕ A such that ||z’ — 2 || < ||z — 29|| and € = A(z’); if M is the Lu.b. 
of ||D,/|| in a neighborhood of (f(z ),29), use the mean value theorem to show that 
|{{{ξ,2}}} < ΜΙ — al. 

4) Let I = [a,b], A = [c,d] be two compact intervals in R, / a mapping of I x A 
into a Banach space E, such that: 1° for every ye A, the‘function x — f(x,y) 15 
regulated in I and for every x EI, the function y — f(x,y) is regulated in A; 2° f is 
bounded inI x A; 3° if D is the subset of I x A consisting of the points (¥,y) where f 
is not continuous, then, for every Χο ΕἼ (resp. every Yo € A), the set of points y (resp. *) 
such that (%9,v) Ε Ὁ (resp. (%,¥9) € D) 1s finite. 


b 
a) Show that the function g(y) = {Π|,γ})α! is continuous in A. (If e > 0 and 
a 


Vo € A are given, show that there is a neighborhood V of yy in A and a finite number 
of intervals J, CI (1< k<n) such that the sum of the lengths of the J, is <€ 


n 


and that, if W =I — ( Jz f is continuous in W x V; to prove that result, use 
k=1 


the Borel-Lebesgue theorem (3.17.6).) 
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b) Deduce from a) that 


a b b ad 
Jay {1{π,γ)άκ = [ἀκ f t(x,y)dy. 


Ζ ὃ ὃ Ζ 
(Consider the two functions z—> fay J fley)ax and 2 --» [45 f flxy)dy for ΖΕ A.) 
c ἃ a c 


5) a) Let / be a strictly increasing continuous function in an interval [0,a], such 
that /(0) = 0; let g be the inverse mapping, which is continuous and strictly increasing 


a 1(α) 
in the interval [0,{(4}]. Show that J f()dt = f ( α — g(u))du (apply problem 4 to the 
0 0 


function equal tol forO< καὶ -Ξ- α, OS y< f(x), ἰο 0 ἴοτ 0 - x <a, f(x) < y < f(a)). 
Ὁ) Show that if O< *<a and O<y< f(a), the following inequality holds 


x y 
xy τς [1(Π 4] + f g(u)du; 
0 0 


the two sides are equal if and only if y = f(x). 
c) Deduce from b) the inequalities 


KY < we logx + e¥—1 for x>0,veER; 
I 1 
XY Zax, + by! for re id Pon mn 
q 


a>0, b>0 and (pa)%(gb)? > 1. 


12. Higher derivatives 


Suppose / is a continuously differentiable mapping of an open subset A 
of a Banach space E into a Banach space F. Then Df is a continuous 
mapping of A into the Banach space #(E; ΕἸ. If that mapping is differen- 
tiable at a point x, ΕΑ (resp. in A), we say that f is twice differentiable at 
%q (resp. in A), and the derivative of Df at x, is called the second derivative 
of fat x, and written /’’(x9) or Df(x). This is an element of Z(E; P(E; ΕἸ); 
but we have seen (5.7.8) that this last space is naturally identified with the 
space Y(E,E;F) (written &,(E; ΕἸ) of continuous bilinear mappings of 
E x Einto F: we recall that this is done by identifying u ε “ΚΕ; “ΓΕ; F)) 
to the bilinear mapping (s,t) > (w-s)-#; this last element will also be 
written «>: (s,t). 


(8.12.1) Suppose f is twice differentiable at χορ; then, for any fixed t EE, 
the derivative of the mapping x --- Df(x)-t of A into F, at the point Xo, 13 
s + D4f(x9) - (s,2). 
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If we observe that x — D/(x)-¢ is composed of the linear mapping 
u--u-tof L(E; ΕἸ into F and of the mapping x— Df(x) of E into Y(E; F) 
the result follows from (8.2.1) and (8.1.3). 


(8.12.2) If f is twice differentiable at x, then the bilinear mapping 
(s,t) + D?/(x9) - (s,t) is symmetric, in other words 


D?/(%q) " (s,t) = D?f(%9) - (4,5). 
Consider the function of the real variable ¢ in the interval [0,1]: 
Β(ξ) = f(% + &s - ἢ — f(% + &s) 


where s,f are such that ||s||< 47, ||t||< 47, the ball of center x) and 
radius 7 being contained in A. From (8.6.2) we get 


|6(1) — g(0) — g’(0)||< 5050. {{π΄(ξ) — ε΄(0)}}. 
o<é<V 


S6S 


Now by (8.4.1) 
Ε΄ (ξ) = (f'(% + &s +t) — f'(% + δ5)) "5 
= (( + ἔς ἢ — F(%)) — (F (% + £5) — F'(%))) 5. 


By assumption, given ¢ > 0, there is 7’ <,7 such that for ||s|| < 37’, 
|| < 47’, we have 


(0 + &s +t) — (σὺ — f'(%9) - (ξ8 + AI] «Κ ε(|5}} + [AID 

and 

II (%@ + ἐ5) — f'(%) — Κ΄ (το) + (&s)|| <el|s|| 
hence 

Ile’ (ξ) — (f° (%) ἢ - 5} < 2e||s|| - ([15}} + 1} 
and therefore 

|5(1) — g(0) — ([ (το) - 4) - s|| < 6e|[s||(/Is]] + {Π|}. 

But g(1) — g(0) = “(0 +s +2) — αν Ὁ ὃ — [50 +s) + H%) is sym- 


metric in s and ¢, hence, by exchanging s and #, we get 


C7" (%—) - ὃ + s — (F"(%o) " 8) * 1] < θε(15}} ++ [16|}}5. 
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Now this inequality holds for ||s|| < 47’, ||t}| « 47’; but if we replace 
s and ¢ by As and At, both sides are defined and multiplied by |A|?, hence 
the result is true for all s and ¢ in E, in particular for ||s|] = |{¢/| = 1, which 
proves (by (5.7.7)) that 


[7 (το) + (t8) — Κ΄ (το) " (s.t)|| < 24e||s]| - [1Π|} 


for all 5 and ἐ; as « is arbitrary, this ends the proof. 
In particular, 


(8.12.3) Let A be an open set in R" (resp. ΟἿ; if a mapping f of A into a 
Banach space F 15 twice differentiable at x», then the partial derivatives D,f 
are differentiable at χορ, and 


D,D,f(%9) = D;Dif(%) 


jor l<tsin, 1Ξ 7 Ξ ἢ. 

We have only to use (8.12.1) for special values of ἐ, and to observe that 
for s= (ζ), ¢=(m,), the value of D?f(x,)- (s,t) = (D?/(x)-s)-¢ is 
2 (D;D;/(%))¢:n; (see (8.10)). 

i,j 


By induction on ῥ, we now define a Τὴ times differentiable mapping ἢ 
of an open subset ACE into F as a (p — 1)-times differentiable mapping 
whose (ῤ — 1)-th derivative D?~'/ is differentiable in A, and we call the 
derivative D(D?~'f) the p-th derivative of f, which is written D?f or f®. 
The element D?/(x,) is identified to an element of the space ~£,(E;F) of the 
p-linear continuous mappings of E into F, and we write it 


(t1,tg,. « sty) > D?f(%q) " (t,. . - sty). 
As in (8.12.1) we see that the mapping 
ty > DP Hg) " (star «st 
is the derivative, at x), of the mapping 
χ - DP~*f(x) + (ἐ,,.. bs) 


(8.12.2) generalizes to 


(8.12.4) If f is p times differentiable in A, then the multilinear mapping 
D?}(x) is symmetric for each x ε A. 
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This is proved by induction on p. Let #3,...,t, be fixed, and consider 
the mapping x > g(x) = D?~ f(x) - (és,...,t,); from the preceding remark 
it follows that the second derivative of g at % is 

(tye) > D?/(x) > tytatsr+ ++ stp) 
hence by (8.12.2) 
(8.12.4.1) DD? (4) (tasty tase sty) = D(a) “(Giteitgye μι 


On the other hand, for any permutation σ of the set of indices {2,3,...,p}, 
the inductive hypothesis yields 


OPT gybgssetg) =D - 1G)? Ciena) 


and taking the first derivative of both sides (where the ¢; are fixed), ν᾽ 
obtain 


(8.12.4.2) DP f(x) (ἐρίνα»»... ἐν) = DPA) - (ἐές,...»8}). 


Combining (8.12.4.1) and (8.12.4.2) we first see that D?f(x) - (t,,tg,. . - ty) 
does not change when the index 1 is exchanged with any other index, and 
also when any two of the indices > 2 are exchanged; but these transposi- 
tions generate any permutation of the indices 1,2,...,6, q.e.d. 


(8.12.5) Jf fis m times differentiable and D”f 1s n times differentiable in A, 
then f is m+ n times differentiable in A, and D™*"f = D"(D™/). 


This is the definition when ἢ = 1, and is proved immediately by induc- 
tion on ἢ, applying the definition. 


(8.12.6) Suppose f = ({,.. . ἦρι) 18 4 continuous mapping of an open subset A 
of E into a product ἘΞ x ... x F,, of Banach spaces. In order that f be p 
times differentiable in A, it ts necessary and sufficient that each }, be p times 
differentiable in A, and then D?f = (D*},,...,D°7,,)- 


This follows from (8.1.5) by induction on 4. 


(8.12.7) Let A be an open set in R” (resp. ΟἿ); τ a mapping f of A 
into a Banach space F 1s p times differentrable, then, for t; = (€,;) 
Id<i<p,1l<j<n) we have 


D? f(x) ᾿ (21, coe ty) ae χὰ Dj) 514,823, = bp 
Tidy - sop 
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the sum being extended to all n? distinct sequences (j,), < a<p Of integers from 
[1,7]. 


This is immediately proved by induction on #, using (8.10). The n? 
elements Ὁ, D,... Ὁ, 10) are called the partial derivatives of order p of f 


at x; any two which differ only by a permutation of the indices are equal 
by (8.12.4). We say that / is p times continuously differentiable in A if D?f 
exists and is continuous in A. 


(8.12.8) Let A be an open subset of R” (resp. ΟἿ), f a continuous mapping 
of A into a Banach space F; tf the n? partial derivatives of f exist and are 
continuous in A, then f is p times continuously differentiable in A. 


For 2 = 1, this is (8.9.1) (extended to a product of » spaces); in general, 
we only have to use induction on # and the formula (8.12.7). 


We say that f is indefinitely differentiable in A if it is p times dif- 
ferentiable in A for any 2; all the derivatives D?f are then indefinitely 
differentiable in A. 


Example. — (8.12.9) Any continuous bilinear mapping is indefinitely 
differentiable, and all its derivatives of order > ἃ are 0. 


From (8.1.4) it follows that the derivative of a bilinear continuous 
mapping at (x,y) is (st) - [x-¢] + [sy]; write g(x,y) E L(E x F; G) 
that linear mapping; by assumption and (5.5.1), there exists c > 0 such 
that ||[*- y]|| <e||x||- |ly|| in E x F; by definition of the norm in 
L(E χ F;G) (5.7.1), we have 


Hle(*,¥) || < e(|||] + |[y||) < 26 sup (|]-|[, ||] ]) 


hence g is a continuous linear mapping of E x Finto W(E x F;G), and 
therefore (x,y) + [x+y] is twice differentiable and its second derivative 
at (x,y) is (by (8.1.3) and (8.12.1)) 


((S1,t3),(Sgste)) > [81°42] + [54 ἃ]. 
This is a mapping independent of (x,y), hence the result. 


(8.12.10) Let E,F,G be three Banach spaces, A an open subset of E, B an 
open subset of F; if f is a p times continuously differentiable mapping of A 
into B, g a p times continuously differentiable mapping of B into G, then 
h = gof is a p times continuously differentiable mapping of A into G. 
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For = 1, the result follows from (8.2.1) and from the fact that 
(u,v) + vou is a bilinear continuous mapping of #(E; ΕἾ x «ΚΕ; 6) into 
«ΚΕ; G) by (5.7.5). Use now induction on p; as h’(x) = g’(f(x))of’(x), and 
f and g’ are p — | times continuously differentiable, the induction hypoth- 
esis shows that g’of is — 1 times continuously differentiable; from 
(8.12.6) and (8.12.9), it then follows that h’ is  — 1 times continuously 
differentiable, hence A is p times continuously differentiable by (8.12.5). 


Example. — (8.12.11) Suppose there is a linear homeomorphism of ἃ 
Banach space E into a Banach space F, and let # C H(E; ΕἸ be the open 
set of these homeomorphisms in #(E; ΕἸ (8.3.2). Then the mapping wu - u-1 
of # onto #—! is indefimtely differentiable. 

We prove by induction on # that u +47! is p times differentiable, 
the property being true for = 1 by (8.3.2). Given v and τὸ in Y(F; E) = M, 
let f(v,w) be the linear mapping ¢ -- — votow of L = “ΖΕ; ΕἸ into M; it 
is clear that {15 bilinear (and maps M x M into ¥(L; M)) and (5.7.5) proves 
that ||/(v,w)|| < ||v||- ||w||, hence f is continuous, and therefore indefinitely 
differentiable by (8.12.9): Now the first derivative of u -- u—1is, by (8.3.2), 
the mapping 4 — f(u-1,u-1); by (8.12.6) and 8.12.10) it follows that if 
u —>u-is p times differentiable, so is wu — f(u~1,u~}), and therefore, by 
(8.12.5), « +u-1 is p+ 1 times differentiable. 


Remark. — When f is a mapping of an interval J CR into a real Banach 
space F, we have defined earlier (section 8.4) the notion of derivative of / 
at &, € J with respect to J. By induction on ῥ, we define the p-th derivative 
of f at &, with respect to J, as the derivative at &) (with respect to J) of the 
(Ρ — 1)-th derivative of / (which is therefore supposed to exist in a neigh- 
borhood of & in J); it is an element of F, written again D?f(é,) or #”)(&); 
if & is interior to J, the p-th derivative, as defined for general mappings, 
coincides with the multilinear mapping (¢,,...,6,) > f(f)0109...¢, of 
R? into F. 


PROBLEMS 
1) Let / be a Ὁ times differentiable mapping of an interval IC R into a Banach 


1 
space E. Show that for any ¢e€I1 such that τ ΕΙ 


1 1 1 
yntl be (2) = (— ) 85 πη) 


{use induction on 7). 
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2) a) Let p the function defined on R by the conditions: 


1 1 


p(t) Ξ 0 for t< -- Ἰ ΟΥ 1. 


Show that the function p is indefinitely differentiable in R. (Use the relation 


lim «#"e—* = 0 for any n > 0.) 
4-—> + € 


Ὁ) In this problem, we agree to extend any regulated function f defined in a 
compact interval [a,b] of R, to the whole of R, by giving it the value 0 for ¢ < a and 


+ 0 b 
for ¢ > δ; we then write J [(ἢ 4 for the integral f {(é)dt, which is also equal to 
— Ὦ a 


d 
J f@ae for c<aandd>b.. 


c 


For any such function f, let ¢ 


+ 0 + οΟ 
inlt) = ne J t(s)p(n(t — s))ds = ne f f(t — s)p(ns)ds 


+1 
where l/c = J ρ(ἢ 4 (“regularization”’ of f by p; we write p,(t) = p(nt) and f, = f * py). 
-- 1 


Show that /, is indefinitely differentiable and vanishes in the complement of a compact 
interval (use (8.11.2)); if / is real and increasing (resp. strictly increasing) in [a,b], 


1 
then /, is increasing (resp. strictly increasing) in |. +—,)D 4] . If f (extended 
n n 


to R) is p times continuously differentiable, then 


+O 
Def, (t) = nc | (DPf(s))p(n(t — s))ds 


= nC f D?}(t — s))p(ns)ds. 


Ι 
ζω Ὁ 
ἘΣ 
& 


c) Show that for any ἢ, [ (ἢ αἱ 
-- ὦ 


d) If f (extended to R) is continuous (resp. p times continuously differentiable), 
then the sequence (f,) (resp. D?/,) converges uniformly in R to f (resp. D?f). 


6) To what limit does /,(¢)) (fg € R) tend when Ὁ is only supposed to be regulated 
in [a,b] (first consider the case in which / is a step-function, then use (7.6.1)). 


f) Show that for any regulated function / in [a,b], 
b 

lim f\f() — fyl)|dt = 0. 
u—->O ἃ 


3) Let ἢ be an ἢ times differentiable real function defined in 7-- 1,1 and such 
that [{(ἢ] <1 in that interval. 
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a) Let m,(J) be the smallest value of | f (0) in an interval J contained in 1-- 1,1. 
Show that, if J is decomposed into three consecutive intervals J,,J,,J3, and if J, 
has length yw, then 


1 
mJ) < Ps (my —1(J) + mz—1(Js)) 


(use the mean value theorem). Deduce from that inequality that if J has length 4, 


gk (k +1)/2 pk 
mr(J) < Sag 
(use induction on ἀκ). 


Ὁ) Deduce from a) that there exists a number «, depending only on ἢ, such that 


if [{5(0)}} >a, (ἡ = 0 has at least ἢ — 1 distinct roots in jJ—1,1[. (Show by 
induction on ἃ that there is a strictly increasing sequence χα] «ἄχ <<... < Xk k 
of points of 1-- 1,1 such that f(x, )f(%,;41) <0 for l<i<k—1; use 
Rolle’s theorem.) 


4) Let E,F be two Banach spaces, A an open subset of E, f an ἢ times differentiable 


n 
mapping of A into F. Let 4,6 A, h;eE (l<i<n) be such that y+ ZY Eh; EA 
t=1 


for O< ἔξ 1, l<t<n. We define by induction on k (l<k< η) 
Alf (x9;h,) = f(%q + hy) — f (#5) 
ral CP ee . +, Ap) = AF 19, (%y3hy,- ++ Ak —1) 
with 
&n(x) = f(x + hy) — f (4). 
a) Show that 


A"f (xo sha,» hn) || < [Pal] 1}. -|nilsup]|D"7()|| 
Ζε 
2} 
where P is the set of points χρ + 2 &hj;,0< &< 1. (Use induction on x.) 
ἐξ 1 


Ὁ) Deduce from a) that 


[|A"f(%o shy... -sty) — Df (x9) + (hy. »Ay)|| < ||Aq|| ° [|Rel]--- [rullsup||D"/(2) — D"f(%9)||. 
ze 


5) Let ῥ be a continuously differentiable mapping of an open subset A of R2 into 
a Banach space E. Suppose that in a neighborhood V of (a,b) € A, the derivative 
D,(D,f) exists and is continuous. 


a) Let (%,y)eV; show that for every ¢ > 0, there exists 6 > 0 such that the 
relations [ἢ] < ὃ, |k| < ὃ imply 


||A2f (x,y 3h, h) " Γ..(5,7}}}8]} Ξ--- elhk| 
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(apply the mean value theorem to the function 


g(t) = fae + hy + k) — [( + ty) — DyDyf(¥,y)th 
and use (8.6.2)). 
Ὁ) Prove that D,(D,f) exists in V and is equal to D,(D,/) (use a)). 
c) Give an example of a function / satisfying the previous assumptions and for 


which D,(D,/) and D,(D,/) do not exist anywhere (see section 8.4, problem 1). 


6) Let f the real function defined in R* by the conditions /(0,0) = 0, f(x,y) = 
= xy(x? — y*)/(¥? + y*) for (x,y) 4 (0,0). Show that all four derivatives D,(D,/), 
D,(D,/), D,(D,f), Da(Def) exist everywhere in R* but that D,(D,/f) τέ D,(D,/) at the 
point (0,0). 


7) The notations are the same as in problem 2 of section 8.9. Let g,(t) = ¢/(1 + n|él), 
ἢ 
and /,(¢) = f &n,(u)du for every ἐξ R. Show that the function f: (&,) — (/,(&,)) is 
0 


continuously differentiable in E, and that for each y = (n,)¢E, the mapping 
x — f’(x)- y is differentiable at ¥ = 0, but that /’ is not differentiable at that point 
(compare (8.12.1)). 


8) Let E,F be two Banach spaces, A an open subset of E, QA) the vector 
space of » times continuously differentiable mappings of A into F, such that / and 


all its derivatives D*f (l1< ἃ < p) be bounded in A. For any /é€ Bea), let 


IIflle = oe ({1{5}}} + |[DA(#)]] + ++ + |[DPA#) |); 


show that ||/||, is a norm on Bea) for which that space becomes a Banach space 


(use (8.6.3)). The mapping / > Df is a continuous linear mapping of Qia) into 
DO. nS (resp. in Coun for p = 1). 

9) Let E,F,G be three Banach spaces, L,M,N the Banach spaces Z\P)(E), 9?) (Fy, 
Q®)e) respectively. For feL, ΕΜ, let D(f,g) = gofeN. 

a) Let ([υ 80) Ε΄. Xx M. Show that if D?g, is uniformly continuous in F, the 


mapping @ is continuous at (f),g)) (use induction on p). If E,F,G are finite dimen- 
sional, ® is continuous in L x M (use (3.16.5)). 


b) Let N, = DE~™(B) for 1<k<p with QE) = YS(E). Show that, 
aS a mapping of L x M into N,, ὦ is continuous at every point; in order that ® 
(as a mapping of L x M into N,) be differentiable at (fy,g,), it is sufficient that D?g, 
be uniformly continuous, and the derivative D® is the linear mapping 


(u,v) --» ((D&o)°fo) * 4 + Ufo 


c) Let U; be the linear mapping g — gf of M into N; show that U; is continuous. 
We may also consider U; as an element of «ΚΜ; ΝᾺ) for any k < p. Show that the 
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mapping { —> U; of L into F(M; N,) is continuous, and that the mapping f— U; of 
L into L(M;N,) is differentiable, the element DU;e #(L; #(M; N,)) being the 
bilinear mapping (u,v) — ((Dv)of) + π. 

d) Deduce from b) and c) that as a mapping of L x M into Νὰ, ᾧ is k — 1 times 
differentiable. 


10) Let / be a real valued twice differentiable function defined in an open subset A 
of a Banach space E. Suppose that at a point x) Ε E there is a constant ὁ > 0 such 
that Ὁ (Χο) = 0 and Ὁ 3 (50) " ({,) < — e||t\|? for every ἐξ Ε. Show that f/ reaches 
a strict relative maximum (section 3.9, problem 6) at the point %9. If E is finite dimen- 
sional, the preceding condition can be replaced by the condition D?/(%9): (é,t) < 0 
for any ¢ # 0 in E (use the compactness of the sphere ||¢|| = 1 in E). 


11) a) Let f be a real valued function defined in an open interval ICR, and 
differentiable in I; let [a,b] CI, and suppose {7 exists in the open interval ]a,b[, 
but /’ is not necessarily supposed to be continuous at a and ὃ (cf. section 8.7, problem 6). 
Show that there exists δ € ]a,b[ such that /’(b) — f’(a) = (ὃ — a)f’(c) (use problem 3 
of section 8.5). 


b) What is the corresponding property for functions defined in I and with values 
in a Hilbert space (see section 8.5, problem 6) ? 


13. Differential operators 


Let A be an open set in R* (resp. ©”), F a real (resp. complex) Banach 
space; we denote by @!)(A) the set of all # times continuously dif- 
ferentiable mappings of A into F. It is clear by (8.12.10) that &{(A) 
is a real (resp. complex) vector space; and, more generally, (8.12.10) shows 
that (A) (resp. @Y(A)) is a ring, and &)(A) a module over that 


ring. For any system (a,,...,%,) = ἃ of integers > 0 with ja] = L'a; < A, 
ix] 
let M, = X%X%...X°" and define D* or Dy, 2s the mapping D*D%...D,” 


of &)(A) into &—!*)(A). A linear differential operator is a linear combina- 


tion D = Xa,D* where |a| << and the a, are continuous scalar func- 
α 


tions defined in A; if a,=0 for ja| > and each a, is (Ρ --- ) times 
continuously differentiable, D maps &)(A) linearly into &£~ (A). 


(8.13.1) If the operator La,D* is identically 0, then each of the functions a, 


is tdentically 0 in A. 
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Write Df=0 for f(x) = δ: exp (A,é, +... +4,&), where c40 is 
in F and the A; are arbitrary constants; we obtain (by (8.8) and (8.4.1)) 


c+ (La,(x)M,(A,,...,4,)) exp (Ag, + ... +4,6,) = 0 


om 


identically in A, which is equivalent to Ya,(x)M,(A,,...,4,) =0; for any 


a 


particular x € A, this implies a,(x) = 0 for each a, since the A, are arbitrary. 


The coefficients a, of a linear differential operator are thus uniquely 
determined; the highest value of |a| such that a,~0 is called the 
order of D. 

To each polynomial P = Σὺ Μ, of degree < with constant coefficients 


we can thus associate a linear operator Dp = 2},D* of order <4; it is 


clear that Dp, p, = Dp, + Dp,, and it follows from (8.12.3) that if P,P, 
has a total degree < 9, then Dp» = Dp Dp. In particular, from (8.12.7) 
it follows that for fixed &,,, the operator { — Df, where 


D/(x) = D?f(x) - (é,,.. ats) 


can be written 


p 
i=1 
(8.13.2) (Leibniz’s formula). Let P(X,,...,X,) be a polynomial of degree <p, 
and suppose P(X,+Y,,...,X,-+ Y,) = Dp,M,(X,,...,X,)M, (Y,..Y,), 
k 


the M, and M,’ being monomials. Let (x,y) > [x: y] be a bilinear contin- 
uous mapping of E x F into G. Then, for any mapping fe &%(A) and 
any mapping ge &2 (A), [f+ g] belongs to ELA) and we have 


Dp[f:g] = 27,[Du,7* Du,g). 
k 
It is enough to prove the formula when P is a monomial M; using 
induction on the total degree of P, we can suppose P = X,M, hence 


Dp = D,;,Dy. We have by assumption 


Dy [fg] = mks [Dy,/f* Dy,8] 
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hence by (8.1.4) 
Delf: g] = tha [D;Dy,/f* Dy,g] + [Du,f+ DDu,8)) 
which we can write 
2 [Dy / Dy 81 


the summation being extended over all pairs of monomials 


? 


ΙΝ, ρου BN, i ἢ 


n 


such that either N, = X,M, and N, = M;, for an index k, or N, = M, 
and N, = Y,M, for an index k; there is exactly one such index & for 
each suitable index h, and we have γ᾽ = y,. The result is then obvious. 


PROBLEMS 


1) Let A be an open subset of R”, E,F,G three Banach spaces, (%,y) > [x: y] 
a continuous bilinear mapping of E x F into G. Show that the mapping (f,g) — [/: g] 


of BPA) x BA) into 9)(A) (section 8.12, problem 8) is continuous. 


2) Let I be any compact interval in R, J an open neighborhood of I. Show that 
there exists an indefinitely differentiable mapping / of R into [0,1], which is equal 
to 1 in I and to 0 in the complement of J (consider the functions g*p, (section 8.12, 
problem 2) where g is equal to 1 in a compact interval K such that IC KC J, and to 0 
in R — K). 

If « is an indefinitely differentiable mapping of R into a Banach space E, show 
that there exists an indefinitely differentiable mapping v of R into E such that 
v(t) = u(t) in I, v(t) = 0 in R— J. 


14. Taylor’s formula 


(8.14.1) Let I be an open interval in R, f,g two functions of &)(I) and 
EI) respectively, (x,y) > [x+y] a continuous bilinear mapping of E x F 
into G. Then 


[f+ D?g] — (— 1)? [D*f- g] 
= D([f- ΡΤ ἢ] — [D/- D?-7g] +... + (— ἰὴ} [D?- f+ g)). 


This is immediately verified by application of (8.1.4). 
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(8.14.2) Let I be an open interval in R, f a function of & (1); then, for 
any patr of points a,& in I 


a , (§ — ) " ‘ion ) : | 
KE) = He) + Fe) + ASP) + +a τ 
g 
(6-0-3 
ΜῈ | EOF  μκϑας 


Apply (8.14.1) to the bilinear mapping (A,x) — Ax and to the function 
e(f) = (ξ — £)?—"/(p — 1)!, and integrate both sides between α and &. 


(8.14.3) Let E,F be two Banach spaces, A an open subset of E, f a p times 
continuously differentiable mapping of A into F. Then, tf the segment joining 
x and x+ tis in A, we have 


1, ἵν l = αἰ ἢ 
ἰὸν = fle) + τι πὰ te 
+ (eee + cae) 41) 

0 


where t™) stands for (¢,t,...,t) (& tomes). In particular, for every « > 0, there 


ts 7» 0 such that for ||t|| <r 
We +) — Ha) — SP (a) t= 5 f(a) HO — νιν, τ Σ ρα) - 
I! 2! en 
<elle|. 


To obtain the first formula, apply (8.14.2) to the function g(é) = f(x + &t) 
in the interval [0,1]; by (8.12.10), g is # times continuously differentiable, 
and it is immediately seen by induction on & that g“)(é) = f(x + &t) - τ), 
using (8.4.1) and (8.1.3). To get the second formula, observe that by 
continuity of 7”), γ can be chosen such that ||f(x + Ct) — f?)(x) x)|| < < ple 
ἴογ 0 <¢ «(1 and {|| <7. Then the mean value theorem (8.7.7) yields 


<e 


ia Ca 1 + ζῆάξ — si (2x) 


and the conclusion follows from (5.5.1). 
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PROBLEMS 


1) The n-th Legendre polynomial is defined by 


1 


2" n | 


Ρ,(ἢ = D”((¢? — 1)”). 

a) Show that up to a positive factor, Ρ, is the m-th term in the sequence obtained 
by orthonormalization in the prehilbert space @ (1), with τὸ [--1,- 1], from the 
sequence (ἢ) (6.6). (To prove that the scalar product of Ρ,(ἢ and of the #” with m < n 
is 0, use (8.14.1)). 

b) Show that P,(1) = 1, P,(— 1) = (— 1)” (use (8.13.2)). 

c) Show that between three consecutive Legendre polynomials there is the 
following recursive relation 


nPn(t) — (20 — 1)tPy χ(ἢ + (τ — ΠΡ, .-- κ(ἢ = 0. 


(Observe that if c, is chosen such that P,(#) — CytP, —1(#) has degree <n — I, it 
is orthogonal to the # with k <  — 3, hence must be a linear combination of P,, — 
and P, 1; use also b).) 

d) Show that all the roots of P, are real and simple and in ]— Li (if 
Ῥ, changed sign at k <n» —'1 points only in ]—1,1[, there would be a polynomial 

g(t) = (ἐ --- 4)... «(ἐ — ty) such that Ῥ,(ἢφ(ἢ > 0 for — 1 <t<1; show that this 

leads to a contradiction with the fact that P,,(t) is orthogonal to ¢” for h < 2). 

6) Show that P,, satisfies the differential equation 


(1 — Ρ, (ἢ — 2}, (ἢ + n(n + 1)P, (2) = 0 


(show that D((1 — #2)P,(é)) is orthogonal to ¢* for k < η). 
2) a) Let f¢ be a twice differentiable mapping of 1 = [—a, +a] into a Banach 
space E; let M, = sup ||f(é)||, Με = sup ||/’(/)||. Show that for each tel 
tel tel 


M #2 + αᾳ3 
ΠΧ(Ὁ}} <— + 
a 2a 


(use Taylor’s formula to evaluate each of the differences f(a) — f(é), f(— a) — Fd). 

b) Let f be a twice differentiable mapping of an interval J (bounded or not) into E; 

show that ifM, = sup ||f(¢)|| and M, = sup (|7’’(|| are finite, soisM, = ap Wf’) ||, 
tej ej te 


and that 


M,<2|/M,M, if the length of J is >2|/M,/M, 
(*) Se 
M,<|/2M.M, [6] J = RB (use a)). 


Prove that in these two inequalities, the numbers 2 and 72 cannot be replaced by 


smaller ones. (If /’ is merely supposed to have a derivative on the right he in J, the 
inequalities (*) can actually become equalities, when /’ is piecewise linear; apply 
then problem 2 d) of section 8.12.) 
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c) Deduce from b) that if / is p times differentiable in R and if My = sup ||f(¢)|| 
teR 
and My = sup ||f)(Z)|| are finite, then Μὰ = sup |/) (|| is finite for lL< ἃ -- Ὁ — 1, 
teR teR 
and that 
(**) Μ, -- aus dal μὲ ἢ M;!? 


(Use induction on ; first apply the inductive hypothesis and the first inequality (*) 
to show that the supremum of ||/’(¢)|| in a large interval cannot be too large, using 
also problem 2 of section 8.12. Then use the second inequality (*) to prove (**) by 
induction.) 

3) Let E,F be two Banach spaces, A an open ball in E (or the whole space E). 


Show that in the space Bea), the norm 


Sup ({11(4}}} + [0 (4}}} 


is equivalent (5.6) to the norm ||/||, defined in problem 8 of section 8.12 (use the result 
of problem 2 c)). 


4) Let E be a Banach space, (c,) an arbitrary sequence of elements of E. 


a) Show that there exists a strictly decreasing sequence (a,,) of numbers tending 
to 0, and a sequence (u,) of indefinitely differentiable mappings of R into E, having 
the following properties: 1° u,(t) = 0 for |¢} > a,; 2° [δ (2) || < 1/2" for |t] << a,4 
and 0<k<n—1; 3° ue) = 0 for μ| <a,4, andko=un+1; 4° us” (0) ΞΞ δος: 
(Use problem 2 of section 8.12). 

b) Deduce from a) that there exists an indefinitely differentiable mapping f of καὶ 
into E such that /(0) = c, for every n. 

c) Prove in the same way that, given an arbitrary family (c,) of elements of E, 
where ἃ = (a,,...,%) ranges through all systems of p integers a; > 0, there exists 
an indefinitely differentiable mapping / of R? into E such that D°f(0) = c, for every a. 

d) Deduce from b) that if g is an indefinitely differentiable mapping of a closed 
interval IC R into E, and J an open interval containing I, there exists an indefinitely 
differentiable mapping / of R into E which coincides with g in I and with 0 in R — Js 

5) Let f be a mapping of an interval I ¢ R into a Banach space E, and suppose ἡ 
is m times differentiable at a point χε. Show that 


lim (re aise play a ee oes a Hea ἐπα) / (ξ -- a)" =0 


§— >a, xa, fel 1: 


(use induction on ἢ and (8.5.1) with p(&) = (ξ — a)*—}), 
6) Let Ic R be an interval containing 0, f an ἢ — 1 times differentiable mapping 
of I into a Banach space E. Write 


t Ή-- 
ὑπ ες ΝΣ πὶ 


which defines /, in I — {0}. 
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a) Show that if f is ἡ + p times differentiable at ¢ = 0, f, can be continuously 
extended to I and becomes a function which is + p — 1 times differentiable at all 
points ¢ ~ 0 in a neighborhood V of 0 in I, and 2) times differentiable at ¢ = 0; 


furthermore {7 00) = _* tm torock<p,and lim ff? +” = 0 
(xn + α)! t—+0,t#0,teV 
for 1<k<n-— 1. (Express the derivatives of /, with the help of the Taylor devel- 
opments (problem δ) of the derivatives of /, and use problem 2 of section 8.6.) 
b) Conversely, let g be an ἢ + p — 1 times differentiable mapping of I — {0} 


into E, such that lim ει) (δ exists for OSM k<unu—1. Show that 
t—>0,t#0,tel 


the function g can be extended to a p — 1 times differentiable mapping of I into E, 
and that the function g(¢)t” is + p — 1 times differentiable in I; if furthermore 
g'?)(0) exists, then g(z)é” is n + p times differentiable at 0. 

c) Suppose I = J—1,1[, and suppose f is even in I, 1.6, f(— ἢ = f(t). Show, 
using a) and b), that if f is 2” times differentiable in I, there exists an m times 
differentiable mapping h/ of I into E such that f(t) = h(é?). 

7) a) Let f be an indefinitely differentiable mapping of R” into a Banach space E. 
Show that 


[(ας,.««,χ9)} = HO... 00) + ah (Ay. 0% n) -Έ Hafal%ar- Hn) + oe. + Anbal en) 


where ἐκ is indefinitely differentiable in R”— k+l <ck<n). (Write f(%,,...,%n) = 
({(5.»,.- -»2 5) — [(0,ζ4,....,Ζ.}} + £(0,%9,..-,%n) and apply (8.14.2) to the first summand, 
considered as a function of ¥,; with a suitable value of p (depending on &), this will 
prove that (f(%,,..-,4%) — [(0,%,-..,4n))/¥%, is ἃ times differentiable at (0,.. .,0); 
finally, use induction on 2.) 

b) Deduce from a) that for any p> 0, 


f(x) = Σ αὐ... An"fa(*) 
jal <p 
where all the ἔχ are indefinitely differentiable. 

8) Let S be a metric space, A,B two non empty subsets of S, M a vector subspace 
of the space @R(S) of real continuous functions in 5, N a vector subspace of M, 
u —> L(u) a linear mapping of M into the space R4 of all mappings of A into R. We 
suppose that: 1° there exists a function u% € N such that L(u) is the constant lon A; 
2° if ue N and there is a ἐξ B such that u(t) = 0, then there is χε A such that 
(L(u))(*) = 0. 

Let v € M such that L(v) = 0; show that for any function u € M such thatu—veEN, 
and any ἐξ B, there exists @ ¢ A (depending on ἢ) such that u(t) = v(t) + u(?) (L(u))(8). 
(Observe that u,(¢) τέ 0, and therefore there is a constant ¢ (depending on ἢ) such that 
u(t) — v(t) — cug(t) = 0.) 

b) Suppose S is compact, A is connected and dense in 5, and all functions u € N 
vanish on 8 — B. Suppose that L(u) is continuous in A for every ue M, and that if a 
function με Ν is such that (L(u))(t) > 0 for any ἐξ A, then w has no strict maximum 
on B. Show that in such a case condition 2° of a) is also verified. 

9) a) Let f be an ἡ times differentiable real function defined in an interval I; 
let 4,< %< ...< %p be points of I, mj; (l<i<p) integers > 0 such that 
ny + mg +... +p =n. Suppose that at each of the points αἰ, f*)(x;) = 0 for 
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0<k<n;— 1. Show that there is a point € in the interval ]%,,%»)[ such that 
}(*—1)(£) =0 (apply Rolle’s theorem iteratively). 

Ὁ) Let g be an ἢ) times differentiable real function defined in I, and let P be the 
real polynomial of degree ἢ — 1 such that g(*)(x,) = Pl*)(x;) for 0 - k<n; -- 1, 
l<i<p. Show that for any x eI, there exists € in the interior of the smallest 
interval containing x and the κα; (] - ὁ -- p), such that 


g(x) = P(x) CAINE a a FO (8). 


(Use problem 8 a), or give a direct proof, using a) in both cases.) 
10) Let g be a real odd function, defined and 5 times differentiable in a symmetric 
neighborhood I of 0 in R. Show that, for each x eI 


ae ae ee 
g(*) αὐ. (~) + 26΄ (0)) -- a0 


g')(&) 


where ᾧ is a number belonging to the open interval of extremities 0 and x. 
Deduce from that result that, if f is a real function, defined and 5 times differen- 
tiable in [a,b}, then 


b—a 
f(b) — f(a) = —— 


b ὃ — a) 
᾿ f’(a) + (δ) + 40 ( τ Ὶ = ee 


2 2880 


with a < ὃ < b (‘‘Simpson’s formula’’). 
11) Let I = [a,b] be a compact interval, and let M, be the vector space of real 
continuous functions defined in I and such that, for any ¢€ ]a,b[, the limit 


(L(i/))@) = lim ({(ἐ - ἢ) Ὁ [κέ -- ἢ) — 2[(ἢ}}}3 
h—»0,4#0 


exists in R. All real functions which are twice differentiable in I belong to Mp. 

a) Let M be the vector subspace of M, consisting of functions / for which L(f) 
is continuous in ]a,b[. Show that any function of / € M is twice differentiable in ]a,b[ 
and that L(f) = /’’. (Use problem 8 a) and 8 b), taking S=I, A = B=Ja,b[, and 
for N the subspace of M consisting of functions f for which f(a) = /(b) = 0.) 

b) Show that the function ἐ(ἢ = ¢ cos (1/t) belongs to Mo, although it is not 
differentiable at ¢ == 0. 

12) What are the properties of functions with values in a Hilbert space which 
correspond to the properties of real functions discussed in problems 9 b), 10 and 11? 
(Cf. section 8.5, problem 6.) 


Chapter |X 


Analytic Functions 


In this Chapter, we have tried to emphasize the most general facts 
pertaining to the theory of analytic functions, and in particular to state 
as many results as possible for analytic functions of any number of variables; 
until section 9.13, the theorems which concern only functions of one 
variable are inserted in a context in which they appear as technical inter- 
mediates to the general statements; it is only in sections 9.14 to 9.17, 
and in many problems in this Chapter and the next one, that we really 
deal with properties special to the one variable case. Furthermore, we 
have discussed simultaneously the case of analytic functions of real va- 
riables and of analytic functions of complex variables as long as it can be 
done (i.e. until section 9.5). Finally, we have kept throughout our general 
principle of dealing from the start with vector valued functions; as usual, 
this does not require any change in the proofs, and the reader will see in 
Chapter XI how useful the consideration of such functions can be. 

Of course, one can only expect to find here the most elementary 
part of the very extensive theory of analytic functions. The definition is 
given by the local existence of power series representing the function, and 
it is by the technique of power series that the differential properties of 
analytic functions are obtained (9.3.5) (the usual definition of analytic 
functions by the existence of continuous derivatives only applies, of course, 
to functions of complex variables, and therefore that characterization is 
postponed until section 9.10). The fundamental results about power series 
are Abel’s lemma (9.1.2) — from which is derived the vital possibility of 
substituting power series into power series (9.2.2) — and the principle 
of isolated zeros (9.1.5), whose most important consequence is the prin- 
ciple of analytic continuation (9.4.2), which expresses the “solidarity” 
between the values of an analytic function at different points of the domain 
where it is defined. 
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From that point on, we have to assume that the variables are complex: 
with the exception of the principle of maximum (9.5.9), all additional 
properties of analytic functions of complex variables derive from a single 
new idea, that of “complex integration’, and from its fundamental 
features, Cauchy’s theorem (9.6.3), Cauchy’s formula (9.9.1), and its gen- 
eralization, the theorem of residues (9.16.1). The form of Cauchy’s theorem 
which we give here is not the best possible, for it expresses the integral 
along a circuit as an invariant of the homotopy class of that circuit, whereas 
in fact it is an invariant of its homology class. In most applications, however, 
this has no inconvenience whatsoever, and in contrast to the fact that 
the proof of the weak form of Cauchy’s theorem needs almost no topological 
preparation, the proof of the complete theorem would have required some 
developments of Algebraic Topology, which we feel are above the level 
of the present course. The interested reader will find the complete Cauchy 
theorem, together with all the necessary prerequisites, in Ahlfors [1] and 
Springer [21]. Instead of using more results from Algebraic Topology in 
order to obtain such refinements, we have thought it might interest some 
readers to see how, by the very simple device introduced by S. Eilenberg, 
it is possible to obtain quite deep information on the topology of the real 
plane (including the Jordan curve theorem), using merely the most 
elementary facts about complex integration; this is the purpose of the 
Appendix (which, by the way, is not used anywhere in the later chapters 
any may therefore be bypassed without any inconvenience). 


As we have announced in chapter I, the reader will find no mention 
in this chapter of the so-called “‘multiple-valued” or ‘‘multiform’’ func- 
tions. It is of course a great nuisance that one cannot define in the field € 


a genuine continuous function γα which would satisfy the relation (2) ΞΕ υΣΣ 
but the solution to this difficulty is certainly not to be sought in a deliberate 
perversion of the general concept of mapping, by which one suddenly 
decrees that there is after all such a “function”, with, however, the 
uncommon feature that for each z 4 0 it has two distinct ‘values’. The 
penalty for this indecent and silly behavior is immediate: it is impossible 
to perform even the simplest algebraic operations with any reasonable 
confidence; for instance, the relation az = Vz “fe Vz is certainly not true, 
for if we follow the ‘‘definition’’ of \z, we are compelled to attribute for 
z 0, two distinct values to the left-hand side, and three distinct values 
to the right-hand side! Fortunately, there is a solution to the difficulty, 
which has nothing to do with such nonsense; it was discovered more than 
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100 years ago by Riemann, and consists in restoring the uniqueness of the 
value of γι: by ‘“‘doubling’’, so to speak, the domain of the variable z, so 


that the two values of Vz correspond to two different points instead of a 
single z: a stroke of genius if ever there was one, and which is at the origin 
of the great theory of Riemann surfaces, and of their modern generaliza- 
tions, the complex manifolds. The student who wishes to get acquainted 
with these beautiful and active theories should read H. Weyl’s classic [25] 
and the modern presentation by Springer [21] of Riemann surfaces, and 
H. Cartan’s seminar [8] and the recent book of A. Weil [24] on complex 
manifolds. 


1. Power series 


In what follows K will denote either the real field R or the complex 
field €; its elements will be called scalars. In the vector space K? over K, 
an open (resp. closed) polycylinder is a product of p open (resp. closed) 
balls; in other words it is a set P defined by conditions of the form 
lz; — a,;| <7, (resp. |z; —a,| <7), 1<1<p, on the point 2 = (%,...,2,), 
with 7; > 0 for every index; a = (4,...,d,) is the center or P, %,...,% 
its radii (a ball is thus a polycylinder having all its radii equal). 


(9.1.1) Let P,Q be two open polycylinders in K? such that PN Q 0; for 
any two points x,y in PN Q, the segment (8.5) joining x and y 15 contained 
in PNQ; in particular PN Q ts connected. 


Indeed, if |x; —a,|< 7, |y; —a,|<7, then |tx,+ (1 -- ἢν; -- αἢ « 
t|x, —a,| + (1 — ἢ]ν; — a,|< 7, ἴοτ 0 <t< 1; the last statement follows 
from the fact that a segment is connected (by (3.19.1) and (3.19.7)) and 


from (3.19.3). 


We introduce the following notation: for any element ν = (m,...,n,) 
in ΝΡ (n, integers > 0) and any vector z = (%,...,2,)€K’, we write 
See os Lp? and ἰν] =", +n,+...+%,. If E is a Banach space 


(over K), (Cs) ane a family of elements of E having N? as set of indices, we 
say that the family (¢,2”) |v» of elements of E is a power series in p vartables 2; 
(l<1t< bp), with coefficients c,. 


(9.1.2) Let ὃ = (b,,...,b,) € ΚΡ be such that ὃ, 40 for 1 <i <p, and that 
the family (c,b’) be bounded in E. Then for any system of radi (r,;) such 
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that 0<17,< |b,| for 1 <i <b, the power series (c,z”) is normally summable 
(7.1) 1” the closed polycylinder of center 0 and radii 7, (‘“‘Abel’s lemma’’). 


For if ||c,b”|| < A for any νε ΝΡ, it follows from the definition of the 
norm in ΚΡ that if |z,| << 7;< [ὃ] (1 « ὁ « 2), we have ||c,2”|| << Ag”, with 
7 = (4,,. 5%), % = %/|2;| <1. It follows from (5.5.3) that the family 
(7°) np Of positive numbers is absolutely summable, hence the result by 


(5.3.1). 


(9.1.3) Under the assumptions of (9.1.2), the sum of the power series (c,z”) is 
continuous in the open polycylinder of center 0 and radii |b;|. 


As every point of that polycylinder is interior to a closed polycylinder 
of radii 7,;< |b,|, the result follows from (7.2.1). 


Let g be any integer such that l1<qg<p; for any ν --- (%4,...,%5), 
write γ' = (my,...,%,), ν΄ = (Mj41,-++)Ms); Consider K? as identified 
to the product Κ΄ x K?~4, and for z = (2ipecsa Zp) Ε ΚΡ, write z’ = (z,,.. ἠδ} 


[Δ 


2" = (Z,44,.-+,%,). With these notations: 


(9.1.4) Suppose the power series (c,z”) ts absolutely summable in the poly- 
cylinder P of radii r, and center 0 in ΚΡ. Then, for any ν΄ EN? 4 the series 
(Coy yy" a 15 absolutely summable τη the polycylinder P’, projection of P on K?; 
let g(z ') be its sum. Then, for any χ' € P’, the power series (g,(z')z’” ) ἐς 
absolutely summable in the polycylinder P’, projection of P on ΚΡ 4, and 
115 sum 1s equal to the sum of the series (c,z”). 


As 2 = 22’, the fact that each of the series (C7 mg 2’) (ν΄ fixed) 


(e" 


is absolutely ἜΝ and that “εν 2\Z = ee yz, follows from (5.3.5) 


and from the akencanviny theorem 6. 3.6) for sbaonaiely summable families. 
If we take 2’’e P” such that z, 40 for q+1<i< 3, the absolute 
summability of (Cyr 92”) follows. 


(9.1.5) (‘Principle of isolated zeros”). Suppose (c,2”) is a power series in one 
variable which converges in an open ball P of radius r, and let f(z) = 2 c,z”. 
n = 0 


Then, unless all the c, are 0, there is r' <r such that for 0 < |z| <7’, f(z) #0. 


Suppose ἢ is the smallest integer such that c, 40; then we can write 
f(z) = 2"(c, + οἰ  ... + Cyy ye” +...) amd the series (c,_,,2”) 
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converges in P; if g(z) =¢, + Gj432 «Ὁ +4 ne” +--+, 8 1S contin- 
uous in P by (9.1.3) and as g(0) = c, # 0, there is 7’ > 0 such that g(z) 4 0 
for [1] <7’; hence the result. 


(9.1.6) Suppose two power series (a,2”) and (b,2”) are absolutely summable 
and have the same sum in a polycylinder P; then a, = 6, for every v ENP. 


Use induction on #;. for = I, the result follows at once from (9.1.5). 
Taking the difference of the two power series, we can assume ὦ, = 0 for 


every v; applying (9.1.4) with g = p — 1, we have 2 g,(z’)z; = 0, hence 


n=0 
g,(z’) = 0 for every ” and every z’ in the projection P’ of P on K?~*; the 
induction hypothesis applied to each g, yields then a, = 0 for every ». 


PROBLEMS 


1) Let (c,z”) be a power series in p variables z;(1 << i< p); leta = (a,,...,ap) € ΚΡ. 
In order that a real number r > 0 be such that, for any ἐξ K such that |¢| < 7, the 


series (c,(ta,)™... (tap)"?) be absolutely summable, it is necessary and sufficient that 


1 p 
logy + Pl (log ||c,|| + Σ᾽ 2; log |a;|) < 0 
t=1 
for all but a finite number of indices ν = (n,,...,mp) (apply (9.1.2)). 
In particular, for p = 1, there is a largest number R > 0 (the ‘‘convergence radius’, 
which may be -++oo) such that the series (c,2") is convergent for |z| < R, and that 


number is given by 1/R= lim (sup ([10, ἈΠ ||} 8}}), which is also written 
n—»co k>0 


lim - sup |]c,||!/". When in particular lim l\en|[1/" exists, it is equal to 1/R. 
n—> © n—> CO 

2) Give examples of power series in one complex variable, having a radius of 
convergence R = | (problem 1) and such that: 

1° the series is normally convergent for |z| = R; 

2° the series is convergent for some z such that |z| = R, but not for other points 
of that circle; 

3° the series is not convergent at any point of [2] = R. 

3) Give an example of a power series in two variables, which is absolutely 


᾿ ; a,+b a b 
summable at two points (a,,a,), (b,,b,), but not at the point (5:3 see us i ᾧ 


2 2 
(Replace z by 2,2, in a power series in one variable.) 
4) Let (c,2"), (d,2") be two power series in one variable with scalar coefficients; 
if their radii of convergence (problem 1) are R and R’, and neither R nor R’ is 0, 
then the radius of convergence R” of the power series (cy,d,2”") is at least RR’ (taken 
equal to + oo if R or R’ is + 0). Give an example in which Ε΄.» RR’. 
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2. Substitution of power series in a power series 


Let Q be a polycylinder of center 0 in Κ΄, and suppose the power 
series In q variables (δι, with scalar coefficients are absolutely summable 


in Q (with w= (m,,...,m,), w= (u,...,u,), wu = uy... ΤΩΝ We write 
g,(u) = Lb u", G,(u) = ΣΊ δ |“. On the other hand, let (a,2”) be a power 
μ μ 


series in p variables with coefficients in E, which is absolutely summable 
in a polycylinder P of ΚΡ, of center 0 and radii 7, (1 -- k<>). If, ina 
monomial 2” = χῆι,, ae we replace “‘formally’’ each z, by the power 
series g,(“), we are led to take the formal “‘product” of m, + my + ...+ ἢ, 
series, 1.6. to pick a term in each of the m, +... + Ny factors, to take 
their product and then to ’’sum‘ all terms thus obtained. We are thus 
led to consider, for each v = (4,%»,...,”,) the set A, of all finite families 
(4,;) = p where pw; EN’, k ranges from 1 to ῥ, and for each k, 7 ranges 
from 1 to πᾳ; to such a p we associate the element 


p “ἢ 


ἐσ 7᾽΄΄»(),,ΜᾺ)] 
t(u) = mae ἊΝ δ; ἀξ; 
= 1 = 


With these notations: 


(9.2.1) Suppose s,,...,8, are q numbers > Ὁ satisfying the conditions 

G,(sy,--.,8,) <7 for l<k<p. Then, for each u in the open polycylinder 

SC Κ' of center 0 and radu s;(1 <1 <q), the family (t,(u)) (where p ranges 

through the denumerable set of indices A= \J A,) ts absolutely summable, 
ve NP 

and if f(z) = La,z”, its sum 1s equal to f(gy(),g4(%),.. -.85(u)). 


In other words, under the conditions G,(s,,...,5,)<™, (1 «καὶ « 2), 
“substitution” of the series g,(u) for 2, (1 <k <>) in the series f/ yields 
an absolutely summable family, even before all the terms ¢,(u) having the 
same degrees in u,,...,u4, have been gathered together. 


To prove (9.2.1), we need only prove that the family (¢,(u)) is absolutely 
summable; that its sum is /(g,(u),...,g,(#)) follows by application of the 
associativity theorem (5.3.6) to the subsets A, of A, and by using (5.5.3) 


which shows that 2 2¢,(u) is equal to a,(g,(u))”™.. .(gy(w))"?. To prove the 


peA, 
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family (f,(u)) (ρ Ε A) is absolutely summable, we apply (5.3.4). For any 
finite subset B of A, we have, by (5.3.5) and (5.5.3) 


Σ ||t,(2)|| < | la, |] - (Gy(sy,-. -584))- - - (Gp(Sz,- + - Sq) P 


pEBNA, 


and by assumption, the right-hand side of that inequality is the element 
of index ν of an absolutely summable family; hence the result. 


p "k 
Write ¢,(u) = c,u’, with A= (A,,...,4,), 4;= 2 Σ m,;; (if we have 
ee 


[yj = (Myjys + + /Myjq))- From (9.2.1) and (5.3.5) it follows (taking all the 4; 
to be # 0, we S), that for each A, the family of the c,, where p ranges over 
all elements of A which correspond to the same A, is absolutely summable 
in E; if d, is its sum, we see, by the associativity theorem (5.3.6), that 


(9.2.1.1) (σεῦ, « «8 p(%)) = Σ ἀμ 


the series on the right-hand side being absolutely summable in the 
polycylinder S. By definition, that power series is the power series obtained 
by substituting g,(u) to z,, for 1<k <p, in the power serves (a,2"). 


(9.2.2) If the pont (g,(0),...,8,(0)) of ΚΡ belongs to P, then there exists in 
Κ΄ an open polycylinder S such that, for weES, the series g,(u) may be sub- 
stituted to 2, (1 ΞΞ καὶ <p) im the power serves (a,2"). 


Observe that by definition, G,(0) = |g,(0)| for l<k<p. As G, is 
continuous at 0 by (9.1.3), the existence of numbers s;>0 (l<1< 4) 
such that G,(s,,...,8,) <7, for 1 <k < follows at once from the assump- 
tion. 


3. Analytic functions 


Let Ὁ be an open subset of K?. We say that a mapping / of D into a 
Banach space E over K is analytic if, for every point ae D, there is an 
open polycylinder P c D of center a, such that in P, f(z) is equal to the sum 
of an absolutely summable power series in the ~ variables z, — a, (1 Ξ ἃ <p) 
(that series being necessarily unique by (9.1.6)). Suppose K = @, let ὁ 
be a point of D, and let B be the inverse image of D by the mapping 
x +b+ χ of R? into C?. Then it follows at once from the definitions that 
x —» f(b + x) is analytic in the open subset B of R?. 
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(9.3.1) Let (a,2”) be an absolutely summable power series in an open polycyl- 
inder PCK?. Then f(z) = La,2” is analytic in P; more precisely, of 7; 


(l<7< 2) ave the radii of P, for any point ὃ = (b,) EP, f(z) ts equal to the 
sum of an absolutely summable power series in the z, — ὃ, in the open polycyl- 
inder of center b and of radii 7, — |b;| (1 « ὁ « 2). 


This follows at once from (9.2.1) applied to the case g = ὁ, g,(u) =b, + U,; 
we have then G,(u) = |b,|+ %, and the conditions G,(s,,...,s,) <7, 
(l<k <>) boil down to s,< 7, — |b] (1 « καὶ <p). 


An entire function of p variables is a mapping / of K? into E which is 
equal to the sum of a power series which is absolutely summable in the 
whole space ΚΡ (cf. (9.9.6)). For each ὃ € ΚΡ, f(z) is then equal to the sum 
of a power series in the z, — b,, which is absolutely summable in the whole 
space K?, by (9.3.1). 


(9.3.2) Let A be an open subset of ΚΡ, B an open subset of Κ΄, g, (1 «-- Rk <p) 
p scalar functions defined and analytic in B, and suppose the image of B by 
(21,-- +8) 15 contained in A. Then, for any analytic mapping f of A into E, 
H81-- +8) 15. analytic in B. 


This follows at once from the definition and from (9.2.2). In particular, 


if f is analytic in AC ΚΡ, then for any system (4, 44,-+++,4,) of p — q scalars, 
Cane 124) — f(2,.. “Mghgicties ΝῊ is analytic in the open set A(@,.4- ον) 
in Κ΄͵ 


(9.3.3) In order that a mapping f = (f,,...,f,) of ACK? into Κ΄ be analytic 
in A, tt 1s necessary and sufficient that each of the scalar functions }, (1<i<q) 
be analytic in A. 


Obvious from the definition. 


(9.3.4) Letz,= x, - ἵν, forl<k<p, x, and y, being real. If f is analytic 
in ACO?, then (X41, 1... -:% p05) > f(% + iyy,...,%, + ty,) is analytic in A, 
considered as an open set in R??. 


Indeed, that function is analytic in the open subset BCC”, inverse 
image of A by the mapping (u,,V,,...,45,0,) - (ἢ + iv,,.. Uy + τυ») of 
ΟΡ into Οὗ, by (9.3.2). Hence it is analytic in A= BNR”, when A is 
considered as a subset of ΕΗ", 
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(9.3.5) Let (c 


in an open polycylinder P of center 0, and let f(z) be tts sum. Then the power 


series (”,C ia oe 2?) is absolutely summable in P and tts sum 


is the partial derivative D,f (= δ, 0z,). 


nin, eee 


n δ . . 
n 2+ + 2p) be a power series which ts absolutely summable 
p 


n 
ΟΝ ..2 


For any ΖΕ P, we can in the series substitute 2; to itself for 1 4 & and 
z, + u, to z,, and we thus obtain a power series in p + 1 variables 2),. . .,25,u,, 
which, by (9.2.1), is absolutely summable for |z,|< 7, (ἰ 4%) and |z,| + |u,|<7, 
(if 7,,...,7, are the radii of P). By (9.1.4) we can therefore write 
f(y). + 5% Wyss» 5%) = f(z) - περί χ(2) +... + τ, (8) + ..-, where each 
}, is a power series absolutely summable in P, and the right-hand side, for 
each ΖΕΡ, is a power series in τές which is absolutely summable in some 
open ball B of center 0 (depending on z). Moreover it follows from the 
binomial theorem that 


f(z) = XC y, a 


and as (f(z). - -.24 + τιν. + 2%) — M2), = A(z) +... + R774, (2) +. is 
an absolutely summable power series (in ,) in B (for fixed 2) by (9.1.4), 
we deduce from (9.1.3) that /,(z) = D,/(z) for any ze P. From that result 
and from (9.1.3) we deduce the values of the c, in terms of the derivatives 
of ἡ, namely 


(9.3.5.1) vlc, = D’#(0) 


where D’ = D7.. .D;? and v!=m,!n,!...n,!; this is immediate by 
induction on |r| =, + ... + %,. 


(9.3.6) An analytic function in an open set ACK, ts indefinitely differen- 
tiable and all its derivatives are analytic in A. 


This is an obvious consequence of (9.3.4) and (8.12.8). 


For p = 1, we have a “‘converse”’ to (9.3.5): 


(9.3.7) Let (c,2") be a power series convergent in the ball P: |z|< rin K, and 
let f(z) =2Lc,2" in P. Then the power series ((1/(n + 1)) c,z"*1) ἐς convergent 


n=0 


in P and its sum is a primitive of f. 
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Due to (9.3.5) we have only to check the convergence of the series 


1 
( ae ea) , which follows at once from the inequality 
n 


cna 1H] < | Ie 


“le 


1 
ntl 
and from (9.1.2). 


PROBLEMS 


1) Let (a,2"), (b,2”) be two power series in one variable, the b, being real and > 0; 
suppose lim a,/b, = 5. 
n—> OO 
a) Suppose the series (b,z") is convergent for [2] << 1, but not for z = 1 (which 
Rk 


means that ifc, = 2 b,, lim cp, = + 0). Show that the series (a,z”) is absolutely 
n= k—> 0 


convergent for |z}< 1, and‘that, if I = [0,1[, 


lim ( Σ Anz”) [{ ν ὃ,,2 = 5. 
0 


z—>l1,zeIl n=0 n= 


(Observe that, for any given k, lim ( 2 by2") = + oo). 


z—>1,zel n>k 


Ὁ) Suppose the series (b,2”) is convergent for every z. Show that the series (a,2”) 


is absolutely convergent for every z, and that if J is the interval [0,+ oo[ in R, then 


lim ( x Aye") | ( Σ bye) = ἃ. 


zs—>+0,z2zE€J n=0 n=0 


(Same method.) 
cO 
c) Show that if the series (a,) is convergent and 2» a, = s, then the series (a,2”) 
n=0 
io @) 
is absolutely convergent for [2] - 1, and that lim Σ ayz" = s. (Apply a) 
z—>1,zeI n=0 


with b, = 1 for every ἢ; this is ‘“‘Abel’s theorem’’.) 


d) The power series ((— 1)72 has radius of convergence 1, and its sum 1/(1 + 2) 
tends to a limit when z tends to 1 in I, but the series ((— 1)”) is not convergent (see 
problem 2). 


2) Let (a,2”) be a power series in one variable having a radius of convergence 
equal to 1; let f(z) be its sum, and suppose that f(l—) exists. If i addition 


lim na, = 0, show that the series (a,) is convergent and has a sum equal to f(1—). 
n—-> ® 
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(“Tauber’s theorem’’. observe that if |za,|< ε for n> hk, then, for any N> &, 
and 0<x<1 


N 
|| 2° a,(1 — ν᾿} << eN(1 — ἃ) 
n=k 


and || Σ᾽ a,4"|| < e/N(1 — ).) 
nz N 
3) Let (a,z") be a power series in one variable having a radius of convergence r > 0, 
and let (6,) be a sequence of scalars σέ 0 such that g= lim (b,/b, .1) exists and 
n> © 


lq] < 7. Show that, if 
Cy = Agdy + ayby,_ 1 +... + andy 
lim (c,/b,) exists and is equal to f(q). 
n—> © 


4) Let (py2"), (4,3 be two power series with complex coefficients, and radius of 
convergence + 0, and let f(z) = Σ' pyz", g(z) = Σ᾽ 4,27} in a neighborhood U of 0 
n 


n 
where both series are absolutely convergent. Suppose 40 = g(0) 4 0; then there is 


a power series 2'¢,z" which is absolutely convergent in a neighborhood VC U of 0 
n 


and has a sum equal to f(z)/g(z) in V (remark that the series (z”) is convergent for 
[2] < 1, and use (9.2.2)). If all the 4, are > 0, the sequence (9,4 /q,) is increasing, 
the p, are real and such that the sequence (p,/q,) is increasing (resp. decreasing), 


show that c, > 0 (resp. c, < 0) for every » > 1. (Write the difference 41 - ane 
qn In —1 


aS an expression in the 45 and cz, and use induction on 9.) Deduce from that result 
that all the derivatives of x/log (1 — x) are < 0 ἴογ 0 «- # < 1. 

δ) Let gg (1 εἰ κὶ < p) be p scalar entire functions defined in K?. If f is an entire 
function defined in ΚΡ, then f(g,,...,gp) is an entire function in Κ΄. 


4. The principle of analytic continuation 


(9.4.1) In K?, let P,Q be two open polycylinders of centers a,b, such that 
PNOQO+H+VD. Let (Ca... ng(% Sele ἘΞ a,) ) be a power sertes in the 
x, —a;, absolutely summable in P, and let f(x) be its sum. Let 
(d,,, Ly (Et AO) aa age b,)"?) be a power series in the x, — b,, absolutely 


summable in Q, and let g(x) be its sum. If there is a non-empty open subset 
U of PN Q such that f(x) = g(x) for any x EU, then f(x) = g(x) for any 
xEPNO. 


Let we U, and let v be any point of PN Q; then the segment joining u and v 
is contained in PNQ by (9.1.1). Let A(t) = f(u-+-t(v — u)) — g(u + ἐ(υ — u)) 
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with ¢ real; by (9.3.2), this is an analytic function of ¢ in an open interval I 
containing [0,1]. Let A be the closed subset of the interval [0,1] consisting 
of the ¢ such that A(s) = 0 for 0 - s - ἐ; by assumption there is an open 
neighborhood of 0 in [0,1] which is contained in A, hence the l.u.b. p of A 
is certainly >0; we will prove that p = 1, which will establish (9.4.1). 
Note first that λἀ(ἢ = 0 for 0 <t< p, hence by continuity A(p) = 0; as 
his analytic at the point p, there is a power series in ¢ — p, which converges 
for [{ — p| <a, with « > 0 and whose sum is equal to A(#) for |t — p| < a. 
But for 0 <t< p, A(t) = 0 by assumption; from the principle of isolated 
zeros (9.1.5) it follows that h(t) = 0 for |t — p| < a, which would contradict 
the definition of p if we had p < 1. 


(9.4.2) (‘Principle of analytic continuation”). Let AC K? be an open 
connected set, f and g two analytic functions in A with values in E. If there 
is a non-empty open subset U of A such that f(x) = g(x) in U, then f(x) = g(x) 
for every x EA. 


Let B be the intertor of the set of points x € A such that /(x) = g(x). 
It is clear that B is open and non-empty by assumption; we prove that B 
is also closed in A, hence equal to A since A is connected (see (3.19)). Let 
4 ΕΑ beacluster point of B; as /,g are analytic, there is an open polycyl- 
inder P of center a, contained in A, such that in P, /(x) and g(x) are equal 
to the sums of two power series in the x; — a;, absolutely summable in P. 
But by definition, PMB contains an open polycylinder U in which 
{(x) = g(x). By (9.4.1) applied to P = Q, we conclude that /(x) = g(x) 
in P, in other words PCB, and in particular a Ε Β, q.e.d. 


For # = I, we can improve (9.4.2) as follows: 


(9.4.3) Let ACK be an.open connected subset of K, f and g two analytic 
functions in A with values in E. Suppose there 1s a compact subset H of A 
such that the set M of points x EH for which f(x) = g(x) be infinite. Then 
{(x) = g(x) for every x EA. 


Let (z,) be an infinite sequence of distinct points of M; as H is compact, 
there is a cluster value 6€ H for the sequence (z,), hence any ball P of 
center ὦ, contained in A, contains an infinity of points of M. But we can 
suppose / and g are equal to convergent power series in z — bina ball PCA 
of center ὃ; the principle of isolated zeros (9.1.5) then shows that /(x) = g(x) 
in P, and we can then apply (9.4.2). 
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For K = € we can also improve (9.4.2) in the following way: 


(9.4.4) Let ACC? be an open connected set, f and g two analytic functions 
in A with values in a complex Banach space E. Let U be an open subset 
of A, ὃ a point of Ὁ, and suppose that f(x) = g(x) in the set UN (b+ ΒΡ); 
then f(x) = g(x) for every xe A. 


We can suppose, by a translation, that ὃ = 0; let A = f — g, and let P 
be a polycylinder im Οὐ, of center 0, contained in U and such that in P, A(z) 
is equal to the sum of an absolutely summable power series (0,2. Now 
PNR? is a polycylinder in ΒΡ, and A(x) =0 in PNR’; this shows by 
(9.1.5) that c,=0 for every », hence A(z) = 0 in P and (9.4.2) can be 
applied. 


In an open connected set AC ΚΡ, we say that a subset MCA is a set 
of uniqueness if any two functions, defined and analytic in A, coincide in A 
as soon as they coincide in M. (9.4.2), (9.4.3) and (9.4.4) show that anon-empty 
open subset U of A, or the intersection Un (ὁ + ΒΡ) (if not empty), or, for 
p = 1, a compact infinite subset of A, are sets of uniqueness. We shall 
see another example in (9.9) for Καὶ = (. 

The preceding result shows that if an open connected subset AcC@? 
is such that AN R? 4@, any analytic function / in A is completely deter- 
mined by its values in ANR?. The restriction of f to AN BR? is an analytic 
function, but in general an analytic function in AN R? cannot be extended 
to an analytic function in A; we have however the weaker result: 


(9.4.5) Let E be a complex Banach space, A an open subset of ΒΡ, f an 
analytic mapping of A into E. Then there is an open set BCC? such that 
Bn RP = A, and an analytic mapping g of B into E which extends f. 


Indeed, for each a= (a,,...,a,)¢A, there is an open polycylinder 
P, in ΒΡ defined by |x; — αἰ <7; (1 « ὁ «-. 2) contained in A and such 
that, in P_, f(x) is equal to the sum of an absolutely summable power series 


(Coy... my — ay)""...(%_ — ay) ?). Let Ὁ, be the open polycylinder 


in CP’, of center a and radii 7,;; then, by (9.1.2), the power series 
(Cy, ang’ - ΠΩ «,}"Ὁ) is absolutely summable in Q,; let g,(z) be 
its sum. If a,b are two points of A such that Q,N Ὁ, #W, then P,N P, = 
(Q,N Q,)N ΒΡ is not empty, and we have g,(x) = g,(x) = f(x) in P,N P,. 
Moreover Q, Q, is connected by (9.1.1); it follows from (9.4.4) that 
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g.(z) = g,(z) in Q,N Q,. We can now take B= [J Q,, and define g as 


aceA 
equal to g, in each Q,; the analycity of g follows from (9.3.1). 
The proof of (9.4.5) shows that when / is an entire function defined in ΒΡ, 
it can be extended to an entire function defined in ΟΥ̓́, and that function is 
unique by (9.4.4). 


PROBLEMS 
1) a) Let P(u,,...,u,4) be a polynomial with coefficients in K, «,,...,a, elements 
of Καὶ such that |«,;|< 1 for l1<i<yr. Suppose there exists a ball B in K of center 0 
and a scalar function f analytic in B and such that f(z) = P(z,f(a,z),...,f(%,2)) for 


every ΖΕ B. Show that f can be extended to a function g analytic in the whole set Καὶ 
and satisfying the same functional equation in K (use (9.4.2)). 

Ὁ) Suppose Καὶ = C, and suppose there is a real number # and a scalar func- 
tion f analytic for &(z) > B, and satisfying in that subset the equation f(z) = 
P(z,f(z + a,),..-,f(z + a,)), where the a; are complex numbers with &(a,) > 0. 
Show that f can be extended toa function g analytic in € and satisfying the same 
functional equation. 

c) Generalize the preceding results to functions of any number of variables. 

2) Let D be a connected open set in €?, D’ the image of D by the mapping 
(21,-- +2) —> (4,..-,2p). Let f be a complex function analytic in D, and suppose 
DN R? is not empty, and f takes real values in Dn R?. Show that / can be extended 


to a function g analytic in DU D’, (Consider in D’ the function (2,,...,z) > /(4,..-.2), 
and use (9.4.4).) 


5. Examples of analytic functions; the exponential function; the 
number 7 


(9.5.1) Let P(z), Q(z) be two polynomials in K?, such that Q is not identically 
0; then P(z)/Q(z) ts analytic in the (open) set of the points z such that Q(z) ~ 0 
(i.e., the set of points where the function is defined). 

It is obvious that any polynomial is an entire function. By (9.3.2) 
all we have to do is to show that I1/z is analytic for z 40; but if z 4 0, 
we can write 


1 1 
Ζ {153} 
29 
l χ2--χ (z — 29)" | . (2 — 2)" 
poe, aes es, 
0 20 20 20 


where the power series is absolutely summable for |z — 20] < |z |, 4.4.4. 
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Consider now the function e* of the veal variable x; we prove it is an 
entire function. From the Taylor formula (8.14.3) we derive, for any ἡ 
(using (8.8)) 


4“ 


2 n - ἣ» 
PS ate ἘΠ’ Ὅλα eat 
1: 2! 
ὃ 


As e* is increasing by (8.5.3), we have |e'|<e'*! for |é|< |x|, hence 


x 


- ἢ» n+l lal | | 
1 ) edt ΞΞ cae 7" . But if m) is an integer > |x|, we have 
0 
a x oe |x|" 
ἢ - a a for n>», hence, for any *ER 
ἐς ed , xn 
C= Te coy ee ge eee 


and by (9.1.2) the series is normally convergent in any compact interval. 
Using the remark which follows (9.4.5), we can define in C an entire func- 
tion é (also written exp 2) as equal to the sum of the power series (2"/n!). 
We have 


’ , 


(9.5.2) | gt — δῷ 


for both sides are entire functions in ΟΣ which coincide in R*, and we 
apply (9.4.4). 

For real x, e~** is the complex conjugate of εἶν, since (— 1x)" is the 
complex conjugate of (ix)"; from (9.5.2) it follows that 65] = 1. We define 
cos x = Me”), sin x = ¥(e) for real x; they are entire functions of the 
real variable x by (9.3.3), and the relation [6.5] = 1 is equivalent to 
cos2x + sin?x = 1, and implies |cos | < 1 and |sin x| <1 for any real x. 
Moreover, we have. 


(9.5.3) D(e) =e 


since both sides are entire functions (by (9.3.5)) in ©, which coincide in R. 
In particular (see Remark following (8.4.1)), D(e'*) = ie* for real x, hence 


(9.5.4) D(cos x) = — sin x, D(sin x) = cos x, 
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The definitions of cosx and sinx for real x can also be written 
cos x = d(e* + 6 *), sin x = (e'* — ο΄ *)/27; these formulas may be used 
to define cosz and sinz for complex z, replacing x by z in the right-hand 
sides. With these definitions, formulas (9.5.4) are still valid for complex 
values of x. 


(9.5.5) There is a number x > 0 such that the solutions of the equation εἶ = 1 
are the numbers Φησὶ (n positive or negative integer). 


If z= x+y, we have |e*| = e*|e”| = e*, hence δ᾽ = 1 implies x = 0, 
z=1y. We first prove: 


(9.5.5.1) The set of points x >0 such that cos x =0 is not empty. 


Suppose the contrary. Then, as cos0 = 1, we would have cos x > 0 
for any x > 0, hence by (9.5.4) and (8.5.3), sin x would be strictly increasing, 
hence > 0 for any x > 0, and by (9.5.4) and (8.5.3), cos x would be strictly 
decreasing for x > 0. We first remark that it is impossible that we should 
have cos x > 1/2 for all x > 0, for that would imply, by the mean value 
theorem (8.5.3), that sin x > x/2 for all x >0, and this violates the 
inequality [sin x] <1 when |x| > 2. Suppose then cosa < 1/2. Then 
cos x < 1/2 for x >a, and this implies sin x > 1/2 for x >a; the mean 
value theorem would then give again 


cos αὶ — cosa < — (% — a)/2 


and this shows that cos x < 0 when x is large enough, q.e.d. 

As cos x is continuous, the set D of the roots of cos x = 0 such that 
x > 0 is closed (3.15.1) and does not contain 0, hence has a smallest element 
which we denote by 2/2. Then we have sin? 2/2 = 1, and as sinx is 
increasing for O< χα <a/2, sina/2=1, e”* —1. This already shows 
that e*” = 1, hence ce" = 1 for every integer , and by (9.5.2) 


(9.5.6) ef tint gt. 


To end the proof of (9.5.5) we have only to show that the equation e’* = 1 
has no root in the interval ]0,2%[. But from (9.5.2) we deduce 
cos (x + 2/2) = —sinx, hence cosx<0O for π|2 - χε a, and as 
cos (x + πὶ = — cos x, we see that cosx< 1 for 0< x < ὅπ, and this 
ends the proof. 
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(9.5.7) The mapping x > e’* is a continuous bijection of any tnterval 
[a,a + 2πί on the ‘unit circle’ Ὁ: |z| = 1 in ©, and a homeomorphism of 
Ja,a + 2n[ on the complement of e in U. 


The mapping is obviously continuous, and it is injective by (9.5.2) and 
(9.5.5). To prove it is surjective in [4,6 + 2π|, we can obviously suppose 
a = 0, for if CEU, fe~* is also in U. Let S=a+ if, α τ Bf? =1; as 
κα] <1 and, in the interval [0,2], cos x is continuous and cos0 = I, 


cos 2 = — 1, there is y € [0,2] such that cos y = a by Bolzano’s theorem 
(3.19.8). Then sin yy = + 8; if siny = β, we are through; if not we have 
cos (22 — y) = cosy =a and sin (2π — y) = —siny =  . Let V be 


the complement of e in U, and 6, =e” eV witha<b<a-+ 2m; if the 
inverse mapping of the restriction of χα > οἷ to ja,a + 2π| was not contin- 
uous at f5, there would be in Ja,a + 2π| a sequence (x,) whose elements 
would belong to the complement of a neighborhood of 6, and such that 
lim ε΄ 5 = Cy; but then a subsequence (%,,) would tend to a limit ὁ #0) 


in the compact set [a,a + 27] by (3.16.1), and as οἷ - e” we arrive at a 
contradiction. (For another proof, see (10.3.1)). 


(9.5.8) The unit circle U 15 connected. 


This follows from (9.5.7), (3.19.1) and (3.19.7). 


(9.5.9) (‘Principle of maximum’). Let (c,z”) be a power series with complex 
coefficients, absolutely summable in an open polycylinder PcC? of center 0 
and let f(z) be its sum. Suppose that there is an open ball BCP of center 0 
such that |f(z)| < |f(0)| for every 16 Β. Then c,=0 for every index 
ν ~ (0,...,0), 1m other words, f is a constant. 


We first prove that the theorem is true for any # if it is true for p = 1. 
Indeed, for any z = (%,...,2,) € P, consider the function of one complex 
variable g(t) = f(tz,,...,42,) which is analytic for [ἢ «1 -Ἐ ε with ε small 
enough. As |g(t)| < |g(0)| for these values of ¢, we have g(t) = g(0) by 
assumption, and in particular f(z,,...,2z,) = e(1) = (0). For p=1, we 
can suppose οὐ 0, otherwise the result is obvious by (9.1.6). Suppose 
there are indices » > Ὁ such that c,-4 0, and let m be the smallest of 
them. We can write 


f(z) =e o(1 + 5,2" + 2”h{z)) 
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where b, #0, h is analytic in P and h(0) = 0. Let r >0 be such that 
[5] <r is contained in B and |h(z)| < 4]b,,| for [5] <7 (9.1.3). Write 
b,, = |6,,|¢ with [ζ] = 1; by (9.5.7) there is a real ¢ such that emt _ ¢-1. 
for z = re”, we therefore have 

[V+ bn2™ + 2"h(z)| = [1 + [Bn|7" + 2"h(z)| > 1 + 4 |dn|r™ 
which contradicts the assumption |/(z)| < [ορ] in B. 


The result (9.5.9) does not hold if Οὐ is replaced by R?, as the example 


of the power series 1/(1 + 22) = XY (— 1)*z™ (for [2] <1) shows. 


n= (0 


(9.5.10) Let f be a complex valued analytic function defined in an open 

subset AC ΟΡ, and which is not constant in any connected component of A. 

For any compact subset HCA, the points z€H where |f(z)| = sup |f(x)| 
ΧΕΗ 


(which exist by (3.17.10)) are frontier points of H. 


Follows at once from (9.5.9) and the principle of analytic continuation 


(9.4.1). 


PROBLEMS 


1) Show that if A(z) < 0, then, for any integer » > 0 


Ζ “3 23 | geal 
-βεδεξι mee +} aa 
(use Taylor’s formula (8.14.2) applied to ¢ > e”). 
2) Prove that, for real αὶ 
x2 x ‘ yen ||?" +2 
cose —(1 oT ae ἐν. + (— 1) an Song 2) 
and the difference has the sign of (— 1)*+1; similarly 
ΕΣ + (oe ee 
41 6... Ὁ (2n —1)!/| ~~ (2n + 1)! 


and the difference has the sign of (— 1)”%. (Use induction on 5.) 

3) a) Let U bea relatively compact open subset of ΟΡ, { a complex valued analytic 
function in U, which is not constant in any connected component of U. Suppose 
there is a number M > 0 such that for every frontier point x of U, and any e > 0, 
there is a neighborhood V of # such that |f(z)| < M + ¢« for any ze UNV. Show that 
|f(z)| < M for any z € U, and equality cannot be reached at any point of U (use (9.5.10) 
and the compactness of the frontier of U). 
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ve It σ 
b) In, let U be the open set defined by the conditions &(z) > 0, -- an FJ (z)< rs 


Show that the entire function exp (exp (z)) is bounded on the frontier of U, but not in U. 


4) a) Let E be the Banach space ΟΣ, with the norm ||(z,,z,)|| = sup (|2,|,|z|). The 
function z— f(z) = (1,0) + (0,1)z is an analytic mapping of C into C?, such that 
[[{(2}}} is constant for |z| < 1. 

b) Extend the result of (9.5.10) to functions defined in an open set AC ΟΡ, and 
taking their values in a complex Hilbert space. (If ||f(z)|| reaches a maximum at 2) € A, 
consider the complex-valued function z — (f(z)|/(z)); compare with a).) 


5) Let U be an open set in ΟΡ, P a closed polycylinder contained in U, of center 
a = (a,,...,a) and radii 7, (l< ἃ ΞΞ 2). Let f bea complex valued analytic func- 
tion in U, and suppose that on the set S = {(z,)| |2; — @;| = 7; for l<t< 2) (ie. 
the product of the circles |z; — a;| = 7), |f(z)| <M. Show that for any ze P, 
\f(z) <M. (Use induction on ῥ, considering the function (2g,...,2p) — [(6),22,- - -,2p) 
for |b, — αι] = 7.) 

6) Let P(x,y) be a polynomial in two complex variables, with complex coefficients, 
of maximal degree m in x, n in y. Suppose that for real x,y such that -la*<l, 
—l<y<l, |P(%,y)| <M. Show that for real x,y such that [1] > 1, ly| > 1, 


|P(~,yv)| < Μ(5] + γ.: — 1)"(\y| + γν: — 1)". (Apply problem 5 to the function 
1 ] 

s™?P [s4 - ὦ -Ὦ ἘῚ for [5] < 1, [1] < 1.) Extend to polynomials in any number of 
s 


variables. 


7) a) Let f(z) be a complex analytic function of one complex variable in the disc B: 
[2] < 1; suppose |f(z)| < M in B and f(0) = 0. Show that |f(z)| << M|z| in B (consider 
the function /(z)/z, which is analytic in B) (‘‘Schwarz’s lemma’’). When is equality 
possible ? 

b) Consider on C? the norm |jz|| = (|z,|2 +... + |zp|?)¥#, for z= (z,.-.,29) 
(called the “‘hermitian norm’’). Let B be the ball |{z|| < 1 for that norm, and let f/ be 
a complex valued analytic function in B, such that /(0) = 0 and |f(z)| <M in B. 
Show that |f(z)| << M||z|| in B (consider the function ἐ — f(z,t,...,zpt) of one complex 
variable and use a)). 


8) a) In the complex field C, let R_ (the ‘‘negative real half-line’’) be the subset 
defined by 4(z) = 0, A(z) <0; let F be the complement of R_ in C. On the other 
hand, let S be the set defined by — 2 <.¥%(z) < a. Show that the mapping z -- e’ 
is a homeomorphism of S onto F (use (9.5.7)); the inverse mapping is written 
z — log z, and called the “‘principal determination of the logarithm of z’’; one has 
log 2 = log |z| + Am(z), where Am(z) is the unique number 6 such that -a<O0< 2 
and z = [2] εἶθ (the ‘‘amplitude’’ of z). If z,z’ and zz’ are all in F, show that the 
difference log (zz’) — log z — log z’ is equal to 0,2m7 or — 271. 

b) In the ball B: |z| < 1, the power series ((— 1)”2"/”),>1 is absolutely convergent; 
if f(z) is its sum, show that f(z) = log (1 + 22. (Observe that if z¢B, 1+ zeF; 
show that /’(z) = 1/(1 + 2), and deduce from that result that f(z) = log (1 + 2) for 
z real and — 1 < z< 1; finally, consider the analytic function e/) and use (9.4.4).) 
Conclude that log z is analytic in F. 
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ἡ ΠῚ ον (-- πη -Ὁ 1] π|-Ξ 


c) For any complex number /and any integer n> 0, let ( 
n 


eo t 
= Crt, where the c,, are rational numbers (we put 8 Ξε . Show that the power 
k=0 

series (cpy2"t*) is absolutely summable in B x C (observe that for any number r > 0, 


γ Y γ ] 1 
μι 6 .5}..0 +1) <exn(>(1 +—4+... +t)<ew 
1 2 n 2 n 


where ὦ is a constant). Prove that the sum of that series is exp (#log (1 + 2)). 
(Consider first the case in which z and ¢ are real, and apply Taylor’s formula (8.14.2) 
to the function Ζ -- (1 +4 2)’. Then use (9.4.4).) The function exp (flog (1 + z)) is 
also written (1 + 2)’; show that for real values of ὁ, |(1 + z)‘| = [1 4+ σῇ. 

d) If ¢> 0, show that z-—» (1 - 2)! can be extended by continuity to the closed 


t 
n 
that for s > 0, 1 — s< e—.) 
9) a) Let ἐμ (l1<j<m,1<k <n) be scalar analytic functions defined in an 
open connected subset A of ΟΡ; let a;, be real numbers > 0. Show that the continuous 


disc [2] <1. (Use a majoration of similar to the one obtained in c), observing 


n 
function u(z) = Σ᾽ |fip(z)|"2*|fex(z)|°2. . . lfme(2)| * cannot reach a relative maximum 
k=1 


at a point of A, unless each of the products {/,,(z) [3 οὐ \fa(2) πὶ l<k<n) is 
constant in A. (Observe that if f(z) is analytic in A and /f(z)) 4 0, then, for every 
real number 4, there is a function g,(z) which is analytic in a neighborhood of z) and 
such that |g,(z)| = |f(z)|4 in that neighborhood; use problem 8 c) to that effect.) 
Extend the result to the case in which the a, are arbitrary real numbers, provided 
none of the /;, vanishes in A. 

b) Generalize to u(z) the result of problem 3 a). 

10) Let f(z) be a complex function of one complex variable, analytic in the open 
set A defined by R, < [2] < R, (where 0 < R, < Ἐς). For anyysuch that R, < r < R,, 
let M(v) = sup |f(z)|. Show that if Ry <7,< 7g< 73< Rg, then 

jz] =r 
log ὕς — log 7, log rz — log rg 
log M(r,) < ————— log M(r,) + —- log M(r,) 
log rz — log r, log r, — log 7, 
(““Hadamard’s three circles theorem’’.) (Apply problem 9 to |z|*- |f(z)|, where the 
real number « is conveniently chosen, and the function |z|*- |f(z)| is considered in the 
set 7; < |z|< 75.) When can equality occur? 

11) We put on C? and ΟΥ the hermitian norms (problem 7). Let / be an analytic 
mapping of the ball B: ||z|| << 1 in ΟΡ, into (7; we have f/ = (f,,...,f,), where the ἐκ 
are complex valued analytic functions in B. Suppose that /(0) = 0; show that if 
|/(z)|| << M for ze B, then ||f(z)||< M- ||z|| for z€B (for each ze B, consider the 
functions ¢ —> f,(tz)/¢ and apply problems 9 and 3). When is there equality ? 

12) We put on ΟΡ the hermitian norm (problem 7). Let F,G be two analytic 
mappings of B: ||z||< 1 into ΟΡ, which are homeomorphisms of B onto open sets 
U = F(B) and V = G(B) respectively, and such that the inverse mappings are analytic 
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in F(B) and G(B) respectively (this last condition actually follows from the others; 
see section 10.3, problem 2). For any 7 such that 0 < r < 1, let B, be the ball ||z|| < ν, 
and let U, = F(B,), V, = G(B,), which are open subsets of U and V respectively. 
Show that if an analytic mapping u of U into V is such that u(F(0)) = G(0), then 
u(U,) ΕΝ, for every r such that 0 < r < 1 (use problem 11). 

13) Let f be a complex valued analytic function of one complex variable in the 
ball B: [2] «- R; for any 7 such that O< 7 < R, let A(r) = sup &(f(z)). 

mr 
a) Show that rv — A(r) is strictly increasing unless / is constant (consider exp (f(z))). 
b) Show that, when A(R—) < +o, 


ἘΝ -- ν 2 γ 
ΑΘ) < Α(0) + 


A(R—) j 
R+°r R+~yr 


(Apply problem 12, with F(z) = Rz, and G(z) of the type (az + b)/(cz + d), where 
the constants a,b,c,d are chosen such that G(B) is the half-plane defined by 
A(z) < A(R—-)). 

14) a) Let A be a relatively compact open subset of €?, E a closed subset of the 
frontier of A. Suppose there exists a complex valued function g, which is analytic 
in a neighborhood of A, equal to 0 in E and is not identically 0 in A. Let { be a complex 
valued analytic function in A, bounded in A, and suppose there is a number M such 
that, for every frontier point x ¢ E of A, and every ¢ > 0, there is a neighborhood V 
of x in C? such that |f(z)| <M + efor ze ANV. Show that |/(z)| << M for every ze A. 
(One can suppose that |g(z)| << 1 for ze A. Consider the function |f(z)| - |g(z)|*, where 
a > 0 is arbitrary, and apply the result of problem 9 b) to that function.) 

Ὁ) Show that the result of a) does not hold if the assumption that / is bounded 
in A is deleted (consider the function exp (exp ((1 — z)/z)) and use problem 3 b)). 


15) Let w(%) be a real function defined in [0, + co[, such that w(x) > 0 and 


lim @(*) = +o. Show that if a complex valued function / is analytic in a 
x—>+ 0 


neighborhood of the closed half-plane A: &(z) > 0, then there is at least one point 
¢ €A such that [{(ζ}] < exp (w(||)¢). (Use contradiction: if the conclusion was not 
true, prove that the function |e*|- |f(z)|~= would be <1 in A, for every value of 
€ > 0, by applying problem 9 a).) 

16) Let A be an open relatively compact subset of ΟΡ, { a complex valued function, 
analytic in A. Suppose there exists a number M > 0 and a complex-valued func- 
tion g, analytic in A, such that g(z) 4 0 for any ze A, and having the following 
property: for every point x of the frontier of A, and every e > 0, there is a neigh- 
borhood V of # such that |f(z)| < M |g(z)|* for z¢ AN V. Show that |f(z)|< Min A 
(‘““Phragmén-Lindel6df’s principle’; use problem 9 b)). 

17) Let U be the open set defined in problem 3 b), and suppose / is a complex 
valued analytic function in a neighborhood A of Ὁ, having the following properties: 
1° |f(z)| < 1 on the frontier of U; 2° there exists a constant ὦ such that 0<a< 1 
and |f(z)| << exp (exp (aA#(z))) for ze U. Prove that [{(2)} << 1 in U. (Remark that 


Z— transforms U into a relatively compact set, and use Phragmén- 


z+ 
Lindeléf’s principle (problem 16) with g(z) of the form exp (exp (b2)).) 
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6. Integration along a road 


A path in C is a continuous mapping y of a compact interval I= [2,5] CR, 
not reduced to a point, into C; if y(I) CACO, we say that y is a path in A; 
y(a) (resp. y(b)) is called the origin (resp. the extremity) of the path, both 
points are also called the extremities of y; if y(a) = y(d), y is called a loop; 
if y is constant in I, we also say that the path y is reduced to a point. The 
mapping y° of I into © such that y°(t) = y(a + ὁ — ἢ is a path which is 
said to be opposite to y. Let I, = [8,c] be a compact interval in R whose 
origin is the extremity of I, and let I, = IUI, = [a,c]; if γ is a path 
defined in I,, and such that y,(b) = y(d), and if we define y, to be equal 
to y in I, to γι in ],, y, is a path which we denote y v y,, and which we 
call the juxtaposition of y and γι. 

We will say that a path y, defined in I = [a,b] CR, is a road, if y isa 
primitive of a regulated function (8.7.2); if in addition y(a) = y(d) we will 
say that y is a circuit. It is clear that the opposite of a road is a road, and 
so is the juxtaposition of two roads. Let y,y, be two roads, defined in the 
intervals 1,1) respectively. We say that y and y, are equivalent if there is 
a bijection of I onto I,, such that y and g7! are primitives of regulated 
functions, and that y = y,om (hence y, = yop); it is immediate (by 
(8.4.1)) that this is indeed an equivalence relation between roads. 

If the road y is defined in I = [a,0], there is a road γι equivalent to y 
and defined in any other interval J = [c,d], for there is a linear bijection 
t + y(t) = at + B of J onto I, and γ᾽ = yop has the required properties. 

Let y be a road, defined in I = [a,}], and let / be a continuous mapping 
of the compact set y(I) into a complex Banach space E; the function 
ἐ — }(y(t)) is then continuous in I, hence ¢ — f(y(t))y’(é) is a regulated func- 


b 
tion; the integral [/(y(t))y’(édt is called the integral of ῥ along the road y 


and written f/(z)dz; from (8.7.4) it follows at once that if y, is a road 
° 
equivalent to y, then ff(z)dz = ff(z)dz. Moreover, from the definition, 
γι γ 
it follows immediately that 


(9.6.1) [fl2)dz = — file)dz 


Y 


(9.6.2) Γ 1()άα = Sfle)dz + Sile)dz 


¥1 V Y2 


when the juxtaposition y, v γα is defined. 
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Let y be a circuit, defined in I = [a,b]; for any cel, consider the 
mapping y, of J = [c+ ὁ -- αὐ defined as follows: y,(¢) = p(é) if 
cx<t<b, γι(ἢ =yp(t—b+a) ifb<t<c+b—a. It is immediately 
verified that γι is a circuit such that y,(J) = y(I), and that {f(z)dz = [f(z)dz 


γι ¥ 
for any continuous mapping of y(I) into E. In other words, the integral 
of f along a circuit does not depend on the origin of the circuit. 


Let 9,1, be two paths defined in the same interval I, and let A be an 
open set in € such that y,(I) Ε A and y,(I) CA. A homotopy of yy into y, in A 
is a continuous mapping @ of I x [α,β] (« < β in R) into A such that 
p(t,a) = yo(t) and g(t,6) = y,(t) in I; γι is said to be homotopic to yy in A 
if there is a homotopy of y, into y, in A. It is clear that for any ἢ € [«,8], 
ἐ + y(t,é) is a path-in A. When both yp and y, are loops, we say that » 
is a loop homotopy of yy into y, in A if t + g(t,é) is a loop for any & € [α,β]; 
when we say that two loops y,,y, are homotopic in A, we mean that there 
is a loop homotopy (and not merely a homotopy) of yp» into y, in A. 


If » is a homotopy of yp into y, in A, defined in I x [«,@], then the 
mapping ({,ξ) — g(t,a + £8 — &) is a homotopy of y, into yp in A; on the 
other hand, if % is a homotopy of y, into y, in A, defined in I Χ [α΄,6], 
then we can define a homotopy θ of y, into y, in A in the following 
way; we take 6 = in I x [α,β]; putting β΄΄ = β' + B—a’, we take 
θ(ἐ,2) = ψ(ἐ,ξ + α’ — £) in I x [6,8]; this is meaningful, for both 
definitions give 0(t,8) = y,(¢) by assumption, and it is immediate to verify 
that θ is continuous in I x [α,β΄], takes its values in A, and is such that 
O(t,x) = y(t), 0(¢,8’") = y,(t). This shows that the relation ’’y, is homotopic 
to γὺ in A‘‘ between paths in A, is an equivalence relation; it is also an 
equivalence relation between loops in A, for the preceding definitions yield 
loop homotopies when ῳ and ψ are loop homotopies. 


(9.6.3) (Cauchy’s theorem). Let Ac C be an open set, f an analytic mapping 
of A into a complex Banach space E. If I, {᾿ς are two circuits in A which 
are homotopic in A, then |f(z)dz = [f(z)dz. 

r, r, 


Suppose {΄,7 ς are defined in I = [a,b], and let m be a homotopy of J 
into 7. in A, defined in I x [«,6] (N.B. — It is mot supposed that for 
ξ -ῇ α,β, the loop? > (t,é) isa circuit). As mis continuous, L= (I x [α,β]) 
is a compact set contained in A; by definition and the Borel-Lebesgue 
axiom, there exist a finite number of points a, (1 <k < m) in L and for 
each k an open ball P,¢ A of center a, such that: 1° the P, form a covering 
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of L; 2° in each P,, f(z) is equal to the sum of a power series in z — ἄρ, 
convergent in P,. There exists a number p > 0 such that for every x € L, 
the open ball of center x and radius p is contained in at least one of the P,. 
In order to prove this, use contradiction, extracting from L a convergent 
sequence (x,) such that the ball B, of center x, and radius 1/ is not contained 
in any P,; as the limit x of (x,) is in some P,, there is a ball BC P, of center _ 
x and radius 7, B, is in P, as soon as |x, — x| + 1/n <7, contradiction. 
It follows from (9.3.1) that for every x EL, f(z) is equal in the ball B(x ;p) 
to a convergent power series in z — x. 

As φ is uniformly continuous in I x [α,β] (3.16.5), there is ε > 0 such 
that |f —¢'| <e, |E — ξΊ <eimply |p(é) — olt’.é")| < p/4. Let (γος ες 
be an increasing sequence in I such that tf) = a, t, = ὃ, t;,, -- ἡ <e, for 
0<i<cr—I], (&)oc;<, an increasing sequence in [x,8] such that & =a, 
&é=6,&.,—& <e for0<;<s—1. Define γ᾽ as follows 


EP Gee eee) 


ἔμ — ἢ 


γι(ἢ = φ(,,ξἢ + 


fort; <t<t,,,0<i<r—1,1<7<s—1; in addition, let yy = J, 
γι =I. Then γ; is a circuit in A for 0 <7] - 5; all we have to do is to 
prove that ff(z)dz = f f(z)\dz for O0<7<s—1. Note now that from 
4 ya 

the choice of the ¢; and &,, ali the points y,(¢) and y, , ,(¢), where t;<t<4;,4, 
belong to the open ball Q,, of center p(¢,,g;) and radius p. By (9.3.7) and 
(9.3.1) there is a function g,, analytic in Ὁ; and such that gij(z) = f(z) 
in Q,. As Q;_,,NQ, is not empty and is connected by (9.1.1), the 
difference g; — g, is constant in Q; ., Ὁ Ὁ;; by (8.6.1). Now, by 
definition 


= 1,j 


γ--1 ἢ 1 y—1 441 


Jie )\dz = te 0 γ᾽ (ἢ) 41 = 2 [ gly, (t)) y; (tat 


4+=0 ty 


r—1 


= & (gij(¥j(t;41)) — Βη(γμί,)). 


= 


Therefore we are reduced to proving the relation 


r—1 γ--} 
ὩΣ (gi Viti ε.)) — δη(γ,({}} = = (Sij(¥j +1641) — iil Yj 41(4))) 
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which can also be written 


(9.6.3.1) 


1 


; (g,;(¥;( ts44)) — Bil Y; +11 ts 41)) — gaily; (é,)) ΕἸΣ δι γ; +1(4))) 
= 0. 


[4 


ΐ 


But y,(¢,) and y,,,(¢;) both belong to Q;_1;N Q, for 1<1t<,y7, hence, 
by what we have seen above 


8ii(Y; (4,)) ἘΞ Gi (¥; +1(4)) ΞΞ f= εἰν (4) -ἰ Bees ες 41(4)) 
hence the left-hand side of (9.6.3.1) is reduced to 


by — 1 (7; (4,)) τ <e ι2{7; aa (G)) δ0;{γ; (to) ΞΕ Boj(¥; +1(%0))- 


But as y, and γ᾽; , , are circuits, we have y; (tf) = 7;(¢,) and y; , s(éo) = γ; +1(4,); 
moreover, these two points belong to Q9,A Q,_,;, which is connected; the 
difference g,_ 1; — 80; is thus constant in that set by (8.6.1), and this ends 
the proof. 


(9.6.4) Let yy,y_ be two roads tn an open set ACC, having same origin u 
and same extremity v, and such that there is a homotopy φ of γι into yg in A 
which leaves u and v fixed (i.e. p(a,é) = wand ¢(b,é) = v for every € € [a,6] 
if m is defined in [a,b] x [«,8]). Then, for every analytic function f in A, 
ff(z)dz = Jf(z)dz. 

γι γε 


Let y? be the road opposite to y,, and let y(t) = γιχίύ -- ὁ +4) for 
b<t<2b—a; y, is a road equivalent to yj. By definition, γι v 78 
and y, v y, are circuits. Moreover these circuits are homotopic in A, for 
if we define w(t,£) as equal to φίέ,ξ) fora <t < ὁ, to γε(ἢ for ὁ « ὁ « 2b — α, 
ψ is a loop homotopy in A. Applying (9.6.3), we get Jie) f(z)dz + fh f(z)\dz = 


St(z)dz + ff(z)dz, q.e.d. 


Va Ys 


7. Primitive of an analytic function in a simply connected domain 


A simply connected domain ACC is an open connected set such that 
any loop in A is homotopic in A to a loop reduced to a point; it is clear 
that any open subset of €C homeomorphic to A is a simply connected domain. 
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(9.7.1) Example. A star-shaped domain A CC with respect toa pointaeA 
is an open set such that for any z € A, the segment joining a and z is contained 
wm A. Such a set is clearly connected ((3.19.1) and (3.19.3)); if y is any 
loop in A, write φίέ,ξ) = a+ (1 — (y(t) — a) for OS E<1; ~isa 
loop homotopy of y into the loop reduced to a. An open ball is a star- 
shaped domain with respect to any of its points. 


(9.7.2) If ACC ts an open connected set, for any two points u,v of A there 
15 a road of origin u and extremity v. 


We need only prove that the subset BCA of all extremities of roads 
in A having origin « is both closed and open in A (3.19). If xe ANB, 
there is a ball 5 of center x contained in A, and by assumption S contains 
the extremity v of a road y of origin wu; the segment of extremities v,x is 
contained in 5, and if y is defined in [a,b], the road y, equal to y in [a,6], 
to γι() = v + (ἐ — b)(x — v) in [b,b + 1] isin A and has origin uw, extrem- 
ity x; hence x Ε B. On the other hand, if y € B, there is a ball S of center y 
contained in A; for any v Ε 5, the segment of extremities y,v is contained 
in S and we define in the same manner a road of origin wu, extremity 1, 
which is in A, hence SCB, q.e.d. 


(9.7.3) If ACC ὦ a simply connected domain, any function f analytic in A 
has a primitive which ts analytic in A. 


Let a,z be two points of A, y,,y. two roads in A of origin a and extrem- 
ity z; then [/(x)dx = [f(x)dx. Indeed, we may suppose, by replacing y», 
γι Va 
by an equivalent road, that y, is defined in [b,c] and y, in [c,d]; then 
Y = 1 V γα 1S a circuit in A, which is therefore homotopic to a point in A, 
hence [{(χ)άχ = 0 by Cauchy’s theorem, and this proves our assertion. 
γ 


We can therefore define g(z) as the value of [/(x)dx for any road y in A 
γ 


of origin a and extremity z, and by (9.7.2), g is defined in A. Now for any 
Z) ΕΑ, there is an open ball BCA of center z, in which /(z) is equal to a 
convergent power series in z — 2); by (9.3.7) there is therefore a primitive h 
of f in B which is analytic, and such that h(z)) = g(z9); hence we have 
for zEB 


1 


A(z) — h(zo) a P(2 - #(2 — 29)) (2 — 2) at. 
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But the right-hand side is by definition [f(x)dx, where o is the road 


t +2, + t(z — 2) defined in [0,1]; as that road is in BCA, we have 
g(z) — g(%) = = Ji) x)dx by definition of g, and therefore g(z) = A(z) in B, q.e.d. 


8. Index of a point with respect to a circuit 


(9.8.1) Any path y defined in an interval I = [a,b] and such that γ(1) ts 
contained in the unit circle U = {zeEQ| [1] τὸ 1}, has the form t>e, 
where is is a continuous mapping of 1 into R; if y ts a road, ψ 15 a primitive 
of a regulated function. 


As y is uniformly continuous in I, there is an increasing sequence of 
points t, (0 < k < p) in I such that 4 = a, t, = ὃ, and that the oscillation 
(3.14) of y in each of the intervals I, = [ἐρέχ α] (0 « καὶ Ξ- i —1)be <1. 
This implies that y(I,) 4 U; if 6,¢R is such that e%¢ y(I,) (9.5.7), then 
x — εἶ Ἴθι) is a homeomorphism of the interval ]0,27[ on ie complement 
of e' in U (9.5.7). If φ, is the inverse homeomorphism, we can therefore 
write, fort €I,, y(t) = e”*, where ψ,() = @,(y(t)) + 9, is continuous in I, 
By (9.5.5), we have 41 (t,41) = Ψκ(ί ει) + 2m, with m, an integer 
(0<k<>p-— 2). Define now ψ in I in the following way: s(t) = ψρ(ἢ for 
t €1,; by induction on k, we put ψ() = ψκ(ἢ + b(t.) — ψε(ἐμ) ἴοΥ ἐς « ὁ τ ἐκ 6. 
By induction on ἃ, it is immediately seen that w(z,) — ¥,(t,) is an integral 
multiple of 2x for O <k <p—1; therefore y(t) = e* for tel, and ψ 
is obviously continuous in I. Moreover, if y(é) = a(t) + Ἰβ(ἢ, we have 
a(t) = cos ψ(), A(t) = sin ψ(ἢ, and one of the numbers cos ψ(), sin ¢(?) 
is not 0; from (9.5.4), and (8.2.3) applied to one of the functions cos x, 
sin x at a point where it has a derivative 0, we deduce that if y has a 
derivative at a point ¢, so has ψ, and ἐψ' (ἢ) = y'(t)/y(t), which ends our proof. 


(9.8.2) For any point ac, and any circuit y contained in Ὁ — {a}, 


fdz/(z — a) has the form 2nzi, where n is a positive or negative integer. 
v 


By a translation, we can suppose a = 0. Suppose y is defined in I= [0,c]; 


t 
the function φίέ,ξ) = ᾧ yt) + (1 — &)y(t) is continuous in I x [0,1] and 


γί(ἢ) 
is a loop homotopy (in C* = C — {0}) of the circuit y into the circuit 


y(t) = y(t)/|y()|, which is such that y,(I) CU. As 1/z is analytic in ΟἿ, 


3 
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Cauchy’s theorem (9.6.3) shows that fdz/z=fdz/z. But by (9.8.1), 
¥ v2 
y(t) =e where % is a primitive of a regulated function, hence 


faz/z =i {ψ΄ (ἢ 4ἐ = i(b(c) — ψ(6)) by definition; as y,(b) = y,(c) by 
v1 b 
assumption, the conclusion results from (9.5.5). 


Remark: A simpler proof of (9.8.2), which does not use (9.8.1), can be 


t 


‘(s) ds 
given as follows (Ahlfors): let A(t) = 1795, it has a derivative 
ὁ v(s)—4 
‘(é 
equal to h’(t) = ὗς, except at the points of an at most denumerable 
v(t) —a 


subset of I; hence, if g(t) = e~”” (y(t) — a), we see that g’(t) = 0 except 
in an at most denumerable subset of I. We conclude (8.6.1) that g is con- 
h(t) _ y(t) —a 

y(b) --α΄ 
6" — 1, which implies A(c) = 2nzi for an integer » by (9.5.5). 

We say that the number 1 is the index of a with respect to y (or the 
index of γ with respect to a) and we write n = j(a;y). From Cauchy’s theorem 
it follows that if y,,y, are circuits in € — {a} which are homotopic in that 
set, they have the same index with respect to a. 


stant, hence e But we have y(c) = y(b), and therefore 


(9.8.3) The index 7(x;y) is constant in each connected component of the 
complement A of the compact set y(I1). 


Indeed, we remark that x — 7(x;y) is continuous in the open set A, for 
by definition, the index of x + h with respect to y (if x + ἃ ¢y(I)) is equal 
to that of x with respect to the circuit γι: ¢ + y(t) — h. But if B is a ball 
of center x and radius 7, contained in A, φίί,ξ) = y(t) — &h (defined in 
I x [0,1]) is a loop homotopy, in Ὁ — {x}, of y into γι, as long as |h| <7, 
and therefore 7(x + h;y) = 7(x;y) by Cauchy’s theorem. As the set Ζ of 
integers is a discrete space, the conclusion follows from (3.19.7). 


(9.8.4) Example. Let «, be the circuit ὁ +e defined in I = [0,27], 
n being a positive or negative integer; we have ε,(1) =U; «, is called 
‘the unit circle taken m times.’’ We observe that the open set € — U has 
two connected components, namely the ball B: |z| «1 and the exterior 
E of B defined by |z| > 1. Indeed, B is connected as a star-shaped domain 


(9.7.1); and by (4.4) and (9.5.7) E is the image of ]1,+ co[ x [0,27] by 
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the continuous mapping (x,t) — xe”, hence the result by (3.19.1), (3.20.16) 
and (3.19.7) (a similar argument also proves the connectedness of B and of 
B — {0}); finally in C — U, B and E are open and closed since B is open 
in C and B = (C — U) NB, and we have BNE = τ. From the definition 
and (9.5.3) it follows that 7(0;e,) = n, hence j(z;6,) =” for any point z of B. 
Let us show that 7(z;e,) = 0 for any point of E; more generally: 


(9.8.5) If a circuit y is contained in a closed ball Ὁ: 2 -- αἱ <r, then 
j(z;y) = 0 for any point z exterior to D. 


Indeed, suppose y is defined in an interval I = [0,c], and that 


€ 


| , Sette sat ᾿ ax y'(t) dt 
in that interval. By definition, 2217(z;y) = = | —__—_ 
) y(t) —2 


y'(t)| <M 


for 

χ-- Ζ 
Υ 

lz —a|>r. But as |y(t) — al <7, we have |y(t) — 2] > [2 — αὶ —r for 

Mic — ὁ 

any ¢ € I,and therefore, by the mean value theorem, 2π|}(2 y)l< = i : 

z—a\|—r 
when |z — a| is large enough the right-hand side is < 2m, and as 7(z;y) 15 
an integer, this implies 7(2;γ) = 0. But the exterior of D is connected, as 


seen above, hence the conclusion by (9.8.3). 


(9.8.6) For any circuit y in C, defined in I, the set of points x Ε Ὁ — y(I) 
such that j(x;y) 40 ts relatively compact in C. 


For by (9.8.5), that set is contained in any closed ball containing γ(]). 


(9.8.7) Let ACC be a simply connected domain, y a circuit in A. For any 
point x of C— A, 7(xsy) = 0. 


‘By assumption, there is in A a loop homotopy 9g, defined in I x J, of 
y into a circuit reduced to a point. As x¢ (I x J), Cauchy’s theorem 
shows that [dz/(z — x) = 0. 


Y 


9. The Cauchy formula 


(9.9.1) Let ACC be a simply connected domain (9.7), f an analytic mapping 
of A into a complex Banach space E. For any circuit y in A, defined in I 
and any x€ A — y(I), we have (Cauchy’s formula) 
a — I | μοηώ 
xy) f(x) = 2] 

Y 


2--. 
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Consider the function g(z) defined in A, equal to (f(z) — /(x))/(z— x) for z4 x, 
to f(x) at the point x; g is analytic in A, for it is obviously analytic in A — {x} 
by (9.3.2) and (9.5.1); on the other hand, there is a ball Bc A of center x such 
that for ze B, f(z) = f(x) + (z — x)f’(~%) -Ε ... H(z — x)f (x) /nt + 

the series being convergent in B; this proves that for any ze B, g(z) is 
equal to the sum of the convergent series 


Γ(5) + 16 — x)f"(x) +. τ ὦ a YM (x) +... 


hence analytic at x. From Cauchy’s theorem (9.6.3) we have | g(z)dz = 0, 
Y 
{2 2 


ans 


and writing g(z) = 


] 
— f(x ae ——-— a (9.9.1) by definition of the 


index. 
Conversely: 


(9.9.2) Let y be a road in C, defined in an interval 1 = [b,c] and let g be a 


g(x)ax 
X—2 


continuous mapping of y(1) into a complex Banach space E. Then f(z) = | 


γ 
15 defined and analytic in the complement of y(I); more precisely, for any 


g(x) dx 


CE iq» the power series (ο, (2 — a)”) 


pointa Ε Ὁ — y(I), if we write c, = | 

γ 

15 convergent in any open ball B of center a contained in © — y(I), and its 
sum 15 equal to f(z) in B. 

Indeed, suppose |z— a| <q -d(a,y(I)) with 0<q< 1; then, for any xey(I), 


11 1 (2 — a) ᾿ 
το τ τ τἶἷἦ τ ει ΡΤ pase ὙΠ} 
(x — a) (1- n=0 

xX -- ἃ 
(2 --- a)” 1 gt . , 
(x --αἹ»τῖ SGP, 1 ὃ = ἀ(α4,γ(})). ). If 6(5}}} < Min y(I) and |y’()| < m 


Mm 


y (t)e(y(t)) (2 <0, hence the 


(y(t) — a)"* 
y'(t)e(y(t)) (2 — 4)” 
(y(t) — a)" Ὁ] 
follows from (8.7.9) that the series (c,(z—a)”) is convergent in the 

ball jz — - αἰ <q-6 and has sum f(z) in that ball. 


— 4)" 
1 


in I, we have, for any tel, 


series of general term is normally convergent in I. It 
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(9.9.3) Under the assumptions of (9.9.1), we have, for every χ ΕΑ -- y(I), 
and every integer k > 0, 


j sy) (x) = ὅς | =o 


Y 


This follows at once from Cauchy’s formula, the uniqueness of the coeffi- 
cients of a power series with given sum (9.1.6), the relations (9.3.5) between 
these coefficients and derivatives, and finally (9.9.2). 


(9.9.4) Let ACC? be an open set, f a continuous mapping of A into a complex 
Banach space E, such that for 1 <k <>, and an arbitrary point (a,) ε Οὗ, 
the mapping 2, — f(ay,...,@__7,2%44p41>+++24p) 15. analytic in the open set 
A(Qq,.. 4, 4p 19+ + dy) CC if that set is not empty (notation of (3.20.12)). 
Then f ts analytic in A. More precisely, let a = (a,) be a point of A, P a clo- 
sed polycylinder of center a and radii 7, (1 << k <p) contained in A; for 
each k, let y, be the circuit t >a, +7,e% in C (0O<t< 2a), and let 


l * .Φ 4) da 
Cymy.. Mp = ——_ b AX, AX. a {{χι Xp) Xp — 
(πὴ (x, — ΔΈ Τος (x — ap) Ὁ 
v1 Ya Yp 


Then the power series (c,(z — a)”) 15 absolutely summable in P and its sum 
is equal to f(z). 


Using Cauchy’s formula, and the fact that 7(0;e,) = 1 (see (9.8.4)), we 
have, by induction on # — ἃ and the assumption, 


(9.9.4.1) Hx, ooo yNME Sk4+1705 . 2p) 
1 f(%4,. ..,%p)dXp 
= ——___— ax AXR 49.66.) --. τ -.----- 
(Ὡπὴ -ὦ | ok: a: | (ἀκ μι — Ze+1)-+- (Xp — %) 
YR+1 Ve+2 Vp 
for |x; — a) = 7; (1 <7 « ἃ) and jz; —a|<7, (k +1<7< 3). On the 


other hand, for |z, — a,| <7, (1 - ἃ <>), we can write, for |x, —a,|= 7, 


1 -Σς 5: (2) — a,)"... (2p — ap)"? 


(%4 ΝΕ 21). - (Xp ~~ Zp) τς ‘ (Xp - ayer 
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the power series on the right ee side being normally summable in the 
set F defined by |x, — ἀμ] Ξε Κᾳ (lL<k <p), by (5.5.3). By induction on 
ῥ — k, if we write 


Enp getty Mp . - XR) 


1 Ra Ne aX 
ρὸν | Rice: tn ae 


(221)? ~ (χε ει — Gea) *tIT,. (α — ἀρ)" τ" 
γκ- 1 Yp 


we have by the mean value theorem 


M 
(9.9.4.2) θην... πρίσιν. + o%a) || <S rr τ 
Ty eel y 
if [|/(x,...,%,)|| <M on F. It follows that the power series 
ae Ce »+)Xa) (Zp 41 — Ay 41) ταις, (2, — a,)"*) in the z;— a, is ab- 


solutely summable in P: using induction on ῥ — &, and applying (5.3.5) and 
(8.7.9), we see that the sum of that series is /(%,,...,%,2,43,-++.%)- The 
conclusion follows by taking k = 0. Moreover (9.9.4.2), for k = 0, proves 
that, with the same assumptions and notations as in (9.9.4) 


(9.9.5) Προ ΓΞ ΠΑ, 


tf [|[(}}} <M on the product a the circles |x,—a,,=7, (1 «ἃ <p>) 
(Cauchy's inequalities). 


If in (9.9.4) we take A = ΟΡ, we see that 


(9.9.6) An analytic mapping of Οὗ into a complex Banach space is an entire 
function. 


Observe that this last result is not true for analytic functions of real 
variables (1/(1 + x?) is a counterexample). Also, a continuous function 
f(x,¥) of two real variables may be analytic in each of the variables without 
being analytic in R?; an example is given by f(x,y) = xy?/(x? + y?) for 
(x,y) τέ (0,0), (0,0) = 0. 


Remark. It follows from (9.9.4) that the set F, product of the circles 
|x, — ἄρ] = 7, (1 <k < 3) isa set of uniqueness in A (when A is connected) ; 
for the power series (c,(z — a)’) is entirely determined by the values of ἢ 
on F, hence if two analytic functions in A coincide in F, they coincide in P, 
and the result follows from (9.4.2). 
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PROBLEMS 


1) Let A be a relatively compact open connected set in Ὁ. Let φ be a continuous 
mapping of [a,b] x [0,1] into A such that ¢ -- φίέ,ξ) = y(t) is a circuit contained 
in A for 0< <1, and t+», (t) = (t,0) is a circuit contained in A (which may 
contain frontier points of A). Suppose in addition that for every e > 0, there exists 
ὃ > 0 such that the relation |A — μ| < ὃ implies [γχ (ἢ — y,’(#)| < ε for ἐξ [a,b] — Ὁ, 
where D is a denumerable subset. 

Let now / be a continuous mapping of A into a complex Banach space E, such 
that its restriction to A is analytic. Show that Cauchy’s theorem J f(z)dz = Jt(2)dz 

0 
still holds (use (8.7.8)). " 

2) Let A be an open subset of C, / a continuous mapping of A into a complex 
Banach space E, such that ἢ, is analytic in AN D, and An Ὁ. where D, (resp. D_) 
is defined by ¥(z) > 0 (resp. Y%(z) < 0). Show that f is analytic in A. (Suppose the 
disc |z| <r is contained in A. Let y, (resp. y_) be the circuit defined in [—1, +1] 
by y+ (ἢ = (26+ Ἰὴν ον -- Ί᾿ Ξ-- ἐξς 0, yp, (4) = ve™t for 0 « ὁ « 1 (resp. y_(t) = re™ 
for —1<t¢<0, y_(é) = (1 — 2t)r ἴογ 0 -- ἐ -- 1.) Show that if |z| < yand.¥(z) > 0, 
then 


ΞΞΣΞΞ ee 


f(z) = i f f(*)dx . ὃ 1 [(χ)άχ 


᾿ 3πὶ γ᾽ *—2 πὶ, χ — 2 
using problem 1; hence if y is the circuit t > ye™ in [—1, +1], 


f(x) dx 


x —@ 


1 
f(z) = ani J 


Then use (9.9.2).) 


3) Show that the conclusion of (9.9.4) still holds when / is merely assumed to be 
bounded in each bounded polycylinder contained in A, but not necessarily continuous. 
(Use problem 6 of section 8.9; actually, a deep theorem of Hartogs shows that even 
this weakened assumption is not necessary; in other words, a function which is 
analytic separately with respect to each of the p complex variables z; is analytic in A.) 


lo @) 


4) Let f(z) = 2 a,z" be an analytic complex-valued function in the circle 
n= 0 


5] - R. Show that, for0O<r<R 


2n ἘΞ 
Μ20;})) = £m {ΠΠγεἰ δά: = Σ᾽ [α,] γῆ, 
2π 0 pay 


Deduce from that result another proof of Cauchy’s inequalities. 
oO 


5) Let f(z) = Σ᾿ a,z" be an analytic function in [2] < R, and let 
n=0 


1°. @) 
M,(7;f) = 2 ||a,||r%. 
n=0 
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Let also M(r;/) = sup ||f(z)]]. 


jz) =r 
a) Show that for O<r<rtdéd<R 


ὃ 
M(r:f) < μισῇ < — Mir -+ 63/) 


(use Cauchy’s inequalities). 
Ὁ) If in addition, / is complex valued, show that (with the notations of problem 4) 


d(2r + 6 
Vorer + ὃ) M,(7;f) < M,(r + δ: ξ M(r + 4;/). 
y+o6 


(Use the Cauchy-Schwarz inequality (6.2.1).) 


c) Under the same assumption, show that 


lim (M,(r;/"))"/" = lim (M,(v;/"))"/" = M(7;f) 


n-—> οὦ n—-> © 


(use the inequalities proved in a) and b), the fact that M(rv;/") = (M(r;f))”, and the 
continuity of r > M(r;f)). 
6) Suppose the power series in one complex variable (c,2"), with complex coeffi- 
cients, is convergent for [2] < R, and let f(z) = Σ,2. For any 7 such that 0 « γ «-- Ε, 
n 


let A(v) = sup &(f(z)). Show that, for every x > 0 


[2 =r 
lenlr” + 22 (f(0)) < sup (4A(r),0). 


(Prove that 


(Bit (re®)))e~ "9 a0 


Dee, BO 
a 


1 
[6.7 = — 
π 


for n > 0.) 

7) a) Let A be an open subset of K?, and f an indefinitely differentiable mapping 
of A into a Banach space E. In order that ἢ be analytic in A, it is necessary and 
sufficient that for every compact subset L of A, there exist an integer y > 0 and a 
number a > Ὁ 500} that, for any index a = (a,...,%), sup ||D%f(x)||< a(ja| + 7)!. 


ΧΕΙ, 
(To prove that the condition is necessary when Καὶ = Ο, apply Cauchy’s inequalities 
to balls of fixed radius contained in A and having their centers in L; when K = R, 
use (9.4.5); to prove that the condition is sufficient, use Taylor’s formula (8.14.3) 
and prove that the last term of that formula tends to.0 uniformly in any closed ball 
contained in A and of center +.) 

b) Give an example of an indefinitely differentiable function in R which is not 
analytic (cf. section 8.12, problem 2). 

c) Suppose f is real valued and indefinitely differentiable in an open interval 
ICR; in addition, suppose that there is an integer p> 0 such that 20) does not 
vanish at more than points of I, for any > 0. Show that / is analytic in I. (Use a), 
and problem 3 b) of section 8.12.) 
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10. Characterization of analytic functions of complex variables 


(9.10.1) A continuously differentiable mapping f of an open subset A of c? 
into a complex Banach space ts analytic. 


Applying (9.9.4), we are immediately reduced to the case p= I. 
To prove f is analytic at a point ae A, we may, by translation and 
homothetic mapping, suppose that a =O and that A contains the unit 
ball B: |z| <1. For any z eB, and any A such that 0 < 4 < 1, note that 
Ια — A)jz + Ae“| <1 —A+A=1, and consider the integral 


ὃπ 


(9.10.1.1) g(a) = | tie .9)- [9 eitdt. 


et —_ 2 
ὃ 


By (8.11.1) and Leibniz’s rule (8.11.2), g is continuous in [0,1] and has at 
each point of ]0,1[ a derivative equal to 


(a) = [7 + Met — a)etat 
0 


(see Remark after (8.4.1). But λέ + A(e” -- 2))6 is the derivative of 
t > f(z + A(e* — 2z)), hence, for A 0, g’(A) = 0, and therefore (remark 
following (8.6.1)), g is constant in [0,1]. But as g(0) = 0, g(A) = 9 for0< A<l. 


l a f(x)dx 


for any z€B 
%—2 


ει 


(by (9.8.4)), and the conclusion follows from (9.9.2). 


In particular, it follows, for A = 1, that f(z) = 


(9.10.2) Let f be a continuously differentiable mapping of an open set AcR*? 
into a complex Banach space. In order that the function g defined in A (consid- 
ered as a subset of O°), by f(%4,%9)- 6 Xp Vare + Vp) = G(X + Vas «Xp + Vp) 
be analytic in A, necessary and sufficient conditions are that a +4 ΜᾺ 0 
in A [0Υ1 <k < p (Cauchy’s conditions). 


We are again at once reduced to the case p = 1 by (8.9.1). Let (%,y) 


δὲ 


: ὃ ᾿ 
be a point of A, and put ἃ = = (x,y), b= ay (x,y); expressing that the 


limits lim (g(x - iy +h) —g(x-+7y))/A and lim (g(x - ἦν - th) — g(x +1y))/th 


h—0 h—0 


(ἢ: realand τέ 0) are the same, we obtain a + 1b = 0. Conversely, if that 
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condition is satisfied, for any « > 0, there is 7 > 0 such that if Vr + k? <r, 


lle(x - ἐν - ἃ + ik) — g(x + ty) — a(h + tk) || <e Vn? + ἀξ by (8.9.1.1) 
and this proves that z — g(z) has a derivative equal to a at the point 
=.-+1y. The result then follows from (9.10.1). 


PROBLEMS 


1) Show that a differentiable mapping f of an open subset A of Οὗ into a complex 
Banach space is analytic in A (‘‘Goursat’s theorem’’; /’ is not supposed to be contin- 
uous). (Given any A in ]0,1[, prove (with the notations of (9.10.1)) that g’(A) exists 
and is equal to 0. First show that, given «> 0, there are points tj =O0<t,<...<t,=2n, 
a number p > 0, and in each interval [t,,t, , 1] a point 0, such that, if €, = z+ ae’ — 2), 
cote = Ζ Ῥ (A+ Ade — 2), then [{{ζὰ + α) — fon) — (Ce)%|<elx| whenever 
|h| << p and ἐκ St < tg 1, (prove this by contradiction, using a compactness argument 
and the existence of /’ at each point). Compare then each integral 


ἈΕῚ te 4 (A +h) (e# — 2)) — fle + Ale# — 2)) 


etdt 
et — 2 


te 


to the expression 


h t it 
τῇ Me + Meh tt — ἢ) — He + Ale" — 2))) 
for |h <p.) 
2) Let A be an open simply connected subset of C; if / is a continuous mapping 
of A into a complex Banach space E such that J f(z)dz = Ο for any circuit y in A, 
γ 


show that / is analytic in A. (‘‘Morera’s theorem’’; show that f has a primitive in A.) 


3) Let A be an open subset of Οὐ, y a road defined in I = [a,b], f a continuous 
mapping of y(I) x A into a complex Banach space E. Suppose that for each χε y(I), 
the fu:iction (z,,...,2») — /(¥,2,,...,2p) is analytic in A, and that each of the functions 
Ο 
τ, (¥,2,,...,2p) is continuous in y(I) xX A (l<k<>p). Show that under these 

2k 


conditions, the function g(z,,...,25) = [7 Ὡς. «Ὁ ΖΡ) ἀχ is analytic in A. (Use (9.10.2). 
γ 


As γ΄ (} is merely a regulated function and may fail to be continuous, Leibniz’s rule 
(8.11.2) isnot directly applicable, but the proof of (8.11.2) subsists with minor modifica- 
tions.) 


4) Let A be an open connected subset of ΒΡ (p > 2), ἢ an analytic mapping of A 
into a complex Banach space E. Suppose that there is an open polycylinder PC A, 
of cener ὃ = (bg)1 «καὶ «-» and radii 7, (l<k< >) such that for every point (c;) of P, 
there is a number p < inf (r,,7,.) such that the function +, + ix, > f(%1,%9,C3,-- - Cp) 18 
analytic in the open subset |, + ix, — (c, + tc,)| < p of € (identified to R?). Show 
that the same property holds for every point (cz) € A (use (9.10.2) and (9.4.2)). 
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5) Let S be the “5861 in R? (p > 3) defined by 


(Ε -- ε)5-- χἢ τ ἀξ τ... Ὁ ας (Κ  ἐ)3 (O<e< R). 


Suppose f is an analytic mapping of S into a complex Banach space E, and suppose 
that for any u = (%,...,%»), the mapping +, + 1%, — /(%1,%2,4) 1s analytic in a neigh- 
borhood (in €) of every point of S(u) (if S(#) is not empty). 


a) For any 4 = (%3,...,¥%p) such that ||u||? = ἽΝ ΗΝ τ xp < R?, let y(u) be 
the road in € defined by ¢ — (R? — ||u||2)"2e" for -- πε ἐξ π. Let 


1 H(y,u)dy 
g(eu) = f Ὁ 

σί y(u) ν-- 5 
where y = Χ) + ἴζς, and f(y,u) = /(%1,%_,4); g is defined for |z|? + ||u]|?< ἘΞ, and 
z—>g(z,u) is analytic for |z| < (ΚΞ — ||u||?)!/2. On the other hand, for any v = (x,’,.. .,%p’) 
such that ||v|| « R, let 
1 H(y,u)dy 

2700 γ(υ) y—2 
Show that h,(z,u) = g(z,u) for [{0[} < |{u|| < [[0}} +e and [2] < (R? — [[υ[[3)}}} 
(apply Cauchy’s theorem (9.6.3)). On the other hand, show that g(z,u) = f(z,u) for 
R — « < ||u|| < R and |z| < (ΒΞ — ||u||?)/2. Conclude that f can be extended to a 


function Ϊ which is analytic in the whole bail B: x +... 4+ x» < (R + «)? (apply 
(9.4.2) and problem 3). Is the theorem still true for p = 2? 


~ 


b) When E = (Ὁ, show that /(B) Cf(S). (Apply the result of a) to the function 


1/(f — ο), where c ¢ f(S).) In particular, if f is bounded in 5, a is bounded in B. Extend 
that last property to the case in which E is a complex Hilbert space (method of 
problem 6 of section 8.5). 


11. Liouville’s theorem 


(9.11.1) (Liouville’s theorem). Let f be an entire function in ΟΡ, with values 
in a complex Banach space E. Suppose there exist p integers m, (1 << k <p) 
and a number a > Ὁ such that |\f(z)|| « 4. |z,|"\2|"*...|z,|"* for any ze Οὗ. 


Then, f(z) 1s a finite sum of ‘“‘monomuals’’ c,, 


and n,<m, for l<iok<p. 


nN np ° 
anp’t + +p with Casing E E 


Le 


Let f(z) = 2c,z” in Οὐ, the power series being everywhere absolutely 


summable. Cauchy’s inequalities (9.9.5) applied to a polycylinder of 
center 0 and radii 7, (1 - ἃ <p) give, for any » = (m,...,%,) 


Hemecangll τ αὐ POM. ξρ τ 
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As the 7, are arbitrary, this shows that c, , —0 unless n,<m, for 


l<k<p. 


“Np 


(9.11.2) (The “fundamental theorem of algebra’). Any polynomial 
f(z) = age” + ay""' +... +4, (a7 40, n> 1) with complex coefficients 
has at least one root in C. 


Otherwise, 1/f would be analytic in C τ: 3.2), hence an entire function 
(9.5'.6). Let 7 be a real number such that * > (m + 1)|a,/a,| forl « ἃ <n; 
then, for |z| Σ5 7 


a An 
10) = aor τα + Se + Ae 
= |ag2"| ( τ a ᾿ > |ay|r"/(n + 1) 


In other words, 1/f is bounded for [2] =r. On the other hand, 1/f/ being 
continuous in the compact set |z| < 7, is also bounded in that set (3.17.10), 
hence 1/f is bounded in €. Liouville’s theorem then implies 1/f is a constant, 
hence also f, contrary to assumption since |f(z)| > [αρ] - |z\"/(m + 1) for 
ΕΝ 


PROBLEMS 


1) If p > 2, show that a function which is analytic in the complement of a compact 
subset of ΟἹ is an entire function; hence if in addition it is bounded in the complement 
of a compact subset of C?, it is a constant (use (9.11.1) and problems 4 and 5 of sec- 
tion 9.10). Is the result true for p = 1? 


1) Let f be a complex valued entire function in ΟΡ. Show that the conclusion of 
(9.11.1) is still valid if it is supposed that 


Rt (2) <a lay" - «Jz? 
for any z € C? (use problem 6 of section 9.9). 


« 


οο 
2) Let f(z) = Ἐπ ae be an entire function. For any ry > 0, let u(r) = ||an||7™, 


Μὴ = sup 1" a so that u(y) < M(v7); by Liouville’s theorem, lim "ἰὴ = -᾿ 00, 
[51 -τ-ν γ--» οὦ 

Sup ose there are two constants a > 0, « > 0 such that u(r) < a- exp (γ); show 

that there are positive constants b,c such that M(r) < br®u(r) +c. (Observe that 

\l@n] < (ex/n)"/*.) 
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12. Convergent sequences of analytic functions 


(9.12.1) Let (f,) be a sequence of analytic mappings of an open set AC c? 
into a complex Banach space E. Suppose that for each ze A, the sequence 
(f,(z)) tends to a limit g(z), and that the convergence 15 uniform in every compact 
subset of A. Then g is analytic in A, and for each ν = (n,...,n,) EN?, 
the sequence (D’},(z)) converges to D’g(z) for each ze A, the convergence being 
uniform in every compact subset of A. 


As g is continuous in A (7.2.1), to prove g is analytic in A, we 
need only prove that each mapping z, > g(4,...,2,,---.@,) 18 analytic in 
Α(α,,. «νας. %p41++ +4), by (9.9.4); in other words we are reduced 
to the case P= 1. For each ae ACE, let B be a closed ball of center 
a and radius y contained in A, and let y be the circuit t >a + re" 
(0 <t< 2a); then, for eachze B and each n, we have by Cauchy’s formula 


(9.9.1) f(z ary ΕΗ fal 2) 4 x. But by assumption the sequence (f,,(%)) 
Y 

converges uniformly to g(x) for |x — αἱ = 7, and as |z — x| >7 — |g), the 

sequence (f,,(x)/(x — z)) (z fixed) also converges uniformly to g(x)/(x — 2) for 


|x -- αἱ -- γ; hence, by (8.7.8) g(z) = a | sieve , which proves g is 


Y 
analytic in B by (9.9.2). Moreover, as /,(z) = : ἐς θὲς ae by (9.9.3), 
Ini \ (x — 2) 
Y 


the same argument ( (and (9.9.3) applied to g) shows that /,(z) tends to ρ΄ (2) 
for every z€ B; furthermore, we have by the mean-value theorem 


(9.12.1.1) IIg’(a) — fala) || < = he \Ig(*) — fal) ||. 


Returning to the general case (p arbitrary), let us now show that the 
sequence (D,/,(z)) converges uniformly to D,g(z) in any compact set MCA. 
There is a number 7 > 0 and a compact neighborhood V of M contained in A, 
and containing all points of A having a distance <7 to M (3.18.2). For 
any e>0, let mj be such that ||g(z) — 7,(z)|| <e for every » >, and 
every Ζεῦ. Then, applying (9.12.1.1) to the sequence of functions 


Zp > fy (yr. -€,_1%p4e415---%,), We obtain, for every point zeM, 
||D,g(z) — D,f,,(2)|| ad as 5000 aS ἡ >>. This ends the proof of the 
theorem when n, +... +”,=1; the general case is then proved by 


induction on ,+ ... a Ny. 
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Observe again here that the theorem does not hold for analytic func- 
tioris of veal variables, since a sequence of polynomials can have as a limit 
an arbitrary (e.g. non-differentiable) continuous function in a compact set, 
by the Weierstrass approximation theorem (7.4.1). 


PROBLEMS 


1) a) Let (a): <zk<p be a finite sequence of complex numbers, such that 


p 
Σ a,|=a<1. Show that 
k=1 


oe 


p 4 
Π (l+a)-1— 2 al< 
k=1 


Fee l—« 


t) The entire functions E(z,0) = 1 — z, E(z,p) = (1 — z)exp|z + = +...4 2) 
are called primary factors; show that, for |z|< 1/2 
JE(z.p) — 1] <4|z|? +2, 
(Observe that for [2] << 1/2 


22 2 
a a i ernie ἀπῇ 7 < 2.1} Τῷ + 1) 


and that for |z|< 1, |e* — 1] < 2lz|.) 
c) Let (a,) be an infinite sequence of complex numbers + 0, such that the sequence 


(|a,|; is increasing and lim |a,| = +c. Show that for any ze, the series of 
n—> Ὁ 


general term (z/a,)” is absolutely convergent. 
d) Deduce from a), b) and c) that the sequence of entire functions 


»,() -- Π ε[2..- 


k=1 aR 


is uniformly convergent in every compact subset of ( (apply Cauchy’s criterion, and 
evaluate the difference 1 — (p(z)/p,(z)) for m > ἢ by using a) and δ); then apply c)). 
The limit f(z) of the sequence (f,(z)) is thus an entire function, which is written 


ao 
a 
f(z) == Π (2. m-— 1]; show that the only points where f(z) = 0 are the 
n=1 ay 
poinis a, (use the preceding estimate). 
6) Suppose that there is an integer p > Ὁ such that the series of general term 
|a,|—° is convergent. Show similarly that the sequence of entire functions 


qn) = Π ε[2.»- 
a 


k=1 k 
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is uniformly convergent in every compact subset of €; its limit is again written 


z 
g(7z)= TE (= ,p- ) . Prove that there is a constant c > 0 such that 
ay 


ἈΞ] 
|g(2)| < exp (clz|?). 


(For any given z, consider separately the product of the factors for which |a,| > 

and of the other factors; use b) to majorize the first product; on As other hand, 

prove that there is a constant ὃ such that |E(z,p — 1)| < exp (b|z|?—+) for any ze C.) 
2) Show that the sequence of entire functions 


(1) ἐι(2) = χία +1)... (2+ n)/[n'n! 


(where n* = exp (z log n) by definition) is uniformly convergent in every compact 
subset of € to the entire function 


(2) : = z¢7? Π ( +t )em 
Γ() n=1 n 


] 1 
where y = hm [ + “τι +... +— — log " (‘‘Euler’s constant’’). (Use the result 
n 


n—> © 


nm 
of problem 1 6), writing logn = J log (k/(A — 1)) to compare (1) and (2), and using 
k=2 


the mean value theorem to majorize 


i 


: ] 
——lo 
k - k—1 
Prove that 7 (2) satisfies the functional equation 


P(z4+ 1) = 2 () 


when z is not an integer — ἢ < 0, and that I"(n) = (n — 1)! for m integer and > 0. 

3) An endless road in an open subset AC C is a continuous mapping y of R into A 
such that in every compact interval IC R, γ is the primitive of a regulated function. 
If f is a continuous mapping of y(R) into a complex Banach space E, ἢ is said to be 


οο 
improperly integrable along y if the improper integral J [(γ(ἢ)γ΄ (ἢ 4 exists (i.e. if 
— (ἡ : 


both limits lim fi Hy(d))y’(dt and = lim fn f(y())y’(@)dt exist in E); the value 


b—>+0 0 a—->— Oa 


of that integral is then called the integral of f along y and written f f(z)dz 


Let B be an open subset of C?, g a continuous mapping of y(R) x Binto E; suppose 


that for each x € γί), the function (2,,...,2p) > g(%,2,,--.,%p) is analytic in B and 
that each of the functions dg/0z,(%,2,,..-,2») is continuous in y(R) x B. Finally 
suppose that for each (2,,...,z))€B, αὶ - g(%,2%,,.-.,%p) 18 improperly integrable 


n 
along y, and that f g(y(t),21,...,2p)y’(é)dt tends uniformly to f g(%,21,...,2p)dx% when 
᾿ Ὁ δ᾽ 


(ρος .»Ζ}) remains in a compact subset of B and ἢ tends to + οο. Under these condi- 
tions, show that the function (z,,...,2)) > fglxzy. : - 2 p)ax is analytic in B. 
γ 
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4) Extend the result of problem 2 of section 9.9 to functions of p complex va- 
riables, D, (resp. D_) being defined by 4 (zp) > 0 (resp. F(z») < 0). (Observe that, 
by (9.12.1), for each z, such that %(z,) = 0 and the intersection B of A with the set 
cP -ἰχ {zp} is not empty, the function (z,,...,2) 1) >f(2,.- .,2p — 1,2p) is analytic in B.) 

5) In the plane Ὁ, let Q be the square of center 0, defined by |#(z)| < 1, |.F(z)| < 1. 


1+2z 42 —l+i 2 

Let ὦ, Q1, Q2, Qs be the images of Q by the mappings 2 -> ες eae σι 
—1l-—-it 2 l1—i 2 

2 --» ———_ + -α, 2- Tie Let m, =0, and for any A> 1, let 


2 2 2 
m=4+424...444; if n=m+4k4+ 7, with hol, O<k< 4’ —1, 
0<7<3, define inductively Q, as follows, let ny = m,_1 + , and let z,, be the 
center of Qy,; let φ,, (2) = 2n, + 2/2" and take Q, = Pn, (Q;)- 

a) Let B be the unit disc |z| << 1, U the unit circle [2] = 1. Show by induction 
on ” the existence of three sequence of numbers (a,), (¢,), (¢,) defined for n> 4, having 


% 
Ζ n 
the following properties: 150 < «,< 1, |¢,| = 1,c,€C; 2° ifg,(z) = at — [ - : ) 


n 
n 
(definition in section 9.5, problem 8) for zéB, and f/,(z) =z+ 2 g,(z), then 
4τε 4 
fr({B)C Q and f,(¢,)<¢ Q, for k<n; 3° the series X|c,| is convergent. (Observe 


n 
that g,(¢,) = cy, but that, given any neighborhood V,, of #, in B, it is possible to take 
a, Small enough so that g,(z) will be arbitrarily small in B — V,. Choose #, close to tn 
(with the notations introduced above), the ¢, being all distinct, and take V,, so that 
it contains no ἐρ with k < n.) 
Ὁ) Under the preceding conditions, the limit f(z) of (f,(z)) exists for any ΖῈΕ Β, 


f is continuous in B, and analytic in B, and /(U) = Q (“Peano curve’’, cf. section 4.2, 
problem 5). 


13. Equicontinuous sets of analytic functions 


(9.13.1) Let A be an open set in ΟἿ, © a set of analytic mappings of A into a 
complex Banach space E. Suppose for each compact subset L of A, there is a 
constant m, > 0 such that ||f(z)|| << mj, for all fe @® and every ze L. Then 
Φ 1s equicontinuous in A (7.5); if in addition E is finite dimensional, then 
for every compact subset L of A, the set ®, of restrictions to L of the functions 
fe®, ts relatively compact in the space @,(L) (7.2). 


Let ae A: there is a closed ball PCA of center a, radius 7, and as P 
is compact, ||/(z)|| << mp, for all ze P and all fe@®. Let Ὁ be the closed 
ball of center a and radius 7/2; for any ΖΕ Q and / €® we can write 


Pp 
7 τις f(a) site (7 (1, 8 » Spy Ap 1». ° - Ay) =, 1 (245 . εοὐὔκ. Οὐρία. 1»: . - Ay)). 
Ξε 1 
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Now 
Fe gr 0 > =: 1% 4p gtr > <14p) — [Sr + «νας. χαραῖς pays > +14p) 
= [ Ὁ, (2.,.«.ὑ22... χρῶ; + UZ, — ἀμ), Ay par + -»α)(ζ, — 4) at. 
Write g,(u) = f(2y,.--.2% χα 44)-+ +4); 8, IS analytic in an open set 


of © containing the ball |v —a,| <7, and||g,(u)|| << mp in that ball. 
Applying (9.9.3) to g, and to the circuit ¢ +a, + re” defined in [0,2], 
we obtain 


Ilge(%)|| < 4mp/r 


for |w — a,|<7/2. Therefore, for any ze Q, and any fe® we have 


4pm 
ile) — a) || < “PP |e — al 

which shows Φ is equicontinuous at the point a. The last statement of 
(9.13.1) follows from the fact that any bounded set in a finite dimensional 
space is relatively compact ((3.17.6) and (3.20.17)), and from Ascoli’s 


theorem (7.5.7). 


(9.13.2) Let A be an open connected set in C?, Φ a set of analytic mappings 
of A into a complex Banach space E. Suppose for each compact subset L of A, 
the set ®, of restrictions to L of the functions f E@ ts relatively compact in 
€,(L). If M ts a set of uniqueness (9.4) in A, and if a sequence (f,) of func- 
tions of ® converges simply in M, then ({,) converges uniformly (to an analytic 
function) in any compact subset of A. 


From (3.16.4) it follows that we need only prove that, for every compact 
set Lc A, the sequence of the restrictions of the /, to L has only one cluster 
value in @,,(L). Suppose the contrary, and let (g,), (,) be two subsequences 
of (f,), each of which converges uniformly in L, the limits being distinct. 
As A is locally compact (3.18.4) and separable, there exists an increasing 
sequence (U,) of open subsets of A, such that U, (closure in ΟΡ) be compact 
and contained in U,,,, and A = (J U, (3.18.3). Define by induction on ἃ 


a sequence (g,,),-12..,. Such that (g,,) is a subsequence of (g,_,,,), with 
on = 5, and that (g,,) converges uniformly in U,, which is possible by the 
assumption on ®, Then the “‘diagonal’’ subsequence (g,,,) converges 
uniformly in every U,, hence, by (9.12.1) its limit g is analytic in A. Ina 
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similar way it is possible to extract from (h,) a subsequence (A,,) which 
converges in A to an analytic function ἃ. Now by assumption g(z) = h(z) 
for zéM, and by definition, we must have g=h. But this contradicts 
the definition of the subsequences (g,), (4,), q.e.d. 


14. The Laurent series 


(9.14.1) Let A be an open subset of C, 79,7, two numbers such that0 < γὺ -Ξ 14, 
and suppose the “open ring’’ S defined by 14 < |z| < γι ts such that tts closure 
S in C (i.e. the “closed ring” ry < [2] <7,) ts contained in A. For any analytic 
mapping f of A into a complex Banach space E, we have, for any xES 


1 | f(z)dz 1 | f(z)dz 


NO) = ae 2—x πὶ Ἰχ--- χ 
¥1 Yo 


where y, (resp. γι) is the circuit t + r,e" (resp. t > 7,e") with O<t < Qu. 


As in the proof of (9.9.1), we first see that the function g(z) equal to 
f(x) at the point x and to (f(z) — f(x))/(z2 — x) for z~ x, z EA, is analytic 
in A. Now, (t,é) = érge” + (1 — &)r,e" (0 St < 2a, 0 < & <1) isa loop 
homotopy in A of yp into y,; hence f g(z)dz = f g(z)dz by Cauchy’s theorem 

Yo γι 
(9.6.3). But for γ0 -« |x| <7, we have 7(%;9) = 0 and 7(5;γ4) = 1 ((9.8.4) 
and (9.8.5)), hence the result. | 


(9.14.2) Under the same assumptions as in (9.14.1), there exists a power 


οο 
sertes βη(2) = 2 c,2", convergent for |z|<17,, and a power series in 1/z and 
n= 0 


n 


οο 
without constant term, ρο(2) = 2X ὦ, 2", convergent for |z| > 19, such that 


n=1 
f(z) = g,(z) + g.(z) am 5 (“Laurent series” of ἢ. Moreover the power series 
21.8 having these properties are unique, and, for every circuit y in S, we have 


7(0:γ)ο, -- ὦ cE ee iO: de = Ae) apna 


~ Oni | eth 271 
γ γ 
1 | f(x)dx ᾿ : 1 | ἐ(χἹάχ 
By (9.9.4) we have ΕΠ τ ἘΞ » C,2” for [2] << 7, with c, = =, | eo 


V1 tO γι 
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the series being convergent for |z|<7,. On the other hand, for [2] > 7%, 
|x| = 7%, we have 


where the right-hand side is normally convergent for |x| = 7 (z fixed); by 


z2—X 2711 
Yo n=1 Yo 


series being convergent for |z| > 7). This proves the first part of (9.14.2). 
Suppose next we have in 5 


(8.7.9), we get 4} ll seme D> daz" with dy = ale f(x)dx, the 


(9.14.2.1) f(z) = ΩΣ, Anz” + Σ Dar 
n=1 
both series being convergent in S; let first y be a circuit in S, defined in I; 
there are points /,é’ in I such that γᾷ) = inf y(s) =7 and y(t’) = sup y(s) = 
sé] 


sel 
(3.17.10), hence 4,.< 7 < y(s) <r’ <7, for any sel. But, for7 < |z| <7’, 
both series in (9.14.2.1) are normally convergent (9.1.2), hence by (8.7.9), 
for any positive or negative integer m 


ae )\dz = En feild + Σὺ, ναι. 


n=1 
As 2*1/(k - 1) is a primitive of z* for k τέ — 1, we have Jade = 0 for 


any circuit σ; (9.14.2) then follows from the definition of the index. 

If now y is in S, we remark that there is an open ring 5: 
(1 — e)ry < |z| < (1 + e)7, contained in A (3.17.11), and we are back to 
the preceding case. 


15. Isolated singular points; poles; zeros; residues. 


If F is a subset of a metric space E, an isolated point of F is a point 
x9 € F such that there is a neighborhood V of χρ for which VA F = {4%}. 
When every point of F is isolated, the topology of the subspace F 1s discrete 
(1.6., identical with the topology defined by the distance (3.2.5)) and 
conversely, since it means that every one point set {x} in F 15 open. 
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(9.15.1) Let A be an open subset of ©, a an isolated point of C— A, γα 
number > 0 such that all points of the ball |z — αἱ <r except a belong to A. 
If f ts an analytic mapping of A into a complex Banach space E, then for 
0 - |z— al <~r, we have 


f(z) = 2X c,(z—a)"+ Σ᾽ d,(z—a)~” 
n=0 n=1 
where both sertes are convergent for 0< lz — a| <r,andc, = = | a ταῦ 
γ 
1 
ἐξ ἢ | (x — a)"—'f(x)dx, where y 15 the circmt t >a + γεῖΐ (0 -- ἐκ 2π). 


¥ 
This follows at once from (9.14.2) applied to the ring p < |z — αἱ <r, 
where p is arbitrarily small. 


co 
Observe that the series u(x) = 2 dx” is an entire function such that 


n=1 
μ(0) = 0; we say that the function u(1/(z — a@)) is the singular part of f 
in the neighborhood of a (or at a). When u = 0, f coincides in the open 


set U: 0< |z—a|<yr with the function g(z) = 2 c,(z — a)", which is 


n=0 
analytic for |z — a| <r; conversely, if f is the restriction to U of an analytic 
function ἡ defined for |z — αἱ <7, then ἢ = g by (9.9.4) and (9.15.1), 
hence u = 0. When wu + 0, we say that a is an isolated singular point of f. 
If u is a polynomial of degree > 1, we say a is a pole of order n of f; if 
not (i.e. if d, +40 for an infinite number of values of m) we say a is an 
essential singular point (or essential singularity) of f. In general, we define 
the order w(a;/) or w(a) of f at the point a as follows: w(a) = — coif a is 
an essential singularity; w(a) = — nifaisapoleofordern >1; w(a) =m 


if f 0, w =0 and in the power series 2 c,(z— a)” equal to f(z) for 


n=0 
0< |z—a|<~r, m is the smallest integer for which c, 40; finally 
w(a;0) = + co. When w(a;/) = m> 0, we also say a is a zero of order m 
of 7. Observe that if both /,g are analytic in the open set U:0 < |z — αἰ <7, 
and take their values in the same space then w(a;/ + g) > Min(w(a;/),w(a;g)); 
if one of the functions /,g is complex valued, then w(a; fg) = w(a; f) + w(a; g) 
when one of the numbers w(a; ἢ, w(a;g) is finite. Any function / analytic 
in U and of finite order (positive or negative) can be written in a unique 
way (z — a)"/,, where ἡ is analytic in U and of order 0 at the point a. Finally, 
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if f is analytic in U and complex valued, and of finite order m, then it follows 
from the principle of isolated zeros and from (9.3.2) that there exists a 
number 7’ such that 0<7’<_7 and that 1/f is analytic in the open set 
0< |z—a|<~7’'; we have then w(a;1/f) = — w(a; ἢ. 


(9.15.2) Let f be analytic in the open set U: 0 < |z — αἱ <1. In order that 
w(a:f) >n where n is a positive or negative integer, τί 1s necessary and 
sufficient that there exist a neighborhood V of a in © such that (z — a)” "f(z) 
be bounded in VNU. 


The condition is obviously necessary, since a function having order > 0 
at ais the restriction of a function analytic in a ball |z — αἰ < r. Conversely, 
by considering the function (z — a)~"/(z), we can suppose ” = 0. Then it 
follows from (9.15.1) and the mean value theorem that if ||/(z)|| << M in U, 
we have, for any p such that O0<p<y, |{d,,|| << Mp” for any m 21; 
as p is arbitrary, this implies d,, = 0 for each m > 1, q.e.d. 


The coefficient d, in (9.15.1) is called the residue of f at the point a. 


PROBLEMS 


1) Show that there are no isolated singular points for analytic functions of p 5 2 
complex variables (in other words, if A is an open subset of ΟΡ, ae A and a mapping / 
of A — {a} into a complex Banach space E is analytic, it is the restriction of an analytic 
mapping of A into E; use problem 5 in section 9.10). 

2) Let [ be a complex valued analytic function of one complex variable having 
an essential singularity at a point ae C; show that for any complex number A, it 1s 
impossible that the function 1/(f — 4) should be defined and bounded in an open set 
of the form V — {a}, where V is an open neighborhood (use (9.15.2)). Conclude that 
for any neighborhood V of a such that / is analytic in V — {a}, f(V — {a}) is dense 
in © (‘‘Weierstrass’s theorem”; see section 10.3, problem 8). 

3) An entire function which is not a polynomial is called a transcendental entire 
function. Let ἢ be a complex valued entire transcendental function of one complex 
variable. 

a) Show that for any integer > 0, the open subset D(n) of € consisting of the 
points ΖΕ C such that |f(z)| > πὶ is not empty and cannot contain the exterior of any 
ball (apply problem 2 to the function /(1/z)). 

b) Let K(n) be a connected component (3.19.5) of D(m). Show that K(n) is not 
bounded and that |f(z)| is not bounded in Κη) (if a¢ K(m), consider the function 
f(1/(z — a)) and use problem 14 of section 9.5). 

c) Show that there is a continuous mapping y of [0, + oo{ into C, such that in every 


interval [0,a], y is the primitive of a regulated function, and that lim Ιγ(ἢ  ΞΞ + 0 
t—> + 00 


and lim |f(y(é))| = +00. (Consider a sequence of open subsets L, ¢ € such that 


t—>+ 0 
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L, is a connected component of D(m), and L,,,CL, for every ἢ; the existence of 
such a sequence follows from b). Use then (9.7.2). 


d) Extend the preceding results to complex valued entire transcendental functions 


n 
of an arbitrary number of complex variables. (If f(2,,...,2)) =2 an... on ae ae ; 


Pp 
there exists at least an index ἃ such that there are infinitely many monomials with 


non zero coefficient ay... », and arbitrarily large m,. On the other hand, prove that 


n 
if (gm) is a denumerable οὐλὴν of entire complex valued functions οἱ p complex 
variables, none of which is identically 0, then there exist points (c,,...,¢») for which 
Em(Cy,---.6p) ΖΕ Ὁ for every m; to do this, use induction on p, and the fact that for 
a function h(z) of one complex variable, analytic in ACC and not identically 0, 


the set of solutions z of h(z) = 0 is at most denumerable (see (9.1.5)).) 


4) Let φίλ) be an arbitrary increasing and positive real function defined in 
[0,-+ cof. Let (k,) be a strictly increasing sequence of integers such that k, = 1, and 


(n/(n — 1))*"> g(n + 1) for n> 1. Show that the power series 


Ry 
f(z) =1+ ( : ) 
n=2\n—1 


is convergent for all ze C, and that for every real x > 2, f(x) > g(*) (in other words, 
there are entire functions which tend to infinity “‘faster’’ than any given real function). 


5) For any real numbers α,β such that £> 0, let Lyg be the endless road 
(section 9.12, problem 3) defined as follows: for ἐξ — 1, Ly g(t) =a — iB —t—1; 
for —lct<l, Lyg) =a+ ft; for t>1, IP plt)=a+ifB+i—l. Let 
Gog = Lye(R). . 


σ 37 
a) Show that Ze —<B< ak and if x € Gy g the function z — (exp (exp z))/(z — “) 


is improperly ee along L, g. Furthermore, is βι,β4 are such that |.4(x)| <2, < β, 
or |.4(x)| > By> βι, or B(x) <a, the pee along Ly β, and Lys, are the same; 
similarly, if B(x) <a,< ας, or αἱ - ας « A(x), or |.%(x)| > β' the integrals along 
L,,,¢ and Ly, g are the same (use Cauchy’s theorem). 


Ὁ) Deduce from a) that if L = Loz, 


can be extended to an entire function. 
c) Show that 


Φ (exp 2) 42 = 1 
Qin 7 


(prove that the integral along L, g of exp (exp 2) is independent of « and # (provided 


π ὃπ 
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d) Show that if x belongs to the open set A defined by &(x) < 0 or |.4(x%)| > a, 


1 F(x) 
E(*) = — me oo 2 


where F(x) is bounded in A (express F(x) by an integral along Log with £ < 2, using 
a) and c)). 

e) Show that if x belongs to the open set B defined by &(x) > 0 and |.4(x)| < a, 
then 


1 G(x) 
E(x) = exp (exp 7) -- — + 
x 


x? 


where G(x) is bounded in B (prove first, using Cauchy’s formula, that if —1< B(x) <0 
and |.4%(x)| < 2, then 


1 exp (exp z 
E(x) = exp (exp +) + —— (pai a dz 
πὶ 2—-% 


where L’ = L_j,. Show next that that formula is still valid for x € B using (9.4.2), 
and express G(x) by an integral along 1... 1, with £ > πὴ). 


f) Let H(x) = E(x)e— ©(*); show that H is an entire transcendental function such 


that lim H(re!%) = 0 for every real θ (use 4) and e); compare with the result of 
Υ7--»- οὦ 


problem 3). 


6) Let f be a complex valued entire function of p > 2 complex variables. Show 
that if f(a,,...,a») = ὃ, then for every 7 > 0, there exists z = (2,,.. - Zp) such that 
Z\z_ — αμ]3 = 7? and f(z,,...,2») = ὃ (use problem 5 b) of section 9.10). 

k 


7) Let f be an analytic mapping of an open subset AC ΟΡ into a complex Banach 
space E. A frontier point Ζη of A is called a regular point for f if there is an open neigh- 
borhood V of z, and an analytic mapping of A U V into E which coincides with f in A. 
A frontier point of A is said to be singular for f if it is not regular. 


a) Let R<-+ οὐ be the radius of convergence (section 9.1, problem 1) of a power 


series {(z) = La,z" of one complex variable. There is at least one point z) such that 
a | 


\z5| = R which is a singular point for f. (Otherwise one could cover the circle [2] = R 
with a finite number of open balls B, whose centers ὃς are on that circle, and such that 
in each open set B(0;R) U By, there is an analytic function ἔκ coinciding with / in 
B(0;R). Show that for any two indices h,k for which B,N By # @, f, and ἐμ coincide 
in B,M By, using (9.4.2), and conclude from (9.9.1) and (9.9.2) that the radius of 


convergence of La,2” would be > R.) 
n 


b) With the notations of a), suppose a, >> 0 for every ἢ. Show that the point 
z = R is singular for f. (One may suppose R = 1. Let e be a singular point for /; 


then for 0 << 1, the radius of convergence of the power series Z/(")(re)z"/n! 
n 


is exactly 1 — r (9.9.1). Observe that |f)(re’*)| < /((r), and use (9.1.2).) 
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c) With the notations of a), suppose R = 1. Let b,c be two real numbers such that 
0<b<1,c=1-—), and let p be an integer > 1. In order that the point z = I 


be a singular point for /, it is necessary and sufficient that the Taylor series Xg(")(0)u"/n! 
n 


for the function g(u) = f(bu? + cu? +!) have a radius of convergence equal to 1. 
(Observe that if |u| <1, |bw? + cu?+!| <1, and that the two sides of the last 
inequality can only be equal for u = 1. The proof for the necessity of the condition 
has to use (10.2.5), in order to show that there is in the neighborhood of z = 1 an 
analytic function f(z) such that z = g(h(z)) in that neighborhood.) 

d) Suppose (with the notations of a)) that a, = 0 except for a subsequence (n;) 
of integers such that 2,4, > (1 + 6)n, for every k, where 9> 0 is a fixed number. 


Show that every point z) on the circle [2] = R is a singular point for f (‘‘“Hadamard’s 
gap theorem’’; the circle |z| = R is called a natural boundary for ἢ). (One may suppose 
co 


R= 1. Use the criterion of c), taking p > 1/0, and let g(u) = 2 d,u”™ be the Taylor 
=0 


n 
development of g at u = 0. By assumption, for given ε > 0 there is a subsequence (my) 


of integers such that [In| > (1 — ε)71] (section 9.1, problem 1). On the other hand 


the function F(u) = Z(bu? + cu? +1)"i = Se,u" has u = 1 as a singular point, by b), 


] n 
hence there is a subsequence (q;) of integers such that leq > (1—e)"”. Prove that 


"49.1.8 Α — ε) 3. 


16. The theorem of residues 


We first remark that any subset SC € the points of which are all isolated 
is at most denumerable, for the subspace S of ( is then discrete and separable 
(by (3.9.2), (3.20.16) and (3.10.9)), hence S is the only dense subset of S 
(3.8.4). 


(9.16.1) Let ACC be a simply connected domain, (a,) a (finite or infinite) 
sequence of distinct tsolated points of A, S the set of points of that sequence. 
Let f be an analytic mapping of A — S into a complex Banach space E, 
and let y be a circuit in A — S. Then we have 


J H2)dz = 2πὶ X'7(a, sy) R(a,) 


where R(a,) ts the residue of f at the point a,, and there are only a finite number 
of terms 0 on the right-hand side (‘theorem of residues’’). 


We can obviously suppose each a, is a singular point for f, for we can 
extend / by continuity to all non-singular points a,, which does not change 
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both sides of the formula (since R(a,) = 0 if a, is not singular). Under 
that assumption, for any compact set LCA, LNS is fimte, for LN S is 
closed in L, as A — Sis open in C by definition; hence LN 5, being compact 
and discrete, is finite (3.16.3). Let I be the interval in which y is defined, 
and let P be the set of points x €A such that 7(x;y) 4 0. We know (9.8.6) 
that the closure P of P in C is compact, and P does not contain any frontier 
point of A, for such a point cannot be in y(I), nor have index σέ 0 with 
respect to y, by (9.8.7); as the set of points x in © — y(I) where the index 
j(x;y) takes a given value is open (9.8.3), any point in P which does not 
belong to y(I) is in P, hence PC A. On the other hand, let p(¢,é) be a loop 
homotopy in A of y into a one-point circuit (¢e1, fe J, where J is a 
compact interval). Then M = g(I x J) is a compact subset of A. Let 
HCN be the finite set of the integers » such that 4,¢ MUP; for each 
n EH, let u,(1/(z — a,)) be the singular part of f at the point a,. Let B be 
the complement in A of the set of points a, such that » ¢H; then B is open, 
for a compact neighborhood of a point of B, contained in A, has a finite 
intersection with S. By definition of the singular parts, there is a func- 


I 
tion g, analytic in B, and which is equal to f(z) — Da un( a, at every 


neH 

point za, (n¢H). As MCB by definition, y is homotopic 7m B to a 

one-point circuit; hence, by Cauchy’s theorem, J g(z)dz = 0, in other 
γ 


words | f(z)dz = eH | Un (+. dz; the result then follows from (9.14.2), 


—~ Un 
᾽ neH,, 


- Φ 1 . ΣΝ x? 
applied to each of the functions 4, [2] in an open “ring’”’ of center ἄ,, 


n 


containing y(]I). 
17. Meromorphic functions 


Let A be an open subset of €, S a subset of A, all points of which are 
isolated. A mapping f of A — S into a complex Banach space E is said 
(by abuse of language) to be meromorphic in A if it is analytic in A — 5 
and has order > —oo at each point of S. By abuse of language, we will 
always identify / to its extension by continuity to all points of S which are 
not poles of /; the argument used in (9.16.1) then shows that we can always 
suppose that for any compact subset L of A, LOS is finite. If f,g are two 
meromorphic functions in A, taking their values in the same space, and 
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whose sets of poles in A are respectively S,S’, then S U S’ has all its points 
isolated, due to the preceding remark; f+ g is defined and analytic in 
A — (SUS’), and has order > —oco at each point of SUS’, hence is 
meromorphic in A (note that some points of S U S’ may fail to be singular 
for 7+ g). Similarly, if f and g are meromorphic in A, and g is complex 
valued, /g is meromorphic in A. If / is meromorphic in A, S is the set 
of its poles, T the set of its zeros, then all the points of S U T are isolated: 
for if ac A and w(a) = ἢ, then f(z) = (z — a)"f,(z) ina set 0 < |z — al<-y, 
where /, is analytic in |z — α <r and f,(a) 40; the principle of isolated 
zeros (9.1.5) shows that there is a number 7’ such that 0< 7’<~y7, and 
f(z) A 0 for 0 < |z — αἱ <7’. This proves our assertion, and shows moreo- 
ver that LN (SU Τὴ is finite for any compact subset L of A (same argument 
as in (9.16.1)). In particular, if f is complex valued, 1/f is meromorphic in A, 
S is the set of its zeros and T the set of its poles. Moreover, with the same 
notation as above, we have f'(z) = A(z — a)’—1f,(z) + (z—a)"*f,(z)_ for 
0 « |z—a|<~z, hence f/f, which is analytic for 0 < |z—a|<7’, has 
order 0 at the point a if h = 0, order — 1 and residue ὦ at the point a 
fi h+0. 


(9.17.1) Let A be a simply connected domain in C, f a complex valued 
meromorphic function in A, S (resp. T) the set of its poles (resp. zeros), g an 
analytic function in A. Then, for any circuit y in A — (SUT), we have 
IO goon > ja: ; 
Cay te 1(4; γ)β(α)ω(α; ἢ 


γ aeSUuT 
a finite number of terms only being ~ 0 on the right-hand side. 
This follows at once from the theorem of residues, for the residue of 


gf'/f at a point ae SUT is the product of g(a) by the residue of {|| at the 
point a. 


(9.17.2) With the assumptions of (9.17.1) let t + y(t) (te 1) be a circuit in 
A—(SUT). If I is the circuit t > f(y(t)), then 


1(0;7) = Σ' 1(4; γγω(α; ἢ. 


aeSUT 


For it follows at once from (8.7.4) that \“ = 


ΙΓ 


hence the 


SS ey, 
ππ 
΄-- 
N 
— 

Su 
XR 


result is a particular case of (9.17.1) for g = 1. 
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(9.17.3) (Rouché’s theorem). Let ACC be a simply connected domain, 
6 two analytic complex valued functions in A. Let T be the (at most 
denumerable) set of zeros of f, T’ the set of zeros of f+ gin A, y ἃ circuit in 
A — T, defined in an interval 1. Then, if |g(z)| < |f(z)| 1m (I), the func- 
tion f + g has no zeros on y{I), and 


Σ 1(4; γγω(α; ἢ = Σ 7(b; γγω(; f + 8). 
aeT beT’ 

The first point is obvious, since f(z) + g(z) = 0 implies |/(z)| = |g(z)|. 
The function A = (/ + g)/f is defined in A — T and meromorphic in A; we 


{ τ) ocd ὦ. 7 
—+-+— jn A—(TUT’). Using (9.17.2), all we have 
to prove is that the index of 0 with respect to the circuit J": ¢ + h(y(t)) is 0. 
As g/f is continuous and finite in the compact set γᾷ), it follows from 
(3.17.10) and the assumption that 7 = sup |g(z)/f(z))} <1. In other 
ze y(I) 
words, J” is in the ball jz — 1| <7, and as 0 is exterior to that ball, the 


result follows from (9.8.5). 


have 


(9.17.4) (Continuity of the roots of an equation as a function of parameters). 
Let A be an open set in C, F a metric space, f a continuous complex valued 
function in A X F, such that for each ae F, z > f(2,0) 1s analytic in A. 
Let B be an open subset of A, whose closure B in € is compact and contained 
in A, and let a € F be such that no zero of f(z, 9) ts on the frontier of B. Then 
there exists a neighborhood W of a in F such that: 1° for any ae W, f(z,a) 
has no zeros on the frontier of B; 2° for any aE W, the sum of the orders 
of the zeros of f(z,x) belonging to B 1s tndependent of α. 


The number of distinct zeros of /(z,a)) in B is finite; let a,,...,a, be 
these points. For each frontier point x of B, there is a compact neighborhood 
U, of x, contained in A, such that /(z,a)) has no zero in U, (9.1.5); if we cover 
the (compact) frontier of B by a finite number of sets U,, the union U of B 


and the U,, is a compact neighborhood of B, contained in A and such that 


/(z,a%) has no zero in Un (A — B). Let γ be the minimum of the numbers 
ja; —a,| (tA ἢ), and for each ὦ (] «- ἰ «-- η), let D; be an open ball 
lz — αι] <7, of radius 7,< 7/2, contained in B; then D;N D, = © if 1 #7. 
Let H = U — (U D,); this is a compact set; let m be the minimum value 


of |f(z,a%)| in H; we have m > 0 by (3.17.10). Now, for each x ε Β, there 
is a neighborhood V, of x contained in A anda neighborhood W, of a, in F, 
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such that |/(y,«) — f(%,a9)| << m/2 for νεῖν, andaeW,. As B is compact, 
it can be covered by a finite number of sets Ὗ ἐς l<k<p); let 


W = NM W,, this is a neighborhood of a in F, and by definition, for 
k 


any «e€W and any γε, we have |f(y,«) — f(y,%)|< m. As a first 
consequence, it follows that f(y,«) ~ 0 for ye H and « € W; on the other 
hand, as |/(z,«) — f(z,%)| < |/(z,a)| in H, Rouché’s theorem, applied to 
each circuit ¢ > a; + r,e% (0 « ἐ « 2m) shows that the sum of the orders 
of the zeros of /(z,«) in D; is independent of a εν, hence the theorem. 


PROBLEMS 


1) Let ACC be an open simply connected set, f a meromorphic complex valued 
function in A, such that each pole of f is simple and the residue of f at each of these 
poles is a positive or negative integer. Show that there is in A a meromorphic func- 
tion g such that f = g’/g. (If Ζρ is not a pole of /, show that for any point z, € A which 
is not a pole of /, and any road y in A, defined in IC R, of origin z) and extremity Ζ), 
and such that y(I) does not. contain any pole of f, the number exp( J }(¥)dx) only 

γ 


depends on z, and z,, and not on the road y satisfying the preceding conditions (use 
the theorem of residues).) 


2) Let f be an entire function of one complex variable, such that for real χ,γ, 
Πα + ty) L< εἶν", Show that, for any z distinct from integral multiples nx of 2, 


4{{}- _ Ae (nn) 
az 


sin z “τ (ὁ —nz)? 


where the series on the right-hand side is normally convergent in any compact subset 
of € which does not contain any of the points mz (m integer). (Consider the integral 


1 [ = dx 


2πὶ 4 sin x (~ — 2)? 


where y, is the circuit ¢ > (n + 4) ne for —a<t<a. Observe that for every 
e > 0, there is a number c(e) > Ὁ such that the relations |z — nz| > ε for every integer 


| F(2)| . 


n€ Z imply |sin 2| > c(e)e ; and use the theorem of residues.) 
3) a) Show that for z + nz (mn integer) 


ses 22 


1 
cotg z= — + a 
Z nay 22 — n*n? 


where the right-hand side is normally convergent in any compact subset of ( 
which does not contain any of the points xz. (Use problem 2 and the relation 
lim (cotg z — 1/z) = 0.) 


z->0 
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b) Deduce from a) that 


00 22 
snzg=z {{|{1 -- 
n=1 μπὲ 


n “3 
where the product is defined as the limit of 7 ( BET ) , the convergence being 
k=1 7 


uniform in every compact subset of C. (Consider the entire function. 


+ 00 Ζ 
fa = Π [ -- ΞῚ e~#/*™ (section 9.12, problem 1), and use a) to prove that 
=_— nT 
the function (sin z)/z/(z) is a constant.) 
c) Deduce from b) the identity 


1 1. 
---------------- -Ξ — Sin 12 
F(2l(l—z) π 
(see section 9.12, problem 2). 

4) Let Γ bea complex valued function analytic in an open neighborhood A of 0 in ΟΡ; 
for convenience we write w instead of 2) and z instead of (z,,...,2)1). Suppose that 
(0,0) = 0 and that the function /(0,w), which is analytic in a neighborhood of ὦ = 0 
in C, is not identically 0. Then there exist an integer r > 0, r functions h;(z), analytic 
in a neighborhood of 0 in C?—1, and a function g(z,w) analytic in a neighborhood 
BCA of 0 in Οὗ, and - 0 in that neighborhood, such that 


f(z,w) = (εὐ + hy(z)w’ πὶ. νος + A, (2))g(z,w) 


in a neighborhood of 0 in Οὐ (the ‘Weierstrass preparation theorem”). (If /(0,w) 
has a zero of order ry at τὸ = 0, use (9.17.4) to prove that there is a number e > 0 
and a neighborhood V of 0 in C?—! such that for any z€V, the function w — /(z,w) 
has exactly r zeros in the disc [ὦ] < ε and no zero on the circle [w| = εξ. Let y be the 
circuit ¢—> ee” for -- πε ἐπε π; show that there are functions hj(z) (1 - 7 Ξ- ἡ) 
analytic in V and such that the polynomial F(z,w) = οὔ + h,(z)w7~1} - ... + h,(z) 
satisfies the identity 


Fo(z2) 1 (μὴ) 1 


ἄπ 


F(z,w) Oni ν (Ὁ ὦ --ι 


for ΖΕΝ and |w| > ε.) 

5) Let (7,) be a sequence of complex valued analytic functions in a connected 
open subset A of Ὁ. Suppose that for each ΖΕ A, the sequence (f,(z)) tends to a limit 
g(z), and the convergence is uniform in every compact subset of A. Suppose in addition 
that each mapping z — f,(z) of A into ( is injective. Show that either g is constant 
in A or g is injective (for any z,) € A, consider the sequence (},(z) — f,(Z)) and apply 
(9.17.4) and the principle of isolated zeros). 

6) Let φ bea real valued twice differentiable function in the interval [0,1]. Suppose 
|p(0)| < |p(1)|, and let x) be one of the zeros of φίθ) — g(1) cos e = 0 in 1-- π, πί. 


Show that the entire function 
1 
F(z) = f p(¢) sin σέ dt 
0 
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has a denumerable set of zeros; furthermore it is possible to define a surjective 
mapping ἢ — 2, of Z onto the set of zeros of zF(z), such that each zero corresponds 


to a number of indices equal to its order, and that lim = (29, — % — 2n7a) = 
n—>+ 0 


lim (29,41  Ζ0 — 2numz) = 0. (Integrating twice by parts, show that one 
nN—> + ὦ 
can write zF(z) = g(0) — φί(!) cosz + G(z), where |G(z)|< ael¥ | 12); minorize 
Ιφ(0) — (1) cos z2| outside of circles having centers at the zeros of that function, 
in the same way as |sin 2) was minorized in problem 2; and use Rouché’s theorem 
in a suitable way.) Treat similarly the cases in which |g(0)| > |q(1)| or |p(0)| = [φ(1}}. 


Appendix to Chapter IX 


APPLICATION OF ANALYTIC FUNCTIONS TO PLANE TOPOLOGY 


(Eilenberg’s Method) 


1. index of a point with respect to a loop 


(Ap.1.1) If t > y(t) (a<t <b) ts a path in an open subset A of C, there ts 
in A a homotopy φ of y into a road y,, such that φ ts defined in [a,b] Χ [0,1] 
and (a,é) = y(a) and (b,é) = y(d) for every €€ [0,1]. 


Let I = [a,b]; as γ() is compact, d(y(I),C — A) = p is > 0 (3.17.11). 
As y is uniformly continuous in I (3.16.5), there is a strictly increasing 
sequence (t,)y <,<m Οἱ points of I such that f) = a, ¢,, = ὃ, and the oscillation 
(3.14) of y in each of the intervals [t,,¢,,,] (O0<&<m-—1) is < p. Define γι 
in I as follows: for 4, <t< thai, y(t) = v(t) + a (γ(ᾳ 1) — v(te)), 
(0<k<m-—1); it is clear that γι is a road, with y,(a) = y(a), y,() = y(9), 
and y,(I) is contained in A, since y,([¢,,¢,,1]) is contained in the open ball 
of center y(t,) and radius p. Define then φίέ,ξ) = éy,(¢) + (1 — 4)y (4); 
it is readily verified that q(t,é) is in the open ball of center y(¢,) and radius p 
fort, <t<4,, andO<E<1 (0 «καὶ «. »ἤν -- Ἰ); hence g verifies the 
required conditions. 


In particular, if y is a loop, we see that ῳ is a loop homotopy in A of y 
into a circuit yy. 

Consider now any loop y in ©, defined in I, and any point a¢gy(I). As 
there are, by (Ap.1.1), circuits γι which are homotopic to y in Ὁ — {4}, 
we can define the index j(a;y) as equal to j(a@;y,) for any circuit homotopic 
to y in Ὁ — {a}; by Cauchy’s theorem (9.6.3), this is independent of the 
particular circuit y, homotopic to γ in Ὁ — {a}. 

Using (Ap.1.1) it is readily verified that the index of a point with 
respect to a loop does not depend on the origin of the loop (9.6), and that 
properties (9.8.3), (9.8.5), (9.8.6) and (9.8.7) still hold when “circuit” is 
replaced by “loop” in their formulation. 
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2. Essential mappings in the unit circle 


Let E be a metric space. We say that a continuous mapping f of E into 
the unit circle U: |z| = 1 is imessential if there is a continuous mapping g 
of E into R such that f(x) = e® for every x € E. A continuous mapping / 
of E into U is called essential if it is not inessential. 


(Ap.2.1) If ff, are inessential mappings of E into Ὁ, f,f. and 1/f, = η are 
inessential, if f, 1s essential and f, inessential, then },f, and },/f, are essential. 


(Ap.2.2) If f ts an tinessential mapping of E into U, and g a continuous 
mapping of a metric space F into E, then fog ts inessential. 


These properties are obvious consequences of the definition. 


(Ap.2.3) Any continuous mapping f of a metric space E into U such that 
ΚΕ) ~ U ts tnessenizal. 


Let Cy εὖ — ΚΕ). There is « ε R such that ¢, = e, and the restric- 
tion of t +e” to the open interval Ja,« + 2π| is a homeomorphism of 
that interval onto U — {C,} (9.5.7); if % is the inverse homeomorphism, we 
have f(x) = ἐν) for every x EE, 4.6.4. 


(Ap.2.4) If f,,f/, are two continuous mappings of a metric space E into U, 
such that f,(x) 4A — f,(x) for any x EE, and if f, is essential (resp. inessen- 
ital), so 15 fy. 


For / = /,/f, is a continuous mapping of E into U which does not take 
the value — 1, hence is inessential by (Ap.2.3). 


(Ap.2.5) Let E be a compact metric space, 1 = [0,1], f a continuous mapping 
of E x Linto U. If the mapping x — f(x,0) is essential (resp. inessential), 
so 15 the mapping x — f(x,1). 


As [15 uniformly continuous in E x 1 (3.16.5), there is an integer ” > 1 
such that the relation |s —¢|<1/n implies |f(x,s) — f(x,t)|<1 for any x € E. 


Let μία) = i(« ) for 0 << k <n; we therefore have [{κ(χ) — fe+1(*)| <1 


for any xe Eand0O <k <n — I, andas |f,(x)| = |f,.4(*)| = 1 for x EE, 
we have /,(x) τέ — f,4.1(*) for x EE. Hence the result by (Ap.2.4). 


(Ap.2.6) Any continuous mapping f of a closed ball (in R”) into U is 


wnessential. 
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Let E be the ball d(x,a) < 7, and define g(x,t) = f(a + t(x — a)); then 
gis continuous in E x [0,1], g(x,1) = f(x) and g(x,0) = f(a); as x — g(x,0) 
is inessential (Ap.2.3), so is f by (Ap.2.5). 


(Ap.2.7) Let A,B be two closed subsets of a metric space E, such that E = AUB, 
and that AN B be connected. Let f be a continuous mapping of E into U; 
if the restrictions of f to A and B are tnessenttal, f 15 tnessential. 


There are, by assumption, continuous mappings g,4 of A and B into R 
such that f(x) = e® in A, f(x) = ε΄ in B. For xe ANB, we have 
therefore 6᾽55) — e*), hence (9.5.5) (g(x) — h(x))/22 is an integer; but 
as g — h is continuous in the connected set ANB, this implies g — A is a 
constant 2nz in ANB by (3.19.7). Let then u(x) = g(x) in A, u(x) = h(x) + 2ηπ 
in B; it is clear that f(x) = e““) in E, and as g and h + 2nz coincide in 
ANB, uw is continuous in E, 4.6.4. 


(Ap.2.8) In order that a continuous mapping f of U into itself be essentzal, 
a necessary and sufficient condition is that 7(0;y) 4 Ὁ for the loop y: t — f(e") 
(0 « ἐ < 2a). 


By (9.8.1) we can write {(6ἢ) = e, where & is continuous in [0,2π|], 
and (27) — &(0) = 2ηπ by (9.5.5), m being the index 7(0;y). Let 
co(t,€) = ψ(ὴ + E(nt + (0) — a(t)); if, for € = οἷ (0 - ὁ < 2x) and for 
0<é&< 1, we write g(f,é) = &@""), ¢ is continuous in (Ὁ — {1}) x [0,1] 
by (9.5.7), and as ¢%24) — ¢'(4) — (1) for any &, g is extended by 
continuity to U x [0,1]. By (Ap.2.5), we are thus reduced to proving the 
theorem for the mapping /: ¢ > ζῇ. It is clear that for n = 0, / is inessen- 
tial. Suppose 4 0, and let us prove by contradiction that / cannot be 
inessential. Otherwise, there would exist a nonconstant continuous 
mapping ἢ of U into R such that ζῆ = e*) in U. As A(U) is a compact 
(3.17.9) and connected ((9.5.8) and (3.19.7)) subset of R, 4(U) is a compact 
interval [a,b] with a < ὁ (3.19.1). Let €,eU such that ἀ(ζρ) =a. We 
therefore have ζῇ = e*; there is a neighborhood V of ¢, in U such that 
the oscillation (3.14) of h in V be < 2; on the other hand, (9.5.7) applied 
to the interval Ja — a/n,a + a/n[, proves that there exists a point ¢eV 
such that ζῆ = e@-*, where ¢>0 is sufficiently small. By (9.5.5), 
h(¢) — (a — «) is a multiple of 27, and the choice of V implies that this 
multiple can only be 0 as soon as ¢ < x; but this contradicts the defini- 
tion of a. 


(Ap.2.9) The identity mapping C + ᾧ of Ὁ onto ttself 1s essential. 
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3. Cuts of the plane 


In a metric space E, we say a subset A of E separates two points x,y 
of Ε — A if the connected components (3.19) of x and y in E — A are 
distinct. We say that A cuts E (or is a cut of E) if E — A is not connected. 

For any two points a,b of © such that a ¥ ὁ, let s,,(z) be the function 
z — (2 — a)/(z — ὃ), defined in Ὁ — {6}; it is readily verified that s,, isa 
homeomorphism of Ὁ — {5} onto Ὁ — ἢ}. 


(Ap.3.1) (Eilenberg’s criterion). Let H be a compact subset of C; in 
order that H separate two distinct points a,b of Ὁ — H, a necessary and suffi- 
cient condition 1s that the mapping z — s, ,(2)/|s,.,(z)| of H into U be essential. 


a) Sufficiency. Suppose a and ὦ are in the same connected component A 
of C — H. As €C — His open in € and Ὁ is locally connected ((3.19.1) and 
(3.20.16)), A is open in € (3.19.5). By (9.7.2) there is a path ¢ + y(t) in A, 
defined in I = [0,1], such that y(0) =a, y(1) = , ὁ. As y(#)€H for any 
value of ¢, the mapping (2,t) > f(z,t) = S,4,)(2)/|S4.(2)| 15 continuous in 
Η ΧΙ, and f(z,0)=1, {{2,1) = s,,(z)/|s,,(z)|; the result follows from 
(Ap.2.5). 

b) Necessity. Let A be the connected component of © — H which 
contains a; A is open in € and all its frontier points are in H (they cannot 
be in another connected component of Ὁ — H, otherwise A would have 
common points with that open component); as b€AUH, we have 
d(b,A UH) > 0. Let A’,H’ be the images of A,H under the homeomorphism 
z — S,,(z) of © — (δὲ onto © — {1}; H’ is compact and A’ is a connected 
open subset of Ὁ — H’, which is bounded and contains 0. Moreover, the 
frontier points of A’ in © are points of H’ and (possibly) 1; hence A’ is 
compact and so is A’U H’. In addition, if 1 belongs to the boundary of A’, 
this means that A is unbounded, hence has points in common with the 
exterior of a ball containing H; but as that exterior is connected (9.8.4), 
it is contained in A by definition of a connected component (3.19). This 
shows that there is a ball V of center 1, such that V — {1} CA’, hence 1 
is not a frontier point of © — A’, which proves that the frontier of € — A’ is 
always contained in H’. We have to show that the mapping u - u/|u| 
of H’ into U is essential (Ap.2.2). Suppose the contrary; then there would 
exist a continuous mapping / of H’ into R such that u/|u| = e” for ue H’. 
By the Tietze-Urysohn theorem (4.5.1), ἢ can be extended to a continuous 
mapping g of A’UH’ into R. Define a mapping ἢ of € into U by taking 
h(u) = u/|u| for ue C — A’, h(u) = δ᾽ 8“) for we A’; it follows at once from 
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the definition of g that h is continuous in ©. Let r > 0 be such that A’ is 
contained in the ball B: |z| <7; the restriction of h to B is inessential 
(Ap.2.6), and so is therefore the restriction of 4 to 5: [5] τὶ γ. But the 
identity mapping ζ — ζ of U onto itself can be written /,og,, where /, 1s 
the mapping z - 2/|z| of S onto U, and g, the mapping ¢ — 7¢ of U onto 5. 
However, h, is the restriction of # to S, hence inessential, and therefore 
h,og, would be inessential (Ap.2.2), contradicting (Ap.2.9). 


(Ap.3.2) (Janiszewski’s theorem). Let A,B be two compact subsets of ©, 
a,b two distinct points of C — (AUB). If neither A nor B separates a and ὃ, 
and if ANB ἐς connected, then AUB does not separate a and b. 


From the assumption and (Ap.3.1) it follows that the restrictions of 
z — S,,(z)/|S,,(z)| to A and B are inessential; by (Ap.2.7) the restriction 
of that mapping to AUB is also inessential, hence the conclusion by 
(Ap.3.1). 


4. Simple arcs and simple closed curves 


An injective path ἐ — y(t) in C, defined in I = [4,β], is also called a 
simple path; a subset of C is called a simple arc if it is the set of points γί) 
of asimple path. A loop y defined in I is called a simple loop if y(s) 4 y(t) 
for any pair of distinct points (s,t) of I, one of which is not an extremity 
of I. A subset of (Ο is called a simple closed curve if it is the set of points 
of a simple loop. Equivalent definitions are that a simple arc is a subset 
homeomorphic to [0,1], and a simple closed curve a subset homeomorphic 
to the unit circle U (9.5.7). 


(Ap.4.1) The complement in Ο of a simple arc 1s connected (in other words, 
a simple arc does not cut the plane). 


Let y be a simple path defined in I, and let / be the continuous mapping 
of γ(1) onto I, inverse to y. Let a,b be two distinct points of Ὁ — y(I). 
By (Ap.3.1), we have to prove that the restriction y of z > s,4(z)/|s,,4(2)| 
to y(I) is inessential. But we can write y = (yoy)of; the continuous mapping 
goy of I into U is inessential (Ap.2.6), and so is therefore φ by (Ap.2.2). 


(Ap.4.2) (The Jordan curve theorem). Let H bea simple closed curve in C. 
Then: 


a) © — H has exactly two connected components, one of which 1s bounded 
and the other unbounded. 
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b) The frontier of every connected component of Ὁ — H is H. 


c) If ys a simple loop defined in 1 and such that y(1) = H, then j(x;y) =0 
if x 1s in the unbounded connected component of Ὁ — H, and 7(χ;γ) = +1 
tf x 1s im the bounded connected component of C — H. 


The proof is done in several steps. 


(Ap.4.2.1) We first prove δ) without any assumption on the number of 
components of € — H. Let A be a connected component of Ὁ — H; as 
Ὁ — H is open, we see as in (Ap.3.1) that the frontier of A is contained in H. 
Let ze H, and let ἢ be a homeomorphism of U onto H; let € = e®eU 
be such that ἐ(ζ) = z. Let W be an arbitrary open neighborhood of z in €, 
VcwW a closed ball of center z; then there is a number w such that 
0< w < π απά that f(e") εὖ ford -w<t<6+2a; let J be the image 
of that interval by ¢ — f(e”); then the complement L of J in H is the 
image by ¢ — f(e“) of the compact interval [0 + ὦ — 27,0 — o] (9.5.7), 
and is a simple arc by (9.5.7). It follows from (Ap. 4.1) that the open set 
C —L3C€—H is connected. Therefore (9.7.2) for any xe ACC—L, 
there is a path y in © — L, defined in I = [a,5], such that y(a) = x, y(b) = z. 
The set y(I) N J is compact and contained in V; let M be its inverse image 
by y, which is a compact subset of I, such that a¢ M; let c= inf M> a. 
Then the image by y of the interval [a,c[ is a connected set P ((3.19.7) and 
(3.19.1)), which does not meet J nor L, hence is contained in Ὁ — (JUL) = 
Ο — H; as P contains x, it is contained in A by definition. But when t < ὁ 
tends to c, y(t) ΕΑ tends to y(c) EV, hence y(t) € W as soon as ὁ — ¢ is 
small enough; this shows that z cA, q.e.d. 

(Ap.4.2.2) We next prove the theorem under the additional assumption 
that H contains a segment S with distinct extremities. Applying to € a 
homeomorphism z — Az + mu, we can suppose §S is an interval [—a,a] 
of the real line R. Let p = d(0,H — S) < a, and consider an open ball D: 
lz] <7, with r<p; then Dn(C — H) = Dn(€~— S), and it is clear 
that Dn (€ — 5) is the union of the two sets D,: [2] <7, %z > 0 and D,: 
2} < 7, ¥z < 0, which have no common points. It is immediately verified 
that the segment joining two points of D, (resp. D,) is contained in D, 
(resp. D,), hence (3.19.3) that D,,D, are connected. On the other hand, 
we have seen in (Ap.4.2.1) that every connected component of Ὁ — H 
meets D, hence meets D, or D,; but if two connected components of 
C — H meet D, (resp. D,), they are necessarily identical, since D, (resp. D,) 
is connected and contained in C — H (3.19.4). This proves that C — H 
has at most two connected components. We prove next that € — H ἐς not 
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connected, hence has exactly two components. Suppose the contrary, and 
let x€D,, γε ᾿ς; as D is connected, €C — D does not separate x and γ᾽; 
on the other hand, if © — H is connected, H does not separate x and y. 
But Hn (Ὁ — D) is the complement in H of the open interval 1-- 7,70; 
by (9.5.7), this complement is therefore a simple arc, hence connected. 
By Janiszewski’s theorem (Ap.3.2), the union HU (Ὁ -- Π) does not 
separate x and y; but this is absurd, since the complement of Η ὃ (Ὁ — D) 
in C is D, UD,, and D,,D, are open sets without common points, hence 
D, U D, is not connected. 

As H is compact, it is contained in a ball of center 0, whose complement 
in C is connected, hence contained in a connected component of © — H; 
this shows one of these components A is unbounded, and the other B is 
bounded. Moreover, it is clear that 7(x;y) = 0 when x EA (9.8.5). On the 
other hand, D, is contained in one of the components of Ὁ — H, D, in the 
other; all we need to prove therefore is that j(%,;yv) — 7(%;y) = + 1 for 
one point x, €D, and one point x, € D, (9.8.3). Supposing the origin of γ 
to be the point ae 8, let J CI be the inverse image by γ of H — 5, which 
is a compact interval [«,f] and let γι be the path ¢ — y(¢) defined in J, of 
extremities — a and a. By (Ap.1.1) there is a homotopy g, in € —D of 
γι into a road yg, such that g, is defined in J x [0,1] and φιία,ξ) = y(a), 
φι(β,ξ) = γ(βὴ for any &. Define gin I x [0,1] as equal to g, in J x [0,1] 
and to y(é) for any (ἐ,ξ) ε (1 — J) x [0,1]; then for any x, Ε D, (resp. 
x,€D,), gy is a loop homotopy in C — {x,} (resp. C — {x9}) of y 
into a circuit y,. We can therefore limit ourselves to proving that 
7(χ,;γ) — 1(υς;}γ) = +1 when y is a circuit defined in I, having the fol- 
lowing properties: 1° 56 y(I) and if T is the inverse image y—1(S), then 
T is a subinterval of I and the restriction of y to T is a homeomorphism of T 
onto S; 2° y(I — Τὴ is contained in € —D (note that perhaps this new 
y is not a simple loop). Then the inverse image by y of the interval [—7,7] 
is a subinterval [A,u] of T; suppose for instance that γ(λ) = — 7, y(u) = 7. 
We can suppose (replacing y by an equivalent circuit) that A = — π, μ = 0, 
and moreover that — 7 is the origin of y, so that I = [— πω] with ὦ > 0. 
Take χ᾿ -- ἐξ, x, = —i& ψ 0 « E< yr; let o be the road ¢ — y(t), 
—ma<t<0, 6, the road ὁ > γε, —n<t <0, 6, the road ἐ >re~", 
—2<t<0. Then, Cauchy’s theorem applied in the half-plane %(z) < 
(resp. %(z) > — &) which is a star-shaped domain (9.7.1) yields 


| dz Ν dz ἃ dz 7 dz 
Στ Ngee z+ié Jz+ié 
ὃ ὃ 


σ 4 σ 1 
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Hence 


Shae ee az dz 21Ey' (t)dt 

271 (7(%45y) " 1(1ς;})) πὸ |. - 9ξ — |. +4é Few + £2 ; 
8; δὶ 0 

Now the left-hand side is independent of ξ, and when & tends to 0, the right- 
hand side tends to 2m, using the fact that [y(¢)| >7 ἴοσ 0 <t<, the 
mean value theorem (to majorize the last integral), and (8.11.1). 
(Ap.4.2.3) We now turn to the case in which H contains no segment 
with distinct extremities. Let a,b be two distinct points of H, S the segment 
of extremities a,b; we may again suppose that S is a closed interval in R. 
By assumption, there is at least one point xe 5 (Ὁ — H); let J be the 
connected component of χα in Sn (Ὁ — H), which is an open interval ]y,2[ 
since 50 (Ὁ —H) is open in R ((3.19.1) and (3.19.5)); moreover its 
extremities y,z are in H. Let g be a homeomorphism of H onto the unit 
circle U, and let g(y) =e”, g(z) =e, where we may suppose that 
c<d<c+ 2m (9.5.7). Let U,,U, be the simple arcs, images of ¢ — e”, 
c<t<d, and t +e", d<t<c-+ 2u, and let H,,H, be their images 
by the homeomorphism / of U onto H, inverse to g. Using (9.5.7), we see 
immediately that there is a homeomorphism ἡ, (resp. /,) of U, (resp. U,) 
onto the closed interval J = [y,z], such that /,(e”) = f,(e”) = y, 
{(6ἢ = fe (e"*) = z. Let ἅς (resp. 9) be the mapping of U into C, equal 
to f in U, (resp. in U,), to f, in U, (resp. to ἡ in U,); the definition of J 
implies that h,,h, are homeomorphisms of U onto two simple closed curves 
G, = H,U J, G, = H,U J, each of which contains the segment J. Let 
we H,, distinct of y and z; there is an open ball D of center w, which does 
not meet the compact set G,. From (Ap.4.2.1), each connected component 
of Ὁ — G, has points in D; moreover, if w’,w’’ are two points of D in a 
same connected component of € — G,, w’ and w”’ are not separated by G,; 
they are not separated either by ἃς, since they belong to De C — ἃς 
which is connected. But G,N G, = J is connected, hence, by Janiszewski’s 
theorem (Ap.3.2), w’ and τοῦ are not separated by αι ὃ G,, nor of course 
by HC G,UG,. In other words, w’ and w” belong to the same connected 
component of Ὁ — H. But as € — G, has exactly two connected compo- 
nents, and each connected component of € — H has points in D by 
(Ap.4.2.1), it follows that © — H has at most two connected components. On 
the other hand, it follows from (Ap.4.2.2) that there are two points w’, 
τ΄" in D which are separated by G,. We show they are separated by H. 
Otherwise, as they are not separated by G,, and G,n H = H, is connected, 
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they would not be separated by G, Η9 ἃ, (Ap.3.2), contrary to assump- 
tion. We have thus shown that Ὁ — H has exactly two connected compo- 
nents; the same argument as in (Ap.4.2.2) proves that one of them, A, 
is unbounded and the other, B, is bounded. 

Finally, we can suppose y is the origin of the loop y, and, if I = [4,8], 
that H, = y([«,A]), H, = γ([λ,β1)}. Define the loops y, and y, as follows: 
y(t) = (ἐ --- α -Ε 1)(Ὁ -- 2) - 2 fora—l<t<a, γι(ἢ = γ(ῇ fora -- ὁ -« ἅ; 
γε(ἢ = y(t) ἴον Δ - ἐ <b, y(t) = ν + (ὁ -- β)( --- γ) for βεξ ἐκξἕ β - Ὶ. 
Using (Ap.1.1) it is immediately verified that for any point x ¢ G, U Gg, 
1(χ;γ) =7(%3y,) - 7(5;γ.). With the same meaning as above for D, let again 
τυ’ το" be two points of D separated by G,; then we have 7(w’ ;74ᾳ) =7(w"’; 79) 
since w’ and w”’ are not separated by G, (9.8.3), and 7(w’;y,) —7(w" jy) = £1 
by (Ap.4.2.2). From this it follows that 7(w’;y) — 7(w’’;y) = +1, which 
ends the proof. 


(Ap.4.3) Let H be a simple closed curve in ©, D the bounded connected 
component of C — H. Then, for any loop y in D, 1(x;y) = 0 for any x EH. 


Let U be an open ball of center x, having no common points with the set 
y(I) of points of y. There exists in U a point Ζεῦ — (DUH) =€—D 
(Ap.4.2), and as U is connected, 7(%;y) = 7(z;y) (9.8.3). But 7(z;v) = 1{ν;γ) 
for all points y of the unbounded connected component Ὁ — D of H (9.8.3), 
and there are points y € © — D which are exterior to a closed ball containing 
y(I); for such points, 7(y;y) = 0 (9.8.5), hence the result. 


PROBLEMS 


1) Let A be a connected open subset of €; show that for any two points a,b of A, 
there is a simple path y contained in A, having a and ὃ as extremities, and whose set 
of points is a broken line (section 5.1, problem 4; this amounts to saying that y is 
piecewise linear). (Use a similar argument as that in (9.7.2). Ifa ‘square’ Q=IXxICA 
(I closed interval with non empty interior in R) is such that a¢ Q, and there is a 
simple path ¢t > y,(é) in A, defined in J Cc R, with origin a and extremity c € Q, consider 
the smallest value ¢4,€ J such that y,(¢,)€Q, and observe that the segment of 
extremities γί) and any point of Q is contained in Q.) 

2) Is Janiszewski’s theorem still true when A and B are only supposed to be 
closed subsets of C, even if ANB is compact (and connected) ? Show that the state- 
ment of the theorem remains true in the two following cases: 1° A,B are two closed 
sets, one of which is compact; 2° A and B are two closed sets without a common point, 
(If ¢ is a point sufficiently close to a, consider the mapping 2 — 1/(z — c), and the 
images of a,b,A and B under that mapping.) 

3) For any simple closed curve H in C€, denote by βί(Η) the bounded component 
of Ὁ — H. 
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a) Let A be a connected open subset of Ὁ, H a simple closed curve contained in A. 
Show that A — H has exactly two connected components, which are the intersections 
of A and of the connected components of C — H (use problem 2). 


b) More generally, if H; (1 - ὁ -Ξ 1) are y simple closed curves contained in A, 


and such that no two of them have common points, the complement of (J H; in A 
t 


has exactly r + 1 components (use induction on 7). 

c) If H,H’ are two simple closed curves without a common point in C, show that 
either 6(H) ἡ £(H’) = @, or the closure of one of the sets #(H),8(H’) is contained in 
the other. (Observe that if H ας #(H’), the unbounded component of € — H’ has no 
common point with £(H), using (3.19.9).) 


d) Suppose a connected open subset T of € has a frontier which is the union of r 
simple closed curves H; (1 - ὁ -- γ), no two of which have common points. Show 
that there are only two possibilities: 1° T is unbounded and no two of the sets £(H;) 
have common points, their union being the complement of T; 2° there is one of the Η;, 


say H,, such that the 6(H,) are contained in £(H,) for 1<i<yr-— 1, no two of the 
A(H;) (1 - ἐς ν — 1) have common points, and T is the complement of the union 


of the #(H;) (for -- ὁ -- yr — 1) in B(H,). (If y; is a simple loop whose set of points 
is H; (l<i< 7), observe that the indices j(x; y,;) are constant for x € T, and that at 
most one of them may be + 0; otherwise, using c), show that one at least of the 
H; would not be contained in the frontier of T.) 


4) Let A be a bounded open connected subset of C, such that for any loop y in A 
and any ze C — A, 7(2;γ) = 0. 

a) Show that for any simple closed curve HC A, the bounded component #(H) 
is contained in A. (Observe that otherwise it would contain points of Ὁ — A, using 
(3.19.9) and part b) of the Jordan curve theorem.) 


Ὁ) A grating of width x > 0 in C is the set of points (m + in)a, where m,n are 
arbitrary rational integers; these points are called the vertices of the grating. For 
each vertex (m+ in)a, the four vertices ((m +1) +i(m + 1))e are called the 
neighboring vertices of (m + in)a. The set Q,,, Consisting of the points x + iy such 
that ma < χα < (m+ 1)α and na < y < (m + 1)α is called the open square of the 
grating, of indices m,n; its closure is called the closed square of the grating, of indices 
m,n, the frontier of Qn», contains four vertices and is the union of the segments 
joining those of these vertices which are neighbors (the sides of Quy, or Of Oj»). 


Let B be the union of a finite number of closed squares of a grating. Show that 
if a vertex of the grating belongs to Fr(B), the number of neighboring vertices belonging 
to Fr(B) is equal to 2 or 4. If there is no vertex of the grating belonging to Fr(B) 
and such that all 4 neighboring vertices belong to Fr(B), show that Fr(B) is the union 
of a finite number of simple closed curves, no two of which have common points, 
and each of which is the union of sides of the squares of the grating. (Starting from 
two neighboring vertices of the grating, a,,a, in Fr(B), show that one may by induction 
define a sequence (a,) of vertices of the grating belonging to Fr(B) and such that 
a, and a, 1 are neighboring vertices.) 


c) Let B be a union of a finite number of closed squares of a grating of width a, 
such that on Fr(B) there is no vertex all of whose 4 neighboring vertices belong to 
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Fr(B), and that Fr(B) is a simple closed curve (union of sides of the squares of the 
grating). Let a,b be two neighboring vertices on Fr(B); show that there exists a 
continuous mapping (z,t) > y(z,t) of B x [0,1] into B such that: 1° g(z,0) = z in B; 
2° (zt) = 2 for any ¢ in [0,1] and any z in the segment S of extremities a,b; 
3° g(z,1) Ε S for any ze B. (Use induction on the number N of squares whose union 
is B; let m be the largest integer such that there is a Q »», C B, and for that m, let n 
be the largest integer for which Ο,,, Ε B; distinguish two cases, according to whether 
the point (m + in)« is or is not a frontier point of B, and in both cases, consider B 
as the union of two similar sets, each of which is the union of less than N squares of 
the grating.) Conclude that the interior of B is simply connected. 


@) Let B be the union of all the closed squares of a grating of width « which are 
contained in A; a is supposed small enough for B to be non empty. Let Ὁ be one of 


the (open) connected components of B: show that on Fr(D) there is no vertex of the 
grating such that all 4 of the neighboring vertices are in Fr(D). (Suppose the contrary, 
and for simplicity’s sake, suppose 0 is that vertex; then, for instance, Qo) and Q- 1, —1 
are in D, there is a point z,€ Q_19 and a point z,€ Qo 1 belonging to Fr(A). Using 
problem 1, show that there is a simple closed loop J" contained in Du {0}, and 
containing the segment of extremities (1 + 1)x/2 and — (1 + 1)a/2. Reasoning as in 
(Ap. 4.2.2), show that the indices j(z,;1°) and 7(25;1) cannot be equal, which is a 
contradiction.) 

e) With the notations of d), show that Fr(D) is a simple closed curve. (Use b) 
and problem 3 d), to prove that if Fr(D) was the union of more than one simple closed 
curve, there would be simple loops y in A and points ΖΕ Fr(A) such that (z;y) = 1.) 


f) Conclude that A is simply ccnnected, and is the union of an increasing sequence 
(D,,) of open simply connected subsets, each of which is the bounded component of 
the complement of a simple closed curve (use c) and e)). Conversely, such a union 15 
always simply connected. 

g) Extend the result of ἢ to arbitrary simply connected open subsets of C (for 
each ἢ, consider the closed squares of the grating of width 1/m which are contained 
in the intersection of A and of the ball B(0;m)). 

h) Let A be an open connected subset of C such that the complement Ὁ — A has 
no bounded component; show that A is simply connected (use (9.8.5)). 


5) Show that the following open subsets of € are simply connected but that their 
frontier is not a simple closed curve: 

1° The set A, of points x + iy such that 0 « ¥< 1, — 2< y < sin(1/z). 

2° The set A, of points # + ἦγ such that — l<wx<0Oand —l<y< il, or 
O<*<1 and 0 « μγ} «1. 

(In both cases, define an increasing sequence of bounded components B(H,), 
where Η, is a simple closed curve, such that the union of the #(H,,) is the given open 
set. To prove that Fr(A,) is not homeomorphic to U, show that it is not locally 
connected, using (3.19.1); to prove the similar property for Fr(A,) consider the 
complement of the point z = 1 in that set.) Are Fr(A,) and Fr(Ag) homeomorphic ? 

6) Let A be a simply connected open subset of Ὁ, distinct from Ὁ. Show that the 
frontier of A contains at least two distinct points. (Show that otherwise, one would 
have A = C — {a}, using (3.19.9) and the fact that Ὁ — {a} is connected, to prove 
that there can be no exterior point of A; conclude by using (9.8.4) and (9.8.7).) 
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7) Let y be a simple loop defined in I = [0,2], and let H = y(I) be the cor- 
responding simple closed curve. Let « be a simple path defined in I, = [1,2] and 
such that: 1° a(l) = y(1), α(2) = y(2) = (0); 2° a(t) € B(H) for every te ]1,2[; 
let L = a(I,). Define the simple loops y,,y, in I by the conditions: 

vill) τ  γῷ for OS <1, γι(ἢ = α(ἢ for 1<t<2: 

γε(ἢ = a(2 — ἢ for OS ¢#< 1, y,(t) = y(t) for lL<t< 2. 

Let Hy = γι), He = γ,(1). 

a) Show that for any z € C which does not belong to H, VU Ἡ,, 7(2;γ) = 7 (2571) +7 (2579) 
{use (Ap.1.1)). 

Ὁ) Prove that there are points z, € β(Η) such that 7(21;γ4) = 0, and points z, € β(Η) 
such that 7(25;74) = 0 (use b) of the Jordan curve theorem (Ap.4.2)). 

c) Deduce from a) and δὴ) that β(Η) is the union of B(H,),#(H,) and Ln £(H), 
no two of these sets having common points. 

8) a) Let H bea simple closed curve L; (I< καὶ <n) n simple arcs, having their 
extremities in H, and whose points distinct from the extremities are in £(H). Suppose 
in addition that no two of the L; have common points belonging to 6(H). Then the 


n 
interior of the complement of J L, in B(H) has 2 + 1 connected components, each 
k=1 
of which is the bounded component of the complement of a simple closed curve in C. 
(Use induction on ἢ, and problem 7.) 

Ὁ) Let H,,H, be two simple closed curves in Οἱ, such that H, H, is finite. Show 
that each connected component of βί(Η ἡ B(H,) is the bounded component of the 
complement in ( of a simple closed curve (use a)). 

9) Let y be a simple loop in C, defined in I = {—1,1], let H = y(I), and suppose 
(for simplicity’s sake) that »(0) = 0 and the diameter of H is > 2. Define inductively 
two decreasing sequences of numbers, («,,) and (pn), tending to 0, such that ρι = lay, 


] 
is the largest number > 0 such that |y(t)| « Pn for |t] < a, and py +1 = inf (4 ; 3} , 
n 


where 6, is the distance of 0 to the set of points y(t) such that |t| > ay. 

a) Prove that if z,z’ are two points of 8(H) such that [2] < pu+1 and |2’| < py, 
then there is a path of extremities z,z’, contained in the intersection of B(H) and of 
the closed disc of center 0 and radius pn. (Let L be a simple broken line of extremities 
2,2", contained in β(Η) (problem 1). Suppose first that the segment S of extremities 
z,2’ has no point in common with L, distinct from z,2°; then R= Lu S isa simple 
closed curve. Prove that if ¢ eI is such that y(t) € B(R), then |¢| << a,: observe that 
the intersection RN H is contained in S, and show that if there was a? €I such that 
y(t) € B(R) and [ἡ] > a,, there would be another ?#’ € I such that y(t’) Ε Sand |t’| > ay, 
contradicting the definition of Pn+1- Conclude in that case by taking the connected 
component of the intersection of @(R) and the open disc of center 0 and radius Pn 
which contains points arbitrarily close to S, and applying problem 8 b) to the frontier 
of that component. In the general case in which L and S have more than two common 
points, use induction on the number of these points.) 

Ὁ) Prove that for any point x € β(Η), there is a simple arc of extremities 0 and +, 
whose points σέ 0 are in B(H). (‘‘Schoenflies’s theorem”. Consider a sequence (2,) 
of points of β(Η) such that l2n| < Pn41, and apply a) to two consecutive points of that 
sequence.) 


Chapter X 


Existence Theorems 


There are of course many kinds of existence theorems in mathematics 
and this chapter only deals with one kind, namely, those which are linked 
to the notion of completeness; roughly speaking, the most intuitive result 
(10.1.3) says that when in a Banach space the identity mapping is “‘slightly”’ 
perturbed by an additional term in the neighborhood of a point, it still 
remains a homeomorphism around that point. The word “‘slightly”’ has 
to be understood in a precise way, which means more than mere “‘smallness”’ 
of the perturbing function (see section 10.2, problem 2), and has to do with 
a limitation on the rate of variation of that function, generally referred te 
as a condition of “lipschitzian” type. As a consequence, the natural field 
of application of theorems of that type consists of equations in which some 
limitation is known on the derivatives of the given functions; furthermore, 
the existence theorems obtained in that way are of a Jocal nature. In the 
next chapter, we will meet different kinds of existence theorems, which 
can be applied to global problems. 

The main applications of the general existence theorems of section 10.1 
are: 1° the implicit function theorem (10.2.1) together with its consequence, 
the rank theorem (10.3.1) which (locally) reduces to a canontcal form the 
continuously differentiable mappings of constant rank in finite dimensional 
spaces; 2° the Cauchy existence theorem for ordinary differential equa- 
tions (10.4.5) with its various improvements and consequences; both 
theorems are among the most useful tools of both classical and modern 
Analysis. Of course, what is said of differential equations in this and the 
next chapter is only a tiny fraction of that vast theory; the reader who 
wants to go farther in that direction is referred to the books of Coddington- 
Levinson [10], Ince [15] and Kamke [17]. 

As a last application, we have given a proof of the theorem of Frobenius 
(10.9.4), which, as we state it, appears as a natural extension of the Cauchy 
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existence theorem to functions of several variables; it is usually for- 
mulated in a more geometric way, as an existence theorem of manifolds 
having at each point a given “‘tangent space’. For that formulation and 
the important applications it has to differential geometry and Lie theory, 
we refer the reader to the books of E. Cartan [7] and Chevalley [9]. 

It goes without saying that as usual we have expressed all results for 
vector valued functions, so that, for instance, we practically never speak 
of ‘‘systems” of equations; it is one of the virtues of the “‘vector space 
methods” that one never needs to consider more than one equation, at 
least for the proofs of the general theorems. 


1. The method of successive approximations 


As in chapter IX, K will denote either the real or the complex field, 
and whenever a statement is made about Banach spaces without specifying 
K, it is understood that all the Banach spaces concerned are over the same 
field. 


(10.1.1) Let E,F be two Banach spaces, U (resp. V) an open ball in E 
(resp. F) of center 0 and radius « (resp. 6). Let v be a continuous mapping of 
U x V into F, such that |l|v(x,y,) — v(x,¥9)|| - ἃ. |lyy — ye|| for x EU, 
γι ΕΝ, veEV, where k 15 a constant such that O<k< 1. Then, if 
||v(x,0)|| << B(L — k) for any x EU, there exists a unique mapping f of U 
into V such that 


(10.1.1.1) f(x) = v(x,f(x)) 


for any x EU; and f 1s continuous in U. 


For any x εἴ], we will show there exists a sequence (y,) of points of V 
such that γὺ = 0, y, = v(x,y,_,) for any m1. We have to show that 
if y, is defined and in V for 1<p<n, then v(x,y,)eV. But we 
have then for 2< P<, ν, — Vp_1 = ὑ(χ,»».- 1) — U(%,Yp 2), hence 
yp — Ye—all <> |ly,_1 — ¥p_2||, and by induction on p we conclude that 
¥p — Yp—all <#?~"||yy ||. Hence 


(10.1.1.2) 11ν,}} < (Lt e+ A? +... - ἀρ τ ἢ |lyll <|lyll/ — 4) <8 


which proves our contention. Moreover, by induction on ἡ, we can write 
y, = [,(*), where 7, is a continuous mapping of U into V (3.11.5). We 
have furthermore ||f,(x) — f,_ 4(x)|| <2" * (1 — k) for xe U, hence the 
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series (/, — ᾧ,.. 1) 15 normally convergent (7.1) in @,(U); as F is complete, 
the series (/,(x) — f, 4(x)) is convergent for any x EU, and if f(x) is its 
sum, / is continuous in U (7.2.1); moreover, by the principle of extension 
of inequalities applied to (10.1.1.2), ||f(x)|] < ||v(,0)||/(1 — &) < 8 for any 
x€U, hence fis a mapping of U into V. From the relation f(x) = v(x,f, _ ,(x)) 
we deduce (10.1.1.1) by passage to the limit, for every xe U. Finally, 
suppose g is another mapping of U into V such that g(x) = v(%,g(x)) for 
any x€U. Then, from that relation and (10.1.1.1) we deduce 


\le(x) — #(x)|| = |lo(x,9(x)) — υ(α,7(2}}}} <2 Ulex) — AI 


and this implies g(x) = f(x) since k < 1. 


(10.1.2) (Fixed point theorem). Let F be a Banach space, V an open 
ball in F of center y, and radius B. Let v be a mapping of V into F such that 
lv(y1) — v(ye)|| < ἃ - [νι — ve|| for any pair of points y,,Vy2 of V, where k 
ts a constant such ἐμαί Ο <k<1. Then, if ||v(¥9) — vo|| << β( — &), there 
1s one and only one point ΖΕ Ν᾽ such that z = v(2). 


Observe that v is continuous in V and apply (10.1.1) to the mapping 
(x,y) + v(y + γο) — Vo, which is independent of x. 


(10.1.3) Let F bea Banach space, Ν an open ball in F of center 0 and radius β. 
Let τὸ be a mapping of V into F such that |\w(y,) — w(ye)|| « ἃ - ||\¥. — Yel| 
for any pair of points of V, with & constant and O<k<1.. Then, τῇ 
||22(0)|| < ἐβᾷ — ), there is an open neighborhood WCV of 0, such that 
the restriction to W of the mapping y — g(y) = y + w(y) 15 a homeomorphism 
of W ontec an open neighborhood of 0 in F. 


We apply (10.1.1) to E = F, U being the open ball of center 0 and radius 
= B(1 — k) — ||w(0)||, and to the mapping (x,y) > v(x,y) = x — w(y); 
the conditions of (10.1.1) are then verified, hence there is a continuous 
mapping ἡ of U into V such that f(x) = x — w(f(x)), in other words 
g(f(x)) = x for xe U. To prove / is a homeomorphism of U onto /(U), 
we need merely to show that g is an imjective mapping of V into g(V) 
(since / is clearly injective in U); but the relation g(y,) = ρίγο) implies 
lyn — yall = lon) — w(99)|] < Ally, — yall hence y, = yp since ἃ <1. 
Therefore g is the homeomorphism of W = /(U) onto U, inverse to f; 
moreover W = g—*(U) is open in F since U is open in F (3.11.4). Finally 
we have 0 ε ὟΝ, for that condition is equivalent to g(0) Ε U, and this means 
||22(0)|| <a, which is equivalent to ||w(0)|| < $8(1 — &). 
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PROBLEMS 


1) Let A be a compact metric space, d the distance on A, v a mapping of A into 
itself such that for every pair (%,y) of distinct points of A, d(u(x),v(v)) < d(x,y). Show 
that there exists a point ΖΕ A such that v(z) = z. (Use contradiction, by considering 
the number c = inf d({x,v(x)) and proving that there exists a point ye A such that 


xEA 
d(y,v(y)) = ¢.) 
2) Let B be the ball ||#||< 1 in the space (cy) of Banach (section 5.3, problem δ). Let 


u be the continuous linear mapping of (cy) into itself such that u(e,) = [ -- a) en+1 


(n> 0), and let v(x) = $(1 + ||#||)e. + u(x). Show that v is a continuous 
mapping of B into itself such that for any pair (%,y) of distinct points of B, 
[|u(~) — v(y)|| < ||* — y||, but that there is no point z € B such that u(z) = z (use 


n n 
the inequality [27 (1 -- αἡ ΣΞ1 -- 2 a; for O<a;< 1). 
= 1 1=1 

3) Let E, F, be two normed vector spaces, uw a linear homeomorphism of E, 
onto a subspace u(E) of F; let v: u(E) -—E be the inverse mapping of u, and let 
m = ||v||. 

a) Let A be an open subset of E, w a mapping of A into F such that 
[|w(%,) — w(x,)|| < ἀ{|π| — %,|| for x,,%, in A. Show that if the constant k is such 
that km <1], then x + [(5) = u(x) + w(x) is a homeomorphism of A onto f(A). If 
in addition, E and F are Banach spaces, and u(E) = F, show that f(A) is an open 
subset of F (use (10.1.3).) 

b) Suppose ὦ is a continuous linear mapping of E into F such that ||w|| < 1/m. 
Show that / is then a linear homeomorphism of E onto f(E). Furthermore, for any 
γε u(E) such that ||y9|| = 1, show that there exists ye¢/(E) such that ||y — yo||<_m||w|; 
conversely, for any ye€/f(E) such that ||y|| = 1, show that there exists γὺ € u(E) 
such that ||y — yo||< m||w||/(1 — m||w)|). 

4) Let E,F be normed spaces, uw a continuous linear mapping of E into F, such 
that N = u—1(0) is a finite dimensional subspace, and there exists* a closed top- 
ological supplement M of N (5.4) such that the restriction of u to M is a homeomorphism 
onto u(M) = u(E). Let w be a continuous linear mapping of E into F; show that 
if ὦ} is small enough, and f = u + ὦ, then /—!(0) has finite dimension at most equal 
to the dimension of u—1(0), and there is a closed topological supplement P of /—1(0), 
such that the restriction of f to P is a homeomorphism onto /(P) = [(Ε) (use prob- 
lem 3 b)). 

5) Let E be a Banach space, F a normed space, uw a linear homeomorphism of E 
onto “u(E) such that there is a topological supplement Q of u(E) in F. Show that if w 
is a continuous linear mapping of E into F with sufficiently small norm ||w||, and 
f=u-+ ὦ, then Q is still a topological supplement of {(Ε) in F. (Show that the projec- 
tion of F onto u(E), restricted to /(E), is a linear homeomorphism onto “(E) when ||w]| 
is small enough, using problem 3.) 


* It can be shown that this last condition is a consequence of the other ones (see [6] 
in the Bibliography). 
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6) Let E,F be two Banach spaces, u a continuous linear mapping of E into F such 
that N = u—1(0) has finite dimension ἢ, and has a topological supplement M such that 
the restriction of u to M is a homeomorphism onto u(M) = u(E). Suppose in addition 
u(E) has finite codimension g in F. Let w a continuous linear mapping of E into F; 
show that if ||w|| is small enough, / = u + ὦ is such that the dimension r of /—1(0) 
satisfies the inequalities p —q<r< p, and that the codimension of f(E) in F is 
equal tog — p + 7. (Use problems 4 and 5, as well as (5.9.3).) 


7) Let I = [0,1], and let P be the subspace of the Banach space @R(I) (7.2) 
consisting of the restriction to I of the polynomials x(t) with real coefficients. In the 
normed space P, let u be the identity mapping + — +, and let w be the linear mapping 
which to each polynomial #(#) (restricted to I) associates the polynomial (#?), 
restricted to I. For any ε such that 0 < e < 1, the linear mapping /f = u + ew isa 
linear homeomorphism of P onto the subspace /(P), but the codimension of /(P) in P 
is infinite (compare to problem 6). 

8) Let E,F be two Banach spaces, u a continuous linear mapping of E into F such 
that u(E) = F, and that* there exists a number m > 0 such that for any ye F 
there is an x € E for which u(x) = y and [|| << ml|y||. Let ὦ be a continuous mapping 
of an open ball U = B(a;r) CE into F, such that ||w(x,) — w(#,)||< A||*, — χᾳ}} 
for %,,%, in Ὁ. Prove that if k and ||w(a)|| are small enough, the continuous mapping 
x -- f(x) = u(x) + w(x) is such that /(U) contains an open ball of center u(a). (Use 
the same method as in the proof of (10.1.1).) 

9) Suppose E,F,U,V and v satisfy the assumptions of (10.1.1). In addition, let » 
be a continuous mapping of U into itself such that ||g(x)|| < |||] for any xe U. 
Show that (under the condition ||v(¥,0)|| << 8(1 — k) for αὶ ε Ὁ) there exists a unique 
mapping / of Ὁ into V such that 


f(x) = v(x,f(p(4))) 


and that f/ is continuous in U. 
Generalize to equations of the form 


f(x) = υ(α, Γ(φ,(4)), - - f(pp(*)))- 


10) Let E,F,U,V have the same meaning as in (10.1.1). Suppose the continuous 
mapping v of U x V into F satisfies the following conditions: 1° ||v(¥,v,) — v(*,¥~)||< 
< e(|la| 2+ lol + lIyall2*)Ily1 — yells 2° Π0(5.0}}} <elfx|[!+24, where © and μ 
are constants > 0. Let A be an element of K such that |A| > 1. Finally, let + (5) 
be a continuous linear mapping of E into F, and let + —> w(x) be a continuous mapping 
of U into itself such that [[φ(4}}] < ||#||. Show that there exists a mapping / of a 
neighborhood ὟΝ C U of 0 into V, having the following properties: 1° f satisfies in W 
the equation 


10) — Af (+) = v(x,f(p(%))): 


* It can be shown that this last condition is a consequence of the other ones (see [6] 
in the Bibliography). 
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2° lim (f(¥) — L(x))/||z|| = 0. Furthermore, any two mappings having these prop- 


x—>0 
erties coincide in a neighborhood of 0. (Reduce the problem to the case in which 
L(x) = 0. Observe that if f satisfies the preceding conditions, then one must have 
in a neighborhood of 0 


: io (5e(e()) 


n= 0 


where the series is normally convergent in a neighborhood of 0. Then use the method 
of (10.1.1) to prove the existence of a solution of (*) in a sufficiently small neigh- 
borhood of 0; show, by induction on ἡ, that there exists an r > 0 such that, for 
|[5|} « ν, {|{,.(5}}} < {{1||} Ὁ 4 and |[fn(%) — fa —1(#)||< {1} >). 

11) a) Let F(x,,...,¥%»,y) be an entire function in K? +1) such that in the power 
series equal to F(%,,...,%»,y), all monomials have a total degree => 2. Let ῳ bea 
linear mapping of ΚΡ into itself such that ||@(x)|| < ||#|| for any αὶ = (%,,...,%) € ΚΡ; 
finally, let L(x) be an arbitrary linear form on K?. Show that there is a unique solu- 
tion / of the equation 


f(x) — λ: (5]λ) = Fla, f(p(%))) (JA, > 1 
which is defined in a neighborhood of 0 and such that lim (f(x) — L(x))/||#|| = 0. 


x-—>0 
Furthermore, that solution is an entire function in K?. (Apply problem 10 in a neigh- 
borhood of 0; reduce the problem to the case Καὶ = €, and apply (9.12.1) and (9.4.2) 
to prove that / is an entire function.) 

b) Show that there is no solution of the equation f(%) — Af(#/A) = x (A> 1) 
defined in a neighborhood of 0 in R and such that f(x)/x is bounded in a neigh- 
borhood of 0. 

12) Let I = [0,2], H = [—8,6], and let f be a real valued continuous function in 


Ix H; putM=_ sup_ |f(z,y)|, and let J = [0, inf (a,b/M)]. 
(x,y)ElxH 


a) For any xeé J, let E(x) be the set of values of ye H such that y = #/(z,y). 
Show that E(%) is a non empty closed set; if g,(¥) = inf (E(*)), g,(¥) = sup (E(<)), 


show that g,(0) = g,(0) = 0, and that lim ρῥιρῃί(χ) 232 = ἢ pgo(¥)/* = (0,0). 
x—>0,x >0 x—>0,x >0 


If g, = ὅς = g in J, g is continuous (cf. section 3.20, problem 5). 

Ὁ) Suppose a = b= 1; let E be the union of the family of the segments 5,: 
χ = 1/2", 14"tl < y< 1/4" (n> 0), of thesegments S,: y = 1/4%, 1/2%*< χ τί 1/2%—1 
(n > 1) and of the point (0,0). Define f(x,y) as follows: f(0,y) = 0; for 1/2" < *<1/2"—1 


+ 
and y< 1/4", take je) = (2 + κου») ; for 1/2%< %<1/2"-! and 
x 


1/4" < y< x, take f(%,y) = δες d((x,y),E) and finally, for 1/%< χες 1/2"-1 
x 


and y > **, take f(x,y) = * — d((x,x*),E) (n> 1). Show that ἡ is continuous, but 
that there is no function g, continuous in a neighborhood of 0 in I and such that 
g(x) = x«f(%,g(%)) in that neighborhood. 
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c) Let uw, be a continuous mapping of J into H, and define by induction 
Un(x) = xf(%,Uy — 1(%)) for m > 1; the functions u, are continuous mappings of J into H. 


With the notations of a), suppose that inan interval [0,c]C J, lim (u,44(%) — u,(x)) =0 
n—> oo 


for every #, and g,(¥) = g.(¥); show that lim u,(*) = g,(*¥) for 0 - *<e. 
n—> Ὁ 


Apply that criterion to the two following cases: 1° there exists k > 0 such that 
[f(¥,23) — f(%,2—)| << klz, — 2] for x eI, 2,22 in H (compare to (10.1.1)); 2° for 
0< *<y<a and 2,,2, in H, |f(%,2,) — {(5,24)} < |e, — Ζ,{|5. 

d) When ἢ is defined as in b), the sequence (u,(%)) is convergent for every x6 I, 
to a limit which is not continuous. 


e) Take a=b=1, f(%,y)=y/x for 0. χε 1, |y|<%?, f(x,y) =% for OS e<l, 
y > x*, f(x,y) = — # for OS χξ 1, y< — #*. Any continuous function g in I 


Z,—2 
such that |g()|< «5 is a solution of g(x) = xf(%,g(x)) although |/(%,2,) — [(5,24) ἰδ ~ 58} 


for 0 « *< 1, 2,z,in H; for any choice of uy, the sequence (u,) converges uniformly 
to such a solution. 

ἢ Define ἢ, as in e), and let /,(%,y) = — f(x,y). The function 0 is the only solution 
of g(x) = xf,(%,g(x)), but there are continuous functions u, for which the sequence 
(4,(*)) 1s not convergent for any x 4 0, although |f,(%,z,) — f,(%,2_)| < [55 — z9|/* 
for O< <1, 2,2, in H. 

13) Generalize the results of exerc. 12 a) and 12 c) when H is replaced by a disc 
of center (0,0) in R? (use the result of problem 3 of section 10.2). 


2. Implicit functions 


(10.2.1) (The implicit function theorem). Let E,F,G be three Banach 
spaces, f a continuously differentiable mapping (8.9) of an open subset A of 
E ΧΕ into G. Let (%9,¥9) be a point of A such that f(x»,¥9) = 0 and that 
the partial derivative Dof(x9,Vo) be a linear homeomorphism of F onto G. Then, 
there 1s an open neighborhood U, of xy in E such that, for every open connected 
neighborhood U of x», contained in Ug, there is a unique continuous mapping 
u of U into F such that u(xo) = Vo, (x,u(x)) EA and f(x,u(x)) = 0 for any 
x€U. Furthermore, u is continuously differentiable in U, and its derivative 
ts given by 


(10.2.1.1) u'(%) = — (Def(%,u(x)) )t0 (Dy f(x,4(2))). 


Let T, be the linear homeomorphism D,f(%9,¥9) of F onto G, Τὶς * the 
inverse linear homeomorphism; write the relation /(x,y) = 0 under the 
equivalent form 


(10.2.1.2) y= y— Ty*: f(x,y) 


266 X. EXISTENCE THEOREMS 


and write g(x,y) the right-hand side of (10.2.1.2). We are going to prove 
that it is possible to apply (10.1.1) to the mapping 


(x',Y') > 8(X% + χ΄,γο + 7} — Vo 


of E x F into F, in a sufficiently small neighborhood of (0,0). As Ty *oT)=1 
by definition, we can write, for (x,y,) and (x,y) in A, 


2(%,4) — g(*,Ye) = To * + (Dof(%o.¥o) * (¥1 — γε) — ([(,γ) — [(5,»}}}.ὄ 


Let ¢ > 0 be such that e||T) "|| <1/2; as f is continuously differentiable 
in A, it follows from (8.6.2) and (8.9.1) that there is a ball Uy, (resp. Vo) 
of center x, (resp. yp) and radius « (resp. £) in E (resp. F) such that, for 
x EUy, VE Vor Vo Ε Vo, we have 


}(5,γ0) — £(%,%2) — Def(%o,¥0) "(σ᾽ — Ye) || -Ξ εἰ! γι — Yall 
whence ||g(x,y,) — g(*,¥2)|| <el|To “|| [91 — yell < ally: — yel| for any 
χεῖρ, ¥,€ Vo. Yo € Vq- On the other hand, g(x,¥79) — Yo = — To * 1 (%, 9); 
as f(%»,V9) = 0 and f is continuous, we can suppose e has been taken small 
enough to have ||g(x,¥9) — yo|| < 8/2 for xe Uy. We can then apply 
(10.1.1), which yields the existence and uniqueness of a mapping u οἱ Uy 
into Vo, such that f(x,u(x)) = 0 for every χε Uy; as Γ(χρ, γο) = 9, this 
gives in particular u(x») = γο; finally « is continuous in Up. 

Next we prove that if UC U, is a connected open neighborhood of %, 
u is the unique continuous mapping of U into F such that u(%») = Yo, 
(x,u(x)) ΕΑ and f(x,u(x)) = 0. Let v be a second mapping verifying these 
conditions, and consider the subset MCU of the points x such that 
u(x) = v(x). This set contains x by definition and is closed (3.15.1); we need 
therefore only prove M is open (3.19). But by assumption, x + D,f(x,u(x)) 
is continuous in U,, hence (replacing if necessary U, by a smaller neigh- 
borhood), we can suppose that D,/(x,u(x)) is a linear homeomorphism of F 
onto G for x € Up, by (8.3.2). Let ae M; the first part of the proof shows 
that there exists an open neighborhood U,¢ U of a and an open neigh- 
borhood V,cV of ὃ = u(a) such that, for any χε U,, u(x) is the only 
solution y of the equation f(x,y) = 0 such that ye V,. However, as v is 
continuous at the point a, and v(a) = u(a), there is a neighborhood W of a, 
contained in U, and such that v(x) ΕΝ, for xe W; the preceding remark 
then shows that v(x) = u(x) for x Ε W, and this proves M is open, hence 
ποὺ τῇ U. 
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Finally we show that is continuously differentiable in Up, pro- 
vided ε has been taken small enough. For x and x + s in Ug, let us write 
t= u(x - 5) — u(x); by assumption f(x+s,u(x)+?)=0, and ὁ 
tends to 0 when s tends to 0. Hence, for a given x © Up, and for 
any 6>0, there is 7>0 such that the relation ||s||<7 implies 
lx + sala) +t) — f(x,u(x)) — S(x) +s — T(x) - tl] < 4({|s|| + |[e[)) where 
S(x) = D,f(x,u(x)) and T(x) = D,f(x,u(x)) (8.9.1). This is equivalent by 
definition to 


|5(5) +s + ΤΑ) "ἢ" < δ( 15} + 1η}) 


and as T(x) is a linear homeomorphism of F onto G, we deduce from the 
preceding relation 


(10.2.1.3) — ||(T-2(x)oS(a)) +s + ἢ] <4||7-1(~)]h(ljsll + Ile) 


Suppose 6 has been taken such that 6|/7—1(x)||< 1/2; then, if we put 
a = 2||T-1(x)oS(x)|| + 1, we deduce from (10.2.1.3) that 


= ({lell + [Isl 


e., {|| << a||s||, and therefore 


| + (T1(x)05(x)) - 5} < δία + 1)||T-*(2)|h- {Is 


as soon as ||s|| <7. By definition of ¢, this proves is differentiable at 
the point x and has a derivative given by (10.2.1.1). Using (8.3.2) and 
(8.3.1), formula (10.2.1.1) then proves # is continuously differentiable in Up. 


We formulate explicitly the most important case of (10.2.1), i.e. the one 
in which E = K”, F = G = K” are finite dimensional spaces: 


(10.2.2) Let ἢ, be n scalar functions defined and continuously dtfferen- 
tiable in a neighborhood U x V of α potnt (α,,...,α,.»θχ».- 0.) 07 Bx FB, 
such that f;(a,,..-,4y.01,---.0,) =9 for 1Ξ τ Ξ ἢ, and that the jacobian 


O(fr» ++ ofr) 


(V4, eres Vn) 
borhood Wy CU of (a,,..+,4,) such that, for any connected open neighborhood 


WCW, of (α,,...,α,,}, there is a unique system of n scalar functions g; 
(l1<i<n), defined and continuous in W and such that g,(ay,.--,4,) = δ; 
for l1<t<n, and 


is not O at (y,..+,Am01,---,0n). Then there is an open neigh- 


EO as ei eat ον torent) po 
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for 1 <t<n and any (x1,...,%,) €W. Moreover, the functions g, are 
continuously differentiable in W, and the jacobian matrix (D,g,(x)) is equal 
to — ΒΊΑ, where A (resp. B) is obtained by replacing y,; by g,(%1,...,Xp) 
(l<1t< 7%) 1m the jacobtan matrix (af,/@x,) (resp. (af,/ dy;)). 


(10.2.3) If the assumptions of (10.2.1) are verified, and if in addition f is p 
times continuously differentiable in a neighborhood of (%»,Vo), then u is p 
tumes continuously differentiable in a neighborhood of Xp. 


We prove by induction on k that u is k times continuously differen- 
tiable for 1 << k <>; for k = 1, this follows from (10.2.1), and moreover 
u'(x) = F(x,u(x)), where F(x,y) = — (Dof(x,y))—0(D,/(x,y)) is  — 1 times 
continuously differentiable by (8.12.9), (8.12.11) and (8.12.10). By (8.12.10), 
u’ is therefore k — 1 times continuously differentiable (for k < 2) and that 
means that u is k times continuously differentiable by (8.12.5). 


(10.2.4) Suppose E,F,G are finite dimensional, and f is analytic in A; then 
u ts analytic in a neighborhood of xp. 


If the field of scalars K is €, the result follows from (10.2.1) and the 
characterization of analytic functions as continuously differentiable func- 
tions (9.10.1). Suppose now K = R, E = R”, F = G = R’: then there is 
an open set BC €”*” such that Bn R”*+” = A and an analytic mapping g 
of B into Οὐ which extends / (9.4.5). Identifying D,f and D,g with jacobian 
matrices shows that D,g(x»,¥9) transforms a basis of R” over R into a basis 
of Β΄, and these bases are also bases of €” over €, hence Dgg(xo,Vp) is a 
linear homeomorphism of €” onto itself. We therefore can apply (10.2.1) 
to g, which shows the existence of an analytic mapping v of a neighborhood 
W of χρ in C” such that g(z,v(z)) = 0 and υ(χρ) = yo. Moreover it follows 
from formula (10.2.1.1) by induction on [ν] that all the derivatives D’v 
at the point x) map R” into R” (since all derivatives of g at (x9,¥9) are equal 
to the corresponding derivatives of ἢ); hence, by (9.3.5.1), v maps a neigh- 
borhood of x) 7m R” into the space Ε΄, and the uniqueness part of (10.2.1) 
therefore proves that the restriction of v to WN R” is identical to u, q.e.d. 


One of the most important applications of (10.2.1) is the following: 


(10.2.5) Let E,F be two Banach spaces, f a continuously differentiable 
mapping of a neighborhood V of x,EE into F. If f(x») ts a linear ho- 
meomorphism of E onto F, there exists an open neighborhood UCV of x, 
such that the restriction of f to U ts a homeomorphism of U onto an open 
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neighborhood of Vo = f(xy) in F. Furthermore, if { 1s p times continuously 
differentiable in U (resp. analytic in Ὁ, E and F being finite dimensional), 
the inverse mapping g of f{(U) onto U ts p times continuously differentiable 
(resp. analytic) in f(U). 


Apply (10.2.1) to the function h(x,y) = f(x) — y, exchanging the 
roles of x and y ; as D,hA(%9,¥o) = f'(%), we conclude that there is an 
open ball W of center y, in F and a continuous mapping g of W into E such 
that g(W) CU, f(e(y)) = y in W and g(yo) = χο; furthermore, by (10.2.3) 
(resp. (10.2.4)), if f is p times continuously differentiable (resp. analytic), 
g is p times continuously differentiable (resp. analytic). From the identity 
f(g(y)) = y it follows that g is injective in W, hence is a bijective contin- 
uous mapping of W onto V = g(W) CU; moreover, g(W) = /—*(W) is open 
in E, and f is a homeomorphism of V = g(W) onto W, which ends the proof. 


PROBLEMS 


1) Let E,F be two Banach spaces, A an open neighborhood of a point #,€ E, 
fa continuous mapping of A into ΕἾ, which is differentiable at 7, (but not necessarily 
at other points of A). Suppose /’(%,) is a linear homeomorphism of E onto its image 
in F; show that there is a neighborhood UC A of # such that {(5) # f(%») for every 
x €U such that x ᾿ξ x9. (Observe that the assumption implies the existence of a 
constant ¢ > 0 such that ||/’(%) " s|| > ¢||s|| for all se E (5.5.1).) 

2) Let f = ([»..4) be the mapping of R? into itself defined by /,(%,%2) = 4%; 
faltu%q) = %_— αἱ for αἴ τῳ πίαρπι) = (43 — 41%)/41 for O< ας εξ χὶ, and 
finally f.(*,,— %2) = — fe(%)%—) for x,>> 0. Show that / is differentiable at every 
point of R?; at the point (0,0) Df is the identity mapping of R? onto itself, but Df 
is not continuous. Show that in every neighborhood of (0,0), there are pairs of distinct 
points x’,x’’ such that f(x’) = f(x’) (compare to (10.2.5)). 

3) Let B be the unit disc |z| << 1 in R?, and let z — f(z) = z + g(z) be a contin- 
uous mapping of B into R* such that |g(z)| < |z| for every z such that [2] = 1. Show 
that /(B) is a neighborhood of 0 in R? (‘‘Brouwer’s theorem”’ for the plane*). (Let y 
be the loop ¢ — f(e“) defined in [0,27]; show that j(¥;y) = 1 for all points # in a 
neighborhood V of 0 (see proof of (9.8.3)); using the fact that, in B, y is homotopic 
to 0, deduce that there is no point of V belonging to the complement of /(B).) 

4) Let E,F be two Banach spaces, B the unit open ball ||z|| «1 in E; let u» be 
a continuously differentiable homeomorphism of B onto a neighborhood of 0 in F, 


such that μοί) = 0; suppose ug ὁ is continuously differentiable in a ball Vg: ||y||<7 


contained in up(B), and Du, is bounded in B and Dug * is bounded in Vy. Let V bea 
ball ||y|| < 8, with B « γν. 


* It can be shown that the same result holds in any space Εὖ, B being the euclidian 
ball {||| < 1, and the condition on g being ||g(*)|| < ||#|| for ||#|| = 1. 
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a) Show that for any « < 1, there is a neighborhood H of u, in the space Q(B) 
(section 8.12, problem 8) such that, for any τε Ε H, the restriction of τὸ to U: ||x|| < « 
is a homeomorphism of V onto an open set of F containing V, such that the restric- 
tion of u~! to V is a continuously differentiable mapping ®(u) of V into E. (Use 
(10.1.1).) 

Ὁ) Show that the mapping u > Φ(μ) of H into QY(V) is differentiable at the 
point uo, and that its derivative at u, is the linear mapping s—>— (ug°D(u,)) ~1.(soD(u,)). 

5) Let E,F be two Banach spaces, / a continuously differentiable mapping of a 
neighborhood V of χ9 Ε E into F. Suppose there are two numbers £ > 0, A > 0 such 
that: 1° ||f(%)|| < 8/24; 2° in the ball U: ||*¥ — x,|| < β, the oscillation of /’ is 
< 1/24; 3° for every χε U, f’(%) is a linear homeomorphism of E onto F such that 
[|(f’(4))—4|| < A. Let (z,) be an arbitrary sequence of points of U; show that there 
exists a sequence (%,)y> 9 of points of U such that %,41 = ζ,. — ([(2,}} 71° f(%») for 
n= 0. Prove that the sequence (χη) converges to a point γε U, such that y is the 
only solution of the equation f(¥) = 0 in U. (‘‘Newton’s method of approximation’’. 
Use (8.6.2) to prove by induction on ἡ that ||%, — % -- 1} «- 27 "Band ||f(%,)||< B/2"+ 1A). 

6) Let E,F be two finite dimensional vector spaces over K, A a connected open 
subset of E, f a continuously differentiable mapping of A x F into F. Suppose that 
the set I’ of pairs (x,y) ΕΔ Χ F such f(%,y) = 0 is not empty, and that for any 
(x,y) € I’, D,f(%,y) is an invertible linear mapping of F onto itself. 


a) Show that for every point (%,y,) Ε J’ there is an open neighborhood V of that 
point 7m I" such that the restriction of the projection pr, to V is a homeomorphism 
of V onto an open ball of center x) contained in A. (Use the fact that there is an open 
ball U of center x, in A and an open ball W of center y, in F such that for each x € U, 
the equation /(%,y) = 0 has a unique solution y Ε W, and apply (10.2.1).) 


Ὁ) Deduce from a) that every connected component G of I" (3.19) is open in I 
and that pr,(G) is open in A. It is not necessarily true that pr,(I") = A (as the example 
=E=F=R, f(%,y) = xy* — 1 shows), nor that if pv,(I") = A, pr,(G) = A for 
every connected component G of J" (as the example A = E = F = R, f(x,y) = xy? — y 
shows). Prove that if pr,(I7) is bounded in F, then prv,(G) = A for every connected 
component G of I’. (If χρ is a cluster point of py,(G) in A, show that there is a se- 


quence (%,¥,) of points of G such that lim %, = x, and that lim y, exists in F; 
n—> © n> Ὁ 


apply then a).) 

c) The notions of path, loop, homotopy and loop homotopy in A are defined as in 
section 9.6, replacing C by E. Suppose there is a connected component G of I" such 
that pr,(G) = A; if y is a path in A, defined in I = [a,b] C R, show that there exists 
a continuous mapping u of I into G such that pr,(u(t)) = y(t) for each ¢ € I (consider 
the l.u.b. ¢ in I of the points € such that there exists a continuous mapping με of 
[a,é] into G such that pr,(we(t)) = y(t) fora<t< & and use a)). Is that mapping 
always unique? (Consider the case E= F=(C, A= C — {0}, f(x,y) = γ — %.) 
Show that if two continuous mappings u,v of I into G are such that pr,(u(t)) = 
pr,(v(t)) = y(t) for each ¢ eI, and if they are equal for one value of ¢e I, then u = v 
(use a similar method). 

d) Under the same assumptions as in c), let g be a continuous mapping of I x J 
into A, where J = [c,d] CR. Let v be a continuous mapping of J into G such that 
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pr, (v(é)) = y(a,g) for ξε J; and for each €e J, let ug be the unique continuous 
mapping of I into G such that pr,(ue(t)) = y(t,é) for ἐξ 1 and u¢g(a) = υ(ξ). Show 
that the mapping ({,ξ) — με(ἢ is continuous inI x J. (Given ¢ ¢ J, there is a number 
γ 0 such that for any ¢ € I, the intersection V; of J’ and of the closed ball in E x F, 
of center «;(t) and radius 7, is contained in G and such that 7, is a homeomorphism 
of V; onto the closed ball in E of center y(#) and radius 7. If L = u,(I), let M be 
the supremum of ||(D,f(%,v))—~40(D,f(#,¥))|| for all points (¥,y)¢G at a distance 
<yvofL. Let ¢ > 0 be such that ε < 7/4 and eM < 7/4. Show that if ὃ is such that 
the relation | -- £| <6 implies ||p(t,é) — p(t,0)||<¢ for te 1, then the relation 
|§ — ζ| <6 implies ||ug(t) — uz(t)|| << 7/4 for te1; prove this by considering the 
l.u.b. of the ἐξ 1 for which the inequality holds, and using (10.2.1).) 

6) Conclude from 4) that if the loop y defined in I = [a,b] is loop homotopic to 
a point in A, then any continuous mapping u of I into G such that pr,(u(t)) = γ(ῇ) 
for ¢¢€I is such that u(b) = u(a). In particular, if A is simply connected (i.e. if any 
loop in A is homotopic to a point in A), then pr, is a homeomorphism of G onto A, 
i.e. there exists a unigue continuously differentiable mapping g of A into F such that 
f(x,g(x)) = 0 in A and that (%,g(%)) belongs to G for at least one xe A. 


7) With the notations of problem 6, show that the condition 7,(G) = A 15 
satisfied for every connected component G of J’ in each of the following cases: 

1° f(x,y) = f(y) — f.(%,v), and there exist numbers R> 0, k >0,4>0 anda 
positive continuous function x —» H(x) in A such that for |]y||>R, ||fA,(y)|| > tly ||* 
and ||f2(¥,¥)|{| << H()||y|[* 74. 

2° F = Ο, E is a vector space over C, f(¥,y) = e” — g(*), where g is analytic in A 
and g(x) # Oin A (this last condition already insures that pr,(I’) = A; observe that 
f(x,y) = f(x,y’) implies that y’ — y is a multiple of 27, hence for any χε λ 
there is an open ball U of center x contained in A such that for any connected 


component V of pr, τ) nI, pr, is a homeomorphism of V onto U; if χὶ is ἃ cluster 
point of pr,(G), G must have a common point with one of these components V, hence 
contains V). 


8) a) If f is a complex valued entire function in ΟΡ, such that f(x) 4 0 for every 
χε ΟΡ, show that there exists a complex valued entire function g in C? such that 
f(x) = e8(*) (use problem 7). 

Ὁ) Let f be an arbitrary complex valued entire function in ΟἉ, which is not iden- 
tically 0; there is a finite or infinite sequence (a,) (with > 1) of complex numbers 
(which may be empty) such that |a,|< |a,4+4|, f(a,) = 0 and for every ce € such 
that /(c) = 0, the number of indices » for which a, = ¢ is equal to the order w(c;/) ; 


when the sequence (a,) is infinite, lim |a,| = + oo (9.1.5). Show (with the nota- 
n—> © 


tions of section 9.12, problem 1) that there exists an entire function g such that 


f(z) = e8() Π ε[2. -- ἢ 


n=1 an 
9) Let A and B be two open neighborhoods of 0 in E = ΟΡ, A being connected; 
let (x,y) + U(%,y) be an analytic mapping of A x B into «ΚΕ; ΕἸ (identified to the 
space of p X p matrices with complex elements). 
a) Suppose there exists a sequence (u,) of analytic mappings of A into B such 
that u(x) = Oin A and u,(%) = U(x,u, —4(*))* * in A form > 1. Suppose in addition 
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that for every compact subset L of A, the restrictions of the u, to L form a relatively 
compact subset of @n(L). Prove that the sequence (u,) converges uniformly in any 
compact subset of A to an analytic mapping v of A into B such that u(x) = U(x,v(x)) «x 
in A; furthermore, v is the unique mapping satisfying that equation (use (10.2.1) 
and (9.13.2)). 

b) Suppose that in E, A and B are the open balls of center 0 and radii a and b. 
Let φ be a continuous mapping of [0,a[ x [0,b[ into R such that ἡ -- (é,y) is 
increasing in [0,b[ for every §€ [0,a[ and suppose that ||U(z,y)|| < p(|{x [.|[y]|) in 
A X B. Suppose in addition that there exists a continuous mapping 6 of [0,a[ into 
[0,6[ such that θ(ξ) = φίξ,θ(ξ)) in [0,a[. Prove that under these conditions there 
is a unique analytic mapping v of A into B such that v(x) = U(x,v(x))+% in A, and 
that |{v()|| < 6(||*||) in A (use a); prove the existence of the mappings u,, by induc- 
tion on n). 

c) Suppose A and B are defined as in Ὁ); let y(n) be the l.u.b. of [|U(~.)|| 
for ||*|| < a, ||y|| < 7, when ἡ > 0, and take %(0) = ψ(0 +). Suppose that (0) > Ὁ 
and that the function ἡ — ηἰψ(η) is increasing in some interval [0,y[, where yb, 
and γίψίγ--) <a. Then there is a unique analytic mapping v of the open ball P of 
center 0 and radius y/(y—) into B, such that v(x) = U(x,v(x))- x in Ρ. 

10) Let f,g be two complex valued analytic functions defined in a neighborhood 
of the closed polycylinder Pc (3 of center (0,0) and radii a,b. Let M (resp. N) be the 
l.u.b. of |f(%,¥)| (resp. |g(x,y)|) for [2] = @ and |y| < ὃ (resp. for [5] << a and |y| = ὃ). 
Then, there exist two uniquely determined functions u(s,), v(s,2), analytic for [5] < a/M 
and |#| < 6/N, such that (u(s,z),v(s,¢)) € P for (s,¢) in the polycylinder Q defined by the 
. previous inequalities, and that 


u(s,t) — sf(u(s,t),v(s,t)) = 0 and u(s,t) — tg(u(s,t),v(s,t)) = 0 


in Q. Furthermore, let 


: of of 
ox dy 
A(x,y,s,t) = 
gf 508 
Ox y 


and let h(%,y,s,t) be an arbitrary analytic function in P x Q; show that 


h(u(s,t),v(s,t),s,t 
(u(s,t),v(s,t) i snnstt 
A(u(s,t),v(s,t),5,t)  m>0,n>0 


for (s,/)€ Q, where Cy, is the value for αὶ = y = 0 of the function 


oe 


ΣΤ ΕΣ [h(%,,8,t)(f(*,9))™ (6(5,}}}"] 


and the series on the right-hand side is convergent in Q; note that Cyn depends on s 
and ¢ if h does. (‘‘Lagrange’s inversion formula’. First apply Rouché’s theorem 
(9.17.3) to χα — sf(x,y), considered as a function of x; this defines an analytic func- 
tion w(s,y) such that w(s,y) — sf(w(s,y),y) = 0, by (10.2.4); next apply similarly 
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Rouché’s theorem to y — ig(w(s,y),y) considered as a function of y. Finally, let γ,ὃ 
be the circuits θ —> ae’®, 6 - » δεῖθ in C (0< 6 < 2m). Consider the repeated integral 


,5,t)dx 
[4 eee h(%,4,S 


— st(x,y))(y — te(x,y)) 


On one hand, find the value of ‘at integral by repeated application of the theorem 
of residues (9.16.1); and on the other hand, consider the power series development 
of (1 — &)~1(1 — 7)7} in which ᾧ is replaced by sf(%,y)/* and ἢ by tg(x,y)/y.) 

Generalize to any number of complex variables. From the inversion formula for 
one variable, deduce the formula 


h(uls)) = (0) + — D*—1(H'(0)(f(0))) 


where u(s) — sf(u(s)) = 0 and |s| < a/M, with M = sup |f(*)|, ἃ being analytic 
|z}<a 
for |z| < a. 


3. The rank theorem 


Let E,F be two finite dimensional vector spaces of dimensions m and m, 
A an open subset of E, / a continuously differentiable mapping of A into F. 
The vank of the linear mapping /’(x) at a point x € A is the largest number p 
such that there is at least a minor of order # in the matrix of f’(x) with 
respect to two bases of E and F, which is not 0. As these minors are contin- 
uous functions of x, it follows that if the rank of /’(% 9) is p, there is a neigh- 
borhood of x, in which the rank of /’(x) is at least p; but it can be > 
at every point x + x, of that neighborhood, as the example of the mapping 
(x,y) — (x# — yxy) shows at the point (0,0). 


(10.3.1) (Rank theorem). Let E be an n-dimensional space, F an m-dimen- 
stonal space, A an open neighborhood of a point acE, f a continuously 
dtfferentiable mapping (resp. q times continuously differentiable mapping, 
analytic mapping) of A into F, such that in A the rank of f(x) 1s a constant 
number ἡ. Then there exists: 

1° an open ere UCA of a, and a ἜΗΝ u of U onto 
the unit ball I": |x,|< 1 (1 <i <n) in Κ΄, which ts continuously differen- 
tiable (resp. q times Sa ite differentiable, analytic) as well as tts inverse, 

2° an open neighborhood V 3 f(U) of ὃ = f(a) and a homeomorphism v of 
the unit ball I": |y,)< 1 (1 <i < m) of K™ onto V, which is continuously 
differentiable (resp. 4 times continuously differentiable, analytic) as well as 
1.5 inverse, 
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—such that f = vofjou, where [0 1s the mapping 


(59h) XG: "νἀ θ; ζω Ὁ) 
of I” into I”. 

We write the proof for continuously differentiable mappings, the 
modifications in the other cases being obvious. 

We can suppose a = 0, b= 0, replacing / by the mapping x + f(a + x) — ὁ. 
Let M be the kernel of the linear mapping /’(0), which is an (n — )- 
dimensional subspace of E, and let N be a (f-dimensional) supplement of 
M in E; we take as a basis of E a system (c,),;<;<, of m vectors such 
that ¢,,.. Cp form a basis of N, Cy44,+++,C, ἃ basis of M, and we write 


x= Σ᾽ 9,(x)c; for any «EE, the φ; being linear forms. If ¢,...,¢, is 
i=1 


the canonical basis of Κ᾽, we denote by x +G(x) the linear mapping 


x—> Σ᾽ @,(x)e, of E onto the subspace K”~? of K” generated by the ὁ; 
i=p+l 


of index 1 > ῥ. 

Let P be the image of E (and of N) by the linear mapping /’(0); it is a 
p-dimensional subspace of F, having the elements d; = {(0) - ο; (1 <1 < 2) 
as a basis; we take a basis (4,),<;<,, of F, of which the preceding basis 


of P form the first p elements, and we write y= 2 y(y)d, for any ye F, 
j=1 


the 4%, being linear forms. We denote by y > A(y) the linear mapping 


Ρ 
p n 
y—> 2X w&(y)e, of F onto the subspace K” of K” generated by the e; of 


j=l 
index 1 < 4. 

We now consider the mapping x — g(x) = H(f(x)) + G(x) of A into K”, 
which is continuously differentiable. Moreover, by (8.1.3) and (8.2.1), we 
have g'(x)-s = H(f'(x)-s) + G(s) for any seE, hence ρ'(0) - ο; =e, for 
1<1< 7 (ie. g’(0) is represented by the unit matrix with respect to the 
bases (c,) and (e;)). Using (10.2.5), we conclude that there is an open neigh- 
borhood U, ς A of 0 such that the restriction of g to U, is a homeomorphism 
of U, onto an open neighborhood of 0 in K”, and that the inverse homeo- 
morphism g~! is continuously differentiable in g(U,). Let 7 > 0 be such 
that the ball |x,|< 7 (1 <i <n) is contained in g(U,), and let U be the 
inverse image of that ball by g, which is an open neighborhood of 0; our 


ae : I 
mapping uw will be the restriction to U of the mapping x — τ 8(5). 
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Up to now we have not used the assumption that the rank of Κ΄ (Χ) is 
constant in A; this implies that the image P, of E by /’(x) has dimension p 
for any χει. Now we may suppose U, has been taken small enough 
so that g’(x) is a linear bijection of E onto K” for x εἴ (8.3.2); as we have 
g'(x)-s = H(f'(x)-s) for seEN, the restriction of f(x) to N must be a 
bijection of that #-dimensional space onto P,, and the restriction of H to 
P, a bijection of P, onto ΚΡ. Denote by L, the bijection of K? onto P,, 
inverse of the preceding mapping; we can thus write /’(x) = L,oHof'(x). 

Now consider K” as the product E, x E, with E, = ΚΡ, E, = K"~?; 
we are going to prove that the mapping (21,25) — (21,22) = /(u—1(21,2_)) of 
I” into F does not depend on 2g, i.e. that D,f,(z,,22) = 0 in I” (8.6.1). By 


definition, we can write f(x) = f, (2 H(f(x)), 1 Gu), hence by (8.9.2) 


rf'(x)-t = Dy (3 Hit(a)), — “) (Ὁ): 


+ Def; [ Hif(2)), 10) Gt 
for any te E. This yields 


(10.3.1.1) Def, (2 ΗΓ), τσ) Gt) -- 5," Hx) -ἢ 


where S, = 7L, — D,f, (4 A(f(x)), ΕΠ) is a linear mapping of K? = E, 


into F. We prove that S, = 0 for any xe Uy. Indeed, if ἐξ N, we have 
G(t) =0 by definition, hence S,- A(f’(x)-t)=0 by (10.3.1.1). But 
t— H(f'(x) - t) =g'(x)- tis a bijection of N onto E, for xe Up, and this proves 


S,= 0. From (10.3.1.1) we then deduce D,/, Guy 1G) -G(t) = 0 for 


1 1 
any t€E;but Gmaps E onto Ἐς, hence by definition, Daf, (2 A (f(x)), τομὴ) ᾿ 
which is a linear mapping of E, into F, is 0 for any χε Up. The relation 
1 
D,/,(21,22) ΞΕ Ο in 1" then follows from the fact that 9} A(f(x)), 1610) 


is a homeomorphism of U, onto an open set containing I”. 
We can now write /,(z,) instead of /,(z,,2,) and consider ἢ as a 
continuously differentiable mapping of E, = K? into F; we then have 
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f(x) =f, (2 Hye) for x εὖ, in other words y = f, (2.1) for νε (Ὁ). 


This proves that y +H (y) is a homeomorphism of /(U) onto I? cE,, 


and z, — /,(z,) the inverse homeomorphism. 

Consider now K” as the product E, x E, with Ἐς = ΚΡ ὅς Let T 
be the linear bijection of E, onto the supplement Q of P in F generated by 
dy, 4.1,+++,4m, Which maps the canonical basis of K™~? onto d,,4,....d,,- 
We define v(z,,23) = /,(z,) + T(z) for z,E1?, ὡς ΕἸ; it is obviously 
(8.9.1) a continuously differentiable mapping. By definition, we have 
AI (v(z,,23)) = H(f,(z,)) = 7r2,; hence the relation v(z,,z3) = v(z;,2,) implies 
z; = 2,, and then boils down to T(z3) = T(z;), which yields z, = ζ9; 
therefore v is tmjective. The relation S, = 0 proved above shows that for any 
z, EI, Πα) = 7rL, where x is any point in U such that f(x) = /,(z,); the 
derivative of v at (z,,2,) is therefore the linear mapping (t,,f,) >7L, -t,-+ T(t) 
((8.9.1) and (8.1.3)). But as the restriction of H to P, is injective, P, is a 
supplement of Ο in F, hence v’(z,,23) is a linear homeomorphism of K™ onto F. 
For any point (z,,z,) Ε 1”, there is therefore an open neighborhood W of 
that point in I” such that the restriction of v to W is a homeomorphism 
of W onto an open subset v(W) of F, by (10.2.5). Asin addition v is injective, 
it is a homeomorphism of I” onto the open subset V = v(I”), whose inverse 
is continuously differentiable in V. The relation / = vofjou then follows from 
the definitions. 


PROBLEMS 


1) Let E,F be two Banach spaces, A an open neighborhood of a point *#,€ E, 
f a continuously differentiable mapping of A into F. 

a) Suppose f’(x,) is a linear homeomorphism of E onto its image in F; show that 
there exists a neighborhood UC A of #, such that / is a homeomorphism of U onto 
{(U) (use problem 3 of section 10.1). 

Ὁ) Suppose /’(%) is surjective and such that there exists an a > 0 having the 
property that j|/’(%9) ° s|| => αἰ|5}} for any se E*. Show that there exists a neigh- 
borhood VC A of %#, such that /(V) is a neighborhood of /(%9) in F (use problem 8 of 
section 10.1). 

2) Let A be an open subset of C?, and / an analytic mapping of A into Οὐ. Show 
that if f is injective, then the rank of D/(%) is equal to p for every χε A. (Use contradic- 
tion, and induction on ~; for p = 1, apply Rouché’s theorem (9.17.3). Assume D/(a) 
has a rank < p for some ae A; show first that after performing a linear transforma- 


* It can be shown that this last property is a consequence of the fact that /’(%,) 
is continuous and surjective; see [6] in the Bibliography. 
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tion in F, one may assume that, if f(z) = (/,(z),---.fp(z)) then D,f,(2) = 0, and if 
g(z) = (fe(z),---ofp(z)), the rank of Dg(a) is exactly p — 1; then there is a neigh- 
borhood U ας A of a such that Dg(*) has rank p — 1 for x € U. Using the rank theorem 
(10.3.1), reduce the proof to the case in which a = 0, /;(z) = 2, for2< k<p.) Is 
the result still true when C is replaced by R? 

3) a) Let A be a simply connected open subset of ©, distinct from C, and let a,b 
be two distinct points of Fr(A) (Ap. to Chap. IX, problem 6.) There exists a 
complex-valued analytic function A in A such that (h(z))? = (z — a)/(z — δ) (section 
10.2, problem 7); ὦ is an analytic homeomorphism of A onto a simply connected 
open subset B of C (problem 2 and (10.3.1)); furthermore, BN (— B) = @, hence 
there are points of © exterior to B. 

b) Deduce from a) that there exists an analytic homeomorphism of A onto a simply 
connected open subset of € contained in the disc U: |z| < 1, and containing 0. 

4) a) Let A be a simply connected open subset of C contained in the unit disc U: 
|z| < 1, containing 0, and let H be the set of all complex valued analytic functions g in 
A, such that g is an injective mapping of A into Ὁ, |g(z)| < 1 in A, g(0) = 0 and g’(0) is 
a real number > 0. For each compact subset L of A, the set Hy of the restrictions to 
L of the functions of H is relatively compact in @g(L) (9.13.2). Show that the set of 
real numbers g’(0) (for g € H) is bounded (cf. proof of (9.13.1)); let A be the l.u.b. of 
that set. Show that there is a function g)¢ H such that (0) = A (use the result 
of section 9.17, problem 5). 

b) Suppose g € H is such that g(A) τέ U, and let ce U — g(A). Replacing g by g, 
defined by g,(z) = e—9e(ze*®), one can assume, for a suitable choice of 0, that ὁ is 
real and > 0. There exists a function h which is analytic in A and such that 


(h(z))? = (¢ — g(z))/(1 — cele) 


and h(0) = \e> Ὁ (same argument as in problem 3 a)); show that the function g, 
defined by 


nz) = (Ye — κε) — Veale) 


belongs to H, and that g3(0) > g’(0). 

c) Conclude from a) and b) that the function gy defined in a) is an analytic 
homeomorphism of A onto U; using problem 3 Ὁ), this implies that for any simply 
connected open subset D of C, distinct from C, there is an analytic homeomorphism 
of Ὁ onto U (‘‘the conformal mapping theorem’’). 

5) a) Let f be a complex valued analytic function in the unit disc U: |z| < 1 such 
that /(0) = 1 and |f(z)| < Min U; show that for [2] << 1/M, |f(z) — 1|< Mlz| (apply 
Schwarz’s lemma (section 9.5, problem 7) to the function g(z) = M(f(z) — 1)/(M? — f(z))). 

Ὁ) Let f be a complex valued analytic function in U such that /(0) = 0, /’(0) = 1, 
[[.(2}] <M in U; show that for |z|< 1/M, |f(z) — 4 < M|z|?/2 (apply a) to 7’). 

c) Show that under the assumptions of Ὁ), the restriction of f to the disc B(0;1/M) 
is an analytic homeomorphism of that disc onto an open subset containing the disc 
B(0;1/2M) (apply Rouché’s theorem (9.17.3), using the result of b)). 

d) For any complex number aeéU, let u(z) = (Ζ — a)/(@z— 1); for any 
complex valued function f/ analytic in U, show that, if g(z) = f(u(z)), then 
le’(z)|(1 — Je|®) = |f’((e))|(1 — [μ(}}5}) for any σεῦ. 
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6) Show that there is a real number ὃ > 1/3|/3 (‘“Bloch’s constant’’) having the 
following property: for any complex valued function f analytic in U and such that 
#’(0) = 1, there exists 2) Ε U such that, if 7%) = f(z), the open disc B of center x, 
and radius ὃ is contained in /(U) and there is a function g, analytic in B and such 
that g(B) c U and f(g(z)) = z for ze B. (Consider first the case in which f is analytic 
in a neighborhood of U, and take for z a point where |f’(z)|(1 — |z|2) reaches its 
maximum; use then d) to reduce the problem to the case in which z) = 0, and apply 
in that case the result of c) to a function of the form a + /(Rz), where a and R are 
suitable complex numbers. In the general case consider the function /((1 — e)z)/(1 — e), 
where ¢ > 0 is arbitrarily small.) 


6) 4) Let St be the set of all complex valued functions / analytic in the unit disc U: 
[2] < 1, such that f(U) does not contain the points 0 and 1. For any function f/ ε Mt, 
there is a unique analytic function g in U such that exp (2mig(z)) = f(z) in U and 
|.¥ (g(0))| < π (section 10.2, problem 7); g(U) does not contain any positive or negative 
integer. Furthermore (same reference) there is an analytic function ᾧ in U such that 
g(z)/(g(z) — 1) = ((1 + h(z))/(1 — A(z)))?; h(U) does not contain any of the points 0,1, 
Cn =(//n + γη — τὴ: and Gy = (Jn — γ -- 1)32. (m integer > 1). Finally, there 
is an analytic function φ in U such that exp (y(z)) = h(z); g(U) does not contain any 
of the points log Cn + 2kn1, log Co + 2kni (Rk positive or negative integer, n > 1). 
Show that no disc of radius > 4 can be contained in m(U); using problem 5 6), deduce 
from that result that 


Ιφ΄ (1)} < 4/0(1 — |) 


for |¥|< 1 (consider the function ¢-—>cg(x + (1 — [χ|}, for a suitably chosen 
constant c). Conclude that there is a function F(u,v), finite and continuous in 
(C — {0,]}) x [0,1[, such that for every function f ε M, log [{(2}] < F(f(0),v) for any 
z4l<r<l. 

b) Let f € Mt be such that either |f(0)| << 1/2 or |f(0) — 1| < 1/2. Given yr such that 
0 <7 < 1, show that either |f(z)| << 5/2 for [2] << 7, or there exists a point ¥ such that 
[5] <r and |f(*)| > 1/2, |f(~) — 1] > 1/2 and |1/f(x)| > 1/2. Applying the result 
of a) to the function f((z — )/(~z — 1)), conclude that there is a function F,(u,v), 
continuous and finite in [0,+ of x [0,1[, such that for any function fe Mt, the 
relations |/(0)|< 5 and [2] <7 imply |f(z)| < F,(s,v) (““Schottky’s theorem’). 

7) Let A be an open connected subset of C, and (/,,) a sequence of functions of the 
set IM (problem 6). Show that for any compact subset L of A, there exists a sub- 
sequence (fn,) such that either that subsequence is uniformly convergent in L, or 


the sequence (1 ἸῸΝ converges uniformly to 0in 1,. (Using Schottky’s theorem, prove 


that the points x¢€A such that lim (1/},(¥)) = 0 form an open and closed subset 
n—-> οὦ 

of A, hence equal to A or empty; in the second case, show, using the compactness 
of L, that there is a subsequence of (f,) which is bounded in a compact neighborhood 
of L, and apply (9.13.1); in the first case, use similarly (9.13.1) applied to the se- 
quence (1/f,).) 

8) a) Let f be a complex-valued function, analytic in the open set V: 0 < |z — αἱ <7, 
and suppose a is an essential singularity of f (9.15). Show that € — f(V) is empty 
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or reduced to a single point (‘‘Picard’s theorem’. Let W be the open subset of V 
defined by 7/2 < |z — αἱ <7 and consider in W the family of analytic functions 
fr(z) = f(z/2"); if there are at least two distinct points in C — f(V), apply problem 7 
to the sequence (/,), and derive a contradiction with problem 2 of section (9.15), 
using (9.15.2).) 

b) Deduce from a) that if g is an entire function in €, which is not a constant, 
then Ὁ — g(C) is empty or reduced to a single point (consider g(1/z) in C — {0}). 

9) a) Show that there is an entire function f(¥,y) in ΟΣ satisfying the identity 


f(4x,4y) — 4f(x,y) = — 5(f(2%, — 2y))? + 2(f(2%, — 2y))? 


and such that the terms of degree < 1 in the Taylor development of f at the point 
(0,0) are x + y (section 10.1, problem 11). 


d(f, 
b) Let g(¥,y) = (2%, —2y), and let J(#,y) = το: ; show that J(2%, —2y) = J(¥.¥), 
*,Y 
and conclude that J(x,y) = — 4 in C? (express /(%,y) and g(x,y) in terms of /(2%, — 2y) 


and g(2x,—2y)). Prove that the analytic mapping wu: (x,y) — (f(x,¥),8(%,¥)) of Ὁ 
into itself is injective (if it was not, it would not be injective in a neighborhood of (0,0), 
owing to the preceding expressions). 


c) Show that there is a neighborhood of (1,1) which is not contained in u(C*). (Ob- 
serve that there exists « such that 0< «<1 and that the relations |/(2%,—2y) — 1|<e, 
\g(2x,-2y) — 1|<e imply |f(*,y) — |<e and |g(x,y) — 1|<e; conclude that 
the relations |f(x,y) — 1|<e« and |g(x,y) — 1|<€ would imply |f(0,0) — 1l<e 
and |g(0,0) — 1|<«, a contradiction) (compare to problem 8 b).) 


4. Differential equations 


Let E be a Banach space, I an open set in the field K, H an open subset 
of E, f a continuously differentiable mapping of I x H into E. A differen- 
tiable mapping « of an open ball JCI into H is called a solution of the 
differential equation 


(10.4.1) x’ == f (t,x) 
if, for any ἐξ J, we have 
(10.4.2) u'(t) = f(t,u(e)). 


It follows at once from (10.4.2) that τη is then continuously differentiable 
in J (hence analytic if K = €, by (9.10.1)). 


(10.4.3) In order that, in the ball J CI of center ty, the mapping u of J tnto 
Η be a solution of (10.4.1) such that u(ty) = χρ EH, τὲ 15. necessary and 
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sufficient that u be continuous (resp. analytic) in J 1} Καὶ = R (resp. Καὶ = Ὁ), 
and such that 


(10.4.4) u(t) = %) + ΠῚ 


(where, if K -- (, the integral is taken along the linear path —+ty + E(t— ty), 
0<¢< 1). 

This follows from the definition of a primitive, for if f and u are 
analytic, so is 5 — f(s,u(s)) (9.3.2). 


(10.4.5) (Cauchy’s existence theorem). If { is continuously differentiable 
inl x H, for any ty) ΕἸ and any x)EH there exists an open ball 741 of 
center ty such that there 15 in J one and only one solution u of (10.4.1) such 
that u(to) = Xp. 


We first prove a lemma: 


(10.4.5.1) Let A be a compact metric space, F a metric space, B a compact 
subset of F, g a continuous mapping of A x F into a metric space E. Then 
there 1s a neighborhood V of B in F such that g(A x Νὴ is bounded in E. 


For any ἐξ A and any ΖΕ B, there is a ball S,, of center ¢ in A and a 
ball U,, of center z in F such that g(S,, x U,,) is bounded, since g is 
continuous. For any ze B, cover A by a finite number of balls St48 and 
let V, be the ball U,,, of smallest radius. Then g(A x V,) is bounded (3.4.4). 
Cover now B by finitely many balls ν,» the union V of the V,. satisfies 


the requirements (3.4.4). 


a) Suppose first Καὶ = R. Let J, be a compact ball of center ἐρ and radius a, 
contained in I. By (10.4,5.1) there is an open ball B of center x, and 
radius ὦ, contained in H, and such that M=_ sup _ |(f(¢,x)|| and 


(,x)EJ,x B 


k= sup ___||D,f(t,x)|| are finite. Let J, for r< a be the closed ball 
(ἐ, x) EJ, x B 


of center ¢ and radius 7, and let ΕἾ be the space of continuous mappings 
y of J, into E, which is a Banach space for the norm ||y/| = sup ||¥(é)|| 
t eJ, 


(7.2.1). Let V, be the open ball in F,, having center x, (identified to 
the constant mapping ¢ --» x») and radius ὁ. For any ye V,, the mapping 


t 
t —» χρ + J f(s,y(s))ds is defined and continuous in J,, since y(s)eB by 


to 
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definition, for y € V,; let g(y) be that mapping; g is thus a mapping of V7 
into F,. We will prove that for 7 small enough, g verifies the conditions of 
(10.1.2); applying that theorem and (10.4.3) will then end the proof, 
with J= J,. 

Now, for any two points y,,y, in V,, we have, by (8.5.4) 


|{{5,γ1(5}} — f(s, ¥e(s) I< <k- [|γ1(6) ) — γε(5}}} <2> ||. — del 


for any 56 J,; therefore, by (8.7.7), for any te J,, 


iso (s,y4(s)) — f(s,¥a(s)))4s|| < Ar|ly1 — γεὶ 


hence ||g(v,) — g(¥2)|| < ἄγ] σι — γ4||- On the other hand, for any ye V,, 
|\7(s,(s))|| <M for any se J,, hence If As) ))ds|| < Mr by (8.7.7) and 


therefore ||g(%) — %|| << Mr. We thus see that in order to be able to apply 
(10.1.2), we should have kr < 1 and Mr < 6(1 — kr), and both inequalities 
will be satisfied as soon as 7 < b/(M + ἀδ). 

b) Suppose now Καὶ = C; define J,, J,, B, M and ἃ as above, and let F, be 
the space of mappings y of J, into E which are continuous in J, and analytic 
in J, This is again a Banach space for the norm ||y|| = sup ||y(Z) 

tej 


r 


t 
by (7.2.1) and (9.12.1). For γεν, the mapping ¢ —> ἀρ ee 


again belongs to F,, for it is analytic in J, since s > f(s,y(s)) is (9.7.3); 
and its continuity in J, at once follows from (8.11.1). We ΑΙ οἱ have 
defined a mapping g of V, into F,, and the end of the proof is then 
unchanged. 


(10.4.6) Remark. The proof of (10.4.5) shows that the result is still valid 
when K = R and when f satisfies the following weaker hypotheses: a) for 
every continuous mapping ¢ > w(é) of I into H, ¢ — f(t,w(t)) is a regulated 
function in I (7.6); b) for any point (¢,x) ΕἸ x H, there is a ball J of 
center ¢ in I and a ball B of center x in H such that f is bounded in J x B, 
and there exists a constant k >0 (depending on J and B) such that 
\Wf(s.y4) — fS.%e)|| < Allyx — yell for se J, γυῦ in B. Such a function / 
is said to be locally lipschitzian in I x H; equation (10.4.2) is then to be 
understood as holding only in the complement of an at most denumerable 
subset of J. This last remark also enables one to replace the open intervals 
I and J by any kind of interval in R. 
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5. Comparison of solutions of differential equations 


We say that a differentiable mapping Ἡ of an open ball 761 into H 
is an approximate solution of (10.4.1) with approximation e if we have 


(ἢ — f(t,u()|| <e 


for any te J. 


(10.5.1) Suppose ||Dof(t,x)|| <k in Ix H. If u,v are two approximate 
solutions of (10.4.1) in an open ball J of center to, with approximations &,,€9, 
then, for any ἐξ J, we have 


ek |t-—b| 1 


(10.5.1.1) — {|ee(¢) — v(2)|| < ||ee(tp) — v(tp) || e# 4-1 - (e, + δ.) F 


(For k = 0, (e*"~*! _ 1)/k is to be replaced by |t — t|). We immediately are 
reduced to the case K= R, 4, =0 and ¢>0 by putting ¢= ᾧ + ἀξ, 
la] = 1, §>0; then if 4,(&) = u(t, + a€), v,(é) = υ(ἐρ + ἀξ), τὴ and v, 


I 
are approximate solutions of x’ = αὐ (i + a€, Fed whence our assertion. 


From the relation |{u’(s) — f(s,v(s))|| <e, in the interval 0 - 9 <t, we 
deduce by (8.7.7) 


||e(¢) — κ(0) = To Mas < et 
and similarly 


lo) — v(0) — Js,0(9))ds|| < eg 


whence ||z(¢) — v(t)|| < ||2e(0) — v(0)|| + |If (4(s,2¢(s)) — f(s,v(s))) ds||+(e,+e,)¢. 
. 0 
From the assumption on D,f and from (8.5.4) and (8.7.7) this yields 


(10.5.1.2) w(t) << w(0) + (e, +e) +k fated 


where w(t) = ||u() — v(t)||. Theorem (10.5.1) is then a consequence of the 
following lemma: 


(10.5.1.3) 17, in an interval [0,0], y and ys are two regulated functions > 0, 
then for any regulated function w > 0 in [0,0] satisfying the inequality 
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(10.5.1.4) w(t) < y(t) + J P(s)w(s)ds 


we have in [0,0] 


(10.5.1.5) w(t) < y(t) + J pls)¥(s) exp (J WlE)aé)ds 
0 5 
Write γ(ὴ = [μου ds; y is continuous, and from (10.5.1.4) it follows 


that, in the Ὁ of a denumerable subset οἱ [0,0], we have 
(10.5.1.6) y(t) — dé) y(t) < φ(ἡψιὴ 


by (8.7). Write z(t) = y(t) exp (— J (s)ds); relation (10.5.1.6) is equiv- 
0 
alent to 


2'(t) < φ(ψί(ἢ exp ( -f ψ(5) 5). 


By (8.5.3) and using the fact that z(0) = 0, we get, for ¢ € [0,0] 


t 5 


a(t) Ξ J v(s)p(s) exp (— {ψ(ξ) ἀξ)άς 


whence by definition 


t t 


ἢ < Jos) y(s)p(s) exp (f ψ(ξ) 4ξ)άς 


5 


and (10.5.1.5) now follows from the relation w(t) < g(t) + γ(ῆ. 


(10.5.2) Suppose f is continuously differentiable 1n I x H. If u,v are two 
solutions of (10.4.1), defined in an open ball J of center ty and such that 
u(ty) = v(t), then u=v in J. 


It is enough to prove that « and v coincide in every compact ball L of 
center f, contained in J. This follows from (10.5.1) applied to « and 2, 
provided we know that D,/ is bounded in some set L x H’, where H’ is an 
open subset of H containing both «(L) and v(L). But the existence of such 
a set follows at once from (10.4.5.1). 
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(10.5.3) Suppose E ts finite dimensional and f is analyticin 1 x H. Then 
any solution of (10.4.1) in an open ball JCI ἐξ analytic. 


This is immediate by definition if Καὶ = €. Suppose K = R, and let 
ΒΕ = Β΄; then for any point (4),%)) ΕΙ x H there is a ball ΓΕ C of center 
ty and a ball P c (” of center x, such that L.N RCI and PN ΒΗ CH, and an 
analytic mapping g of Ly x P into €” whose restriction to (L,NR) x (PN R”) 
coincides with ἢ (9.4.5). There is by (10.4.5) an open ball Lc L, of center 
ty in C such that there exists a unique solution v of the differential equation 
z’ = g(t,z), taking the value x, at the point ¢, and v is analytic in L. Using 
the relation v’(¢) = g(é,v(¢)), and the definition of g and υ, it is immediately 
verified by induction on that all derivatives v™(z,) belong to R”; hence 
(9.3.5.1) υ(ἢ belongs to R” fore LAR. This proves that the restriction 
u of v to LN Risa solution of (10.4.1) (see (8.4), Remark), such that (ty) = Xp. 
But by (10.5.2), any solution w of (10.4.1) in a ball M of center ¢ such 
that w(t) = %) coincides with wu in LMM, hence is analytic at the 
point ᾧ, q.e.d. 


(10.5.4) Remark. When Καὶ = R, the proof of (10.5.1) shows that the 
inequality (10.5.1.1) is still valid when / is lipschitzian in I x H for a 
constant k > 0, i.e. such that condition a) of (10.4.6) is satisfied and that 
WA(t,%1) — {{{,χ4}}} « ἃ - ||x, — x_|| for any ¢eI, x,,x, in H; J can then 
be taken as an interval of origin (or extremity) %, containing fp, 
14 and v are primitives of regulated functions in J, and the relations 
“(ἢ — f(t,e(t))|| <a, {Πυ ἢ — f(é,v(8))|| < ες. are only supposed to hold 
in the complement of an at most denumerable subset of J. The uniqueness 
result (10.5.2) holds likewise (when K = R) under the only assumption 
that f is locally lipschitzian (10.4.6) in I x H. 


(10.5.5) Let ¢ be analytic in I x Hif K = Ὁ, locally lipschitzian in I x H 
if K=R. Suppose v is a solution of (10.4.1) defined in an open ball J: 


jt — 9, <7, such that J CI, that v(J) CH, and that t + fi(t,v(t)) is bounded 
in J. Then there exists a ball J’: |t — ἰρ] <r’ contained in I, with γ' > 1, 
and a solution of (10.4.1) defined in J’ and coinciding with v in J. 


a) Καὶ =R. By assumption, we have ||f(é,v(¢))|| <M for ἐξ J, hence 
||v’(¢)|| <M in the complement of an at most denumerable subset of J. 
This implies ||v(s) — v(¢)|| < M|s — ¢| for s,tin J by the mean value theorem 
(8.5.2). From the Cauchy convergence criterion (3.14.6) we conclude that 


the limits υ((ἐρ — r)+) and υ((ᾧ + r)—) exist and belong to v(/J) CH. By 
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(10.4.6), there exists a solution w, (resp. w,) of x’ = f(¢,x) defined in an 
open ball U, (resp. U,) of center 4) + 7 (resp. ¢) ~ 7), contained in J, and 
taking the value υ((ἐρ + 7)—) (resp. v((tj —7)+)) at this point; from 
(10.5.2) it follows in addition that w, (resp. w,) coincides with v in U,n J 
(resp. U,N J), and the proof is therefore concluded in that case. 

Ὁ) K = C. For any complex number ¢ such that [ζ | =—1,put¢=4 + ἦε, 
with s > 0, and v,(s) = v(t) + Cs). Then the same argument as in a) proves 
that υ,(7---} exists and is in H; hence there exists a solution τὸ; of x’ = f(t,x) 
defined in an open ball Ν᾽, of center 4 + Cr, contained in J, such that 
We(tg + C7) = v,(7—). From (10.5.2) it follows that w, and v coincide in 
the intersection of JN V, with the segment of extremities ἐρ and ᾧ + ¢r; 
as these functions are analytic in JN V,, they coincide in JN V, by (9.4.4). 
Now cover the compact set |¢t —%|=~y7 with finitely many balls Ve, 
(l<t<m); if Ven Ὁ + @, the functions We. and We. coincide in Vpn Ve. 
for both coincide with v in the non-empty open set Jn Ve. n Ve, and we 
have only to apply (9.4.2) (to show that the preceding intersection is not 
empty, remark that the assumption implies 7|¢; — ¢;| <p; + p,, where 
p;,p; are the radii of V, and ν᾽; hence there is 16 ]0,1{ such that 
γλίξ; —2;|<p; and 7(1— λ)}ζ; --- ζ] - ρ;; it follows that the point 
ty + 7((1 — λὴξζ; + λἀξὴ belongs to JN Ve. n Vi). There is therefore a 
solution of x’ = f(t,x) equal to v in J, to We. in each of the Ve, and there 
is an open ball of center ¢, and radius 7’ > 7 contained in the union of these 
sets (3.17.11), which ends the proof. 


(10.5.6) Let f,g be two continuously differentiable mappings of | x H into E, 
and suppose that, in I x H, ||f(t,x) — g(t,x)|| <a and ||Dog(t,x)|| << ἃ. Let 
εἰς. ἢ 
k 
forE>0. Let u be an approximate solution of χ' = g(t,x), with approxima- 
tion B, defined in an open ball J: |t — ty| < ὃ contained in I, and such that, 
for any te J, the closed ball of center u(t) and radius g(|t — ty|) is contained 
in H. Then, for any yeH such that ||y — x9|| < μ, there exists a unique 
solution v of x' = f(t,x), defined in J, taking its values in H and such that 
v(t) = y; furthermore ||u(t) — v(t)|| < p(\t — tol) for te J. 


(49,%) be a point of I XH, μ,β two numbers > 0, and y(é) = we + («+ B) 


Let A be the set of numbers 7 such that 0<7< ὃ and that there 
exists a solution v, of x’ = f(t,x) with values in H, defined in the ball J,: 
Jt — te] <7 and such that v,(f)=y. By Cauchy’s existence theorem 
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(10.4.5), A is not empty. Moreover, we have, in J,, Πυζ(ἢ — g(t,v,(2)) || < 
in other words v, is an approximate solution of x’ = ᾿ x) with appeosima: 
tion α, and by (10.5.1.1) we conclude that ||x(t) — υ,(Ὁ}}} < φ( — tol) in J. 
1 γ,γ' are in A and such that γ <7’, then v, and v,, coincide in 1,» by (10.5.2). 

Let c be the l.u.b. of A; we have to prove ὁ = 6. Suppose the con- 
trary; there is then a unique solution v of x’ = f(t,x) in J. equal to 
v, in each of the balls J, with y<c, taking its values in H and such 
that ||u(t) — v()|| << φίἐ --- |) in 1. We therefore have le(t,u(¢ ut 
< [|g(t,(¢))|| + Ag(|t — tol) in J,, and as ¢ — g(t,u(2)) is continuous in im 
1S sl in that compact ball; from which it follows that ¢ > g(t,v(t : 
is bounded in J,. On the other hand, any cluster point z of v(J,) is the limit 
of a sequence (v(,)) where t,€ J, and ἡ, tends to t+ cf with [ζ| <1; 
by continuity, we have ||z — u(ty + οζ)}} < (clC|), hence z € H by assump- 
tion. We thus can apply (10.5.5) and obtain a solution of x’ = [(t,x) defined 
in a ball J,, with 7’ > c and taking the value y at ἐν, which contradicts the 
definition of c. 

We again remark that if K = R, we can relax the hypotheses on / and g, 
supposing merely that g is lipschitzian for the constant k, and f locally 
lipschitzian in I x H. 


PROBLEMS 


1) Let f(t,x) be a real valued continuous function defined in the ball jt] <a, [χ] <b 
in R?, such that f(¢,*) < 0 for ἐκ > 0, and f(t,x) > 0 for tz <0. Show that x = 0 
is the unique solution of the differential equation x’ = f(t,x) defined ina neighborhood 
of 0 and such that +(0) = 0 (use contradiction, and consider, in a compact interval 
containing 0, the points where a solution reaches its maximum or minimum). 

2) Let f(é,~) be the real valued continuous function defined in R2 by the following 
conditions: f(t,*) = — 2ὲ for x>2?, f(t,4) = —2x/t for |x| < 22, f(t,x) = 2t for χες — 22. 


Let (γηὴ be the sequence of functions defined by Yo(t) = #2, ΓΙ" 
ὺ 


for n> 1. Show that the sequence (y,(é)) is not convergent for any ἐε R, although 
the differential equation +’ = f(t,x) has a unique solution such that (0) = 0 
(problem 1). 


3) For any pair of real numbers a > 0, 8 > 0, the function equal to — (¢ — «)? 
for ἐ « α, to 0 fora<t< £, to (¢ — f)? for t > £, is a solution of the differential 
equation *’ = 2|%|!/2 such that (0) = 0. 


Let “ be an arbitrary continuous functiondefined in a compact interval [a,b], 


t 
and define by induction u,(¢) = 2 J ln — 1(5) [1345 for ¢ € [a,b]. Show that if γ is the 
a 
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largest number in [a,b] such that u,(#) = 0 in [a,y], the sequence (u,) converges 
uniformly in [a,b] to the solution of χ' = 2|x|/? which is equal to 0 fora<i< y, 
to (ἐ — y)? for γε ἐξξ ὁ. (Consider first the case in which 4,(¢) = 0 for ἐξ γ, 
uy(t) = k(t — y)? for yx ἐξξ δ. Next remark that, replacing if necessary uy by 4, 
one may suppose that u, 15 increasing in [a,b]; observe that tor any number e > 0, 
there are two numbers k, > 0, &, > 0 such that in [α,8] 


Ryvg(t — vy — €) < Up (t) < Rqdg(t — y + ε) 


where u,(t) = 0 1 ¢< 0, υρ(ἢ = ἐξ if ¢> 0.) 
4) The notations being those of section 10.4, suppose K = R, / is continuous and 


bounded in I x H, and let M= — sup \[/(¢,%){|. Let %) be a point of H, S an 
(t,.x)elx H 


open ball of center x and radius 7, contained in H. 


a) Suppose in addition f/ is uniformly continuous in I x S (a condition which is 
automatically satisfied if E is finite dimensional and I is contained in a compact 
interval I, such that / is continuous in I, x H). Prove that for any e > 0, and any 
compact interval [f),4) + h] (resp. [49 — 4,49]) contained in I and such that h<7v/(M+ ε), 
there exists in that interval an approximate solution of χ' = f(?,¥) with approxima- 
tion δ, taking the value x, for ¢ = %. (Suppose 6 > 0 is such that the relations 
lt; —4|< δ, [{5 — χ4}} <6 imply {{{(ἡ1,χζ.) — [({.,54}}} << ε; consider a subdivision 
of the interval [f),4, + h] in intervals of length at most equal to inf (6,6/M), and 
define the approximate solution on each successive subinterval, starting from 4.) 


b) Suppose E is finite dimensional and I = jf) — 4,4) + a[. Prove that there 
exists a solution of χ' = f(,¥), defined in the interval [%),4) + 6] (resp. [ty — ¢,tg]) 
with ὁ = inf (a,v7/M), taking its values in S, and equal to ζρ for ¢= 4%. (‘‘Peano’s 
theorem’”’: for each n, let u, be an approximate solution with approximation 1/n, 


1 
defined in J, = Νὴ +e-— 4] , whose existence is given by a). Observe that 
n 
for each m, the restrictions of the functions u, (for » = m) to J,, form a relatively 
compact subset of the normed space @xg(J,,) (7.5.7), and use the ‘“‘diagonal process”’ 


as in the proof of (9.13.2); finally apply (10.4.3) and (8.7.8).) 
5) Let f be the mapping of the space (cj) of Banach (section 5.3, problem 5) into 


1 
itself, such that, for + = (%,), f(*) = (y,), with vy, = |¥n|2/2 a . Show that f 
n 


is continuous in (ορ), but that there is no solution of the differential equation χ' = /(x), 
defined in a neighborhood of 0 in R, taking its values in (cy), and equal to 0 for ¢ = 0. 
(If there was such a solution u(t) = (u,(t)), compute the value of each u,(¢) by 


straightforward integration, and show that the sequence (u,,(t)),>9 does not tend to 0 
for ¢ ~ 0.) 


6) a) The notations being those of section 10.4, let f be analytic inI x Hif K = ¢, 
locally lipschitzian in I x Hif K = R. Let I, be an open ball of center ἐρ and radius a, 
contained in I, and S an open ball of center χρῷ and radius 7, contained in H. Let 
h(s,z) be a continuous function defined in [0,a[ x [0,7[CR*, such that h(s,z) > 0 
and that, for every sé [0,a[, the function z --» A(s,z) is increasing in [0,7[. Suppose 
that: 1° ||f(t,*)|| << A(\é — 2 — %9||) in Ip x S; 2° there exists an interval [0,a] 
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with « < a, and a function , which is a primitive of a regulated function gy’ in (0,«], 
and is such that (0) = 0, y(s) € [0,7[ and φ' (5) > h(s,g(s)) in the interval [0,«], with 
the exception of an at most denumerable set of values of s. Show that there is a 
solution u of x’ = f(t,~), defined in the open ball J of center ¢, and radius a, taking 
its values in S and such that μί(ίρ) = %9; furthermore, in J, ||u(¢) — x9||< φίἐ — 4). 
(Use (10.5.5) to prove that there is a largest open ball J, of center ᾧ, contained in Ip, 
and in which there is a solution v of x’ = /(t,~), taking its values in S and such that 
[|v(t) — 29} < φίἐ — 1) in Jy, and furthermore that solution is unique; use then 
the mean value theorem to prove by contradiction that J C Jy.) 


Ὁ) Suppose that H = E, and that there is a function A(z) > Ὁ defined, 
+ 0 


dz 
continuous and increasing in [0,+ co[, and such that [ ha) = +oo, and that 
0 Ζ 


|f(t,¥)|| < h(||¥||) in Ip) x E. Show that every solution of x’ = f(t,*) defined in a 
neighborhood of ᾧ, is defined in I, (use a)). 

c) If ||f(t,x)|| << M in I, x S, then there exists a solution u of x’ = f(t,x) in the 
ball J of center ¢) and radius inf (a,r/M), taking its values in 5 and such that u(t) = x5 
(take h(s,z) = M). Suppose Καὶ = E = C, and a=>v7/M; show that, unless f/ is a 
constant, there is an open ball J’2 J in which w can be extended to a solution of 
x’ = f(t,x) taking its values in 5. (Observe that, due to the maximum principle (9.5.9), 
|u’(t)| <M for ἐξ J; for any € such that |¢| = 1, consider the function u¢(s) = u(ty + Cs); 
arguing as in (10.5.5), prove that the assumptions of (10.5.5) are satisfied.) It is not 
possible to take for the radius of J’ a number depending only on a,v and M, and not 
on f itself, as the example /(t,x) = ((1 + +)/2)!/" (section 9.5, problem 8), with 
4 = % = 0, a=r=M = I], shows (n arbitrary integer > 1). 

7) Let ἢ be a real valued bounded continuous function in the open polycylinder P: 
|t—t| <a, |v — χη] < ὃ in R?, and let M = sup [f(é,*)|; let γ = inf (a2,b/M), and let 

(ἐ,) Ε Ρ 
I = Ἰέρ — γ,ΐρ + v[. Let ® be the set of all solutions u of x’ = f(t,x), defined in I, 
taking their values in the open interval ]%, — 6,%) + b[ and equal to x, for ¢ = &; 


the set ® is not empty (problem 4 b)). For each tel, let v(t,tj),%9) = inf u/(é), 
με 


w(t,ty,%9) = sup u(t); show that v and τὸ belong to @ (section 7.5, problem 11); v 
μεῷ 

(resp. w) is called the minimal (resp. maximal) solution of x’ = f(t,x) in I, corresponding 

to the point (0,20). 

For each tel, let & = v(t,t,%)). Show that v(¢,t,é) = v(t,éy,¥)) in an interval 
of the form [7,7 + h[ if t > ¢, of the form |r — h,t] if t < ἰῷ (with ἃ > 0). Conclude 
that there is a largest open interval ]t,,4,[ contained in ]fj -- a,fy + α΄ and containing ép, 
such that v(i,f),%) can be extended to a continuous function g defined in Jt,,¢,[, taking 
its values in ]¥, — b,%) + δ, and such that, for every te Jt,,é,[, g(s) = v(s,t,g(t)) 
in an interval of the form [¢,¢ + h[ift > %, of the form ]¢ — h,t] if t < ἐρ (with A> 0). 
(If g, is another such extension of v(é,f),¥)) in an interval tees [, show that g and g, 


coincide in the intersection of ]¢,,4,[ and lta tel by considering the l.u.b. (resp. g.1.b.) 
of the points s in that intersection such that g and g, coincide in [%,s[ (resp. in ]s,%)]). 
Furthermore, either ἢ =‘%4—a (resp. ἔφ =‘%4 +a), or g(t, +) = % +06 (resp. 
(tg —) = % + ὃ). 
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6. Linear differential equations 


The existence theorem (10.4.5) can be improved in special cases: 


(10.6.1) Let 1C K be an open ball of center ty and radius r. Let f be contin- 
uous inl x E if K=R, analytic in Ix E τ K=C, and such that 
\|H(t,%4) — f(t,%2)|| < R(|é — tol) ||%. — %9|| forte 1, χχ,χᾳ τη E, where & — R(E) 
is a regulated function in [0,r[. Then for every x»EE, there exists a unique 
solution u of (10.4.1), defined in I, and such that u(ty) = Xp. 


We only have to prove that, if c is the l.u.b. of the numbers p such that 
0 < p<vrand that there exists a solution of (10.4.1) defined in |t — t| < p 
and taking the value x, at fj, then c = 7 (by (10.5.2)). Suppose the contrary ; 
then, by (10.5.2), there is a solution v of (10.4.1) defined in J: |t — %|<c 
and such that v(t) = x). We are going to show that the conditions of 
(10.5.5) are satisfied; applying (10.5.5) then yields a contradiction and 
ends the proof. 


As here H = E, the condition v(J) C H is trivially verified, so we have 
only to check that ¢ — f(t,v(¢)) is bounded in J. Now, in the compact 
interval [0,c], ἃ is bounded and so is the continuous function ¢ — |/f(¢,%9) || 
in the compact set J; hence there exist two numbers m>0, h>0 
such that ||f(t,x)||< ml|x||+ ὦ for te J and xeE. This implies 
Πν΄(ἢ} < mlv(é)|| - A for ἐξ J; if we write w() = [[υ(ἱρ + Aé)|| with 


ξ 
|A| = 1, the mean value theorem shows that w(&) < ||x9|| + he + γα [(ζ)άξ. 
0 


We therefore can apply lemma _ (10.5.1.3), which shows that 
\|v(t)||<ae"!*—*l4 6 in J (@ and ὁ constants), hence v is bounded in J, 
and so is ||f(¢,v(t))|| < m||v(t)|| + 2. 

Here again, when K = R, the condition of continuity on / can be relaxed 
to condition a) of Remark (10.4.6). 


A linear differential equation is an equation (10.4.1) of the special form 
(10.6.2) x’ = A(t): x + Dit) (= f(t,x)) 


where A is a mapping of I into the Banach space #(E; E) of continuous 
linear mappings of E into itself (5.7), and 6 a mapping of I into E. We have 
here H = E, and by (5.7.4) 


(t,x) — f(t, %9)|| < |[A (2)|| ° || i Xq|| 
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for 411 ἐε ὶ, x,,x, in E. Applying (10.6.1) and the remark which follows, 
we therefore get: 


(10.6.3) Let IC K be an open ball of center ty. Suppose A and b are regulated 
in Lif K = R, analyticin lif Καὶ = €. Then, for every ΧΟ EE, there exists 
a unique solution u of (10.6.2), defined in I and such that u(ty) = Xp. 


Observe that if ὁ = 0, and x, = 0, the solution u of (10.6.2) is equal to 0. 
From (10.6.3) we easily deduce the apparently more general result: 


(10.6.4) The assumptions being the same as in (10.6.3), for every s ΕἸ and 
every x, EH, there 1s a unique solution u of (10.6.2) defined in I and such 
that u(s) = Xp. 


Replacing ¢ by ¢ — tj, we may assume that ᾧ = 0. Suppose I is a ball 


. Ν . δ or ke t —§ 
of radius 7; it is readily verified that t +7? Say 


is an analytic homeo- 


morphism of I onto itself, mapping s on 0 (one has only to write 


t—s 7? y? — |s|2 


rv ἐξ [1 — aa), to evaluate the l.u.b. of the absolute value 


δέ --γὮ § r— § 

of the right-hand side for [{| <7, and to see that number is equal tor). Now, 
δὲ — r?)? t—s (St —.r?)? ἐ-- 5 
fA πες ἸΞΞΤ ἃ 2 ____ ἃ 8,(t) = = — = (|? ——_ 35]. 
nea γ3([52 — γῇ ἵ st -- 5) fae γ3([53 — r?) St — r? 
one sees at once that if v is the unique solution of the differential equation 


χ' = A,(t)- x + δι(ἢ 


asa is the unique 


defined in I and such that v(0) = χρ, then μ() = v ("3 7 92 


solution of (10.6.2), defined in I and such that u(s) = %. 
When E = Κ΄, 4(ἢ = (a,(t)) is an m Χ n matrix, b(t) = (0,(é)) a vector, 
the a,(t) and 0,(t) being regulated in I if K=R, analytic if Καὶ =C; if 


χ = (%)1<i<,, the equation (10.6.2) is equivalent to the system of scalar 
linear differential equations 
(10.6.5) χ τοὺ La,(t)x,+6(t) (l<i<n). 

j= 


The (scalar) lonear differential equations of order n > 1 


(10.6.6)  D*x —a,(i)D*~'x —...—a,_,()Dx — a,(t)x = δ(ἢ 
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are equivalent to special systems of type (10.6.5); one has only to write 
hy = χ, X= D?~*x for2<p<n, and (10.6.6) is equivalent to 


10.6.7) | Xs xa for l<k<n-—-l 
| x’ = a,(t)x, + a,(t)x, 1+... +4,(t)x, + δ(ἢ. 


7. Dependence of the solution on parameters 


(10.7.1) Let E be a Banach space over K, 1 an open subset of K, H an open 
subset of E, P a metric space, f a mapping of 1 x H X Pinto E. Suppose 
that: 1° for any z EP, (t,x) > flt,x,z) ts a continuously dtfferentiable mapping 
of | x Hinto E; 2° f and Dof are continuous inl x H x P. Then, for any 
point (ty,%»,2%) ΕΙ x H x P, there exists an open ball JCI of center ty and 
an open ball T <P of center z, such that, for each z ET, there exists in J one 
and only one solution t > u(t,z) of the equation x’ = f(t,x,z) such that 
U(ty,2) = χρ. Moreover the mapping (t,z) — u(t,z) 1s bounded and continuous 
in J xT. 


The proof is very similar to that of (10.4.5). Let J, be a compact ball 
of center ¢, and radius a contained in I. By (10.4.5.1), there is an open 
ball B of center x, and radius ὁ contained in H, and an open ball T of center 
z in P, such that ||/(¢,x,z)|| < M and ||D,f(¢,x,z)|| << kin J, x B x T. For 
r <a, let J, be the closed ball of center 4, and radius 7. If K = ἢ, we 
define F, to be the space of bounded continuous mappings y of J, x T 
into E, which is a Banach space. If Καὶ = C€, we define F, as the space of 
mappings y of J, x T into E which are bounded and continuous in J, and 
such that, for any ze T, ¢ > y(,z) is analytic in Ἱ,; this is again a Banach 
space by (9.12.1). The remainder of the proof of (10.4.5) is then unchanged. 


For linear differential equations, there is a better result: 


(10.7.2) Let IC K be an open ball of center ty; suppose A and ὃ contin- 
uous in 1 x P, and, if K=C, such that for each zeEP, t + A(t,z) and 
t + b(t,z) are analytic in 1. For any x EE, let t — u(t,z) be the solution of 
x’ = A(t,z)-x + b(t,z) defined in I and such that u(ty,z) = χρ; then u 15 
continuous in I X P. 


Let z € P, and consider an arbitrary compact ball JCI of center f 
and radius 7; it will be enough to prove that 4 is continuous at each point 
(t,%) where ἐξ J. As u(t,29) is continuous in J, it is bounded in that 


292 X. EXISTENCE THEOREMS 


compact set, let ||1(#,zp vn ry in J. By (10.4.5.1), there is a neighborhood U 
of z) in P such that 
an e > 0, let us show — ui there exists a neighborhood VC U of χορ in P 
such that ||A(¢,z) — A(t,29)|| << and ||b(¢,z) — d(t,2)|| <e for te J and 
ΖΕΥ͂. We only have to remark that for any s € J there is a neighborhood W, 
of 5 in J and a neighborhood V,C U of z) in P such that the preceding 
inequalities hold in W, x V,; then we cover J by a finite number of 
neighborhoods W, » and take for V the intersection of the “ We can 


now write 


u'(t,z) — u'(t,29) 
= A(t,z) - (u(t,z) — w(t,29)) + (A(t,z) — A(t,29)) - μ((,20) + B(t,z) — b(t,z9) 
hence, for ἐε J and σεῦ 
{ε΄ (4,8) — w'(£,29) || «« α΄ ||ee(t,z) — we(E,z9) || + e(M + 1). 
Put t=t+Aé with |A|=1, O<E<z, and w(&) = ||u(ty + 18,2) — μ(ρ + 18,29}; 
then by the mean value theorem, we have w(é)<e(M+1)r4+ εἶ w(C)ac 


for 0 « <7, and using (10.5.1.3), we obtain w(f) <e(M + l)re” for 
0<&<r,, in other words, we have ||u(t,z) — u(t,z9)|| < e(M + 1)re” for 
te J and zeV; as ε is arbitrary, this ends the proof (since ¢ — u(t,z,) is 
continuous in J). 


(10.7.3) In addition to the assumptions of (10.7.1), suppose that P is an 
open subset of a Banach space G, and that f is continuously differentiable 
inI XH ΧΡ. Let J, CI be an open ball of center ty and T,CP an open 
ball of center z such that, for every z&T7,, there is a solution t + u(t,z) of 
x’ = f(t,x,2) (necessarily unique by (10.5.2)) defined in J, and such that 
U(to,2) = X%. Then, for any open ball J of center ty, such that J] C 7, there 
exists an open ball TCT, of center z, such that (t,z) + u(t,z) is continuously 
differentiable in J x T. Furthermore, for any ΖΕΤ, t +D,u(t,z) is equal 
in J to the solution U(t,z) of the linear differential equation 


(10.7.3.1) U’ = A(t,z)oU + B(t,z) 


such that U(t ,z)=0, where A(t,z) = Dof(t,u(t,z),z) and B(t,z) = D3/( (¢,0(¢,2), “i 
Let J be an open ball of center ¢ and radius 7, such that Jc J,. B 
(10.4.5.1), there is an open ball S ς H of cénter x, and an open ball T CT, ᾿ 
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center z, such that D,/ and D,/ are bounded in J x S x T, let ||D,/(t,x,z)||<a@ 
and ||Dg/(¢,x,z)|| <6. Then, by (8.5.2) and (8.9.1), we have, 


(10.7.3.2) I F(t,%4,24) — f(t,%9,29) || < a||x, — %q|| + b||z, — 24} 


for ἐξ J, χγ,ζᾳ in S, z,,2,in T. Taking (10.7.3.2) into account, we see that, 
by (10.5.1), we have, for ἐξ J and 2,,z, in T 


(10.7.3.3) ||e#(2,21) — o(t,23)|| < e]]z, — 24} 


with ¢ = b(e” — 1)/a. We next prove that, given a point ze T ande > 0, 
there exists p > Osuch that, for any w € P such that z + τὸ € T and ||w|| <p, 
and any ἐξ j. we have 


I f(,e(t,z 3 w),2 ar w) ty f(t,m(t,2),2) τ A (t,2) : (u(t,z + w) —U (¢,z)) = Bit,z) ᾿ w|| 
(10.7.3.4) < elu). 


Indeed, using (8.6.2), (8.9.1), the continuity of D,f and D,f in I x H ΧΡ, 
and relation (10.7.3.3), for any 5 € J, there is a neighborhood W, of s in J, 
and a number p(s) > 0 such that relation (10.7.3.4) holds for ἐε W, and 
|\|| < p(s); covering J by finitely many W,,, we need only take for p 


the smallest of the p(s,) to have (10.7.3.4). Due to the definition of κίέ,2), 
(10.7.3.4) can also be written 


\\D,u(t,z + w) — Dyu(t,z) — A(t,z) - (u(é,z + w) — u(t,z)) — Bitz) τὸ} 
(10.7.3.5) < el|w|. 


Now the existence of U(t,z) in J x T is guaranteed by (10.6.1). Put 
v(t,z,w) = u(t,z + w) — u(t,z) — Ult,z):w; this function has a derivative 
with respect to ¢ equal to 


D,v(t,z,0) = D,u(t,z + w) — D,u(t,z) — Α (ἐ,2) - (U(é,z) - το) — Bitz) τὸ, 
by (10.7.3.1). Relation (10.7.3.5) therefore can be written 


||D,v(¢,2,@) — A(t,z) - v(t,2,w)|| < e||w 


᾽ 


for any ἐξ J and any w such that z + we Τ and ||w|| < ρ. In other words, 
v(t,z,w) is an approximate solution, with approximation εἰ} 
differential equation 


, of the linear 


(10.7.3.6) γ΄ = Α(ἰ,2) " γ. 
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Furthermore, we have v(é),z,w) = 0 by definition; as ||A(é,2)|| «« « in 
J x T, we conclude from (10.5.1) (since 0 is a solution of (10.7.3.6)) that 


ΠΠυ(6,2,10}} < coe] || 


where cy = (e” — 1)/a, this inequality being valid for anyte J and any w 
such that z+ weT and 0} <p. Ase is arbitrary, the definition of the 
derivative of a function shows that u is differentiable with respect to z 
at any point (t,z)€ J x T and that D,u(t,z) = U(t,2). 

Finally, from the assumptions and (10.7.2), it follows that U is contin- 
uous in J x T; on the other hand, D,u(t,z) = f(t,u(t,z),z) is continuous 
in J) x T by (10.7.1). Therefore, by (8.9.1), u is continuously differentiable 
in J x T, and this ends the proof of (10.7.3). 


(10.7.4) In addition to the assumptions of (10.7.3), suppose f is p times 
continuously differentiable in Ix Hx P. Then, for any open ball J of 
center ty, such that J C J,, it is possible to take T such that uis p times contin- 
uously differentiable in J x T. 


If p = 1, this is (10.7.3). Using induction on , suppose we have proved 
the result for (6 — 1) times continuously differentiable mappings. Then, 
in the right-hand side of (10.7.3.1), A and B are p — 1 times continuously 
differentiable mappings in J x T (by (8.12.10)); therefore, by (10.7.3) 
(applied to U(t,z)), D,u(é,z) is  — 1 times continuously differentiable in 
J x T (when T has been conveniently chosen). On the other hand 
D,w(¢,z) = f(t,u(t,z),z) is also p — 1 times continuously differentiable in 
J x T by the induction hypothesis and (8.12.10); therefore Du(é,z) is p—1 
times continuously differentiable in J x T by (8.9.1), (8.12.9) and (8.12.10); 
but this implies that μη is p times continuously differentiable in J x T, 
by (8.12.5). 


(10.7.5) Suppose that the Banach spaces E and G are finite dimensional 
and that f 1s analytic inl x H x P. Then, for any open ball J of center to, 
such that JC Jy, it is possible to take T such that u is analytic in J x T. 


If K = C, this follows immediately from (10.7.1), (10.7.3), (9.10.1) and 
(9.9.4). If K = R, we apply an argument exactly similar to that of (10.5.3), 
which we accordingly suppress. 


(10.7.6) Remarks. There are several improvements and variants of 
the preceding theorems. For instance, in (10.7.3), when K = R, the 
existence of D,/ is not required to insure that D,u(t,z) exists: we need 
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only the continuity of D,f and D,f as functions of (x,z), and their 
boundednessin J x S x T, as wellas the fact that ¢ — f(t,A(Z),z) is regulated 
in I for any function ἢ continuous in I and similarly for D,f and D,f. We 
can also consider the case in which I is an open set in R and E a real Banach 
space, but G a complex Banach space; for any ἐξ Jp 2 > u(é,z) is then 
analytic in T. 


PROBLEMS 


1) The notations being those of section 10.4, let I be an open ball in K of center fy 
and radius a, ὃ an open ball in E of center % and radius 7, G the normed space 


ΦΈ (1 x 8) (section 7.2). For each M > 0, let Gy be the ball |{/||< Min G. Let L 
be the subset of G consisting of all continuous lipschitzian mappings of I x 5 into E 
(10.5.4); for each M > 0, let Jy be the open ball of center ¢, and radius inf (a,7/M); 
for each function { € LA Gy, there is a unique solution « = (ἢ of χ' = f(t,*) taking 
its values in 8, defined in Jy and such that u(é)) = 9 (section 10.5, problem 6 c)). 

a) Let (f,) be a sequence of functions belonging to LN Gy, and suppose f, converges 


uniformly in I x S to a function {; show that in the space Cr (Ju), every cluster 
value of the sequence of functions u, = U(/,) is a solution of x’ = f(t,x), taking its 
values in S, and equal to x, for ¢ = fy (use (10.4.3) and (8.7.8)). Give an example in 


which the sequence (u,) has mo cluster value in Cn (Ju) (see section 10.5, problem 5). 

b) Suppose in addition that E is finite dimensional; using the result of a), give 
a new proof of Peano’s theorem (section 10.5, problem 4 b); use Ascoli’s theorem 
(7.5.7) and the Weierstrass approximation theorem (7.4.1)). 

2) a) In the polycylinder P: |¢ —%| <a, |¥ — %9|< 0 in R?, let g,h be two real 
valued continuous functions such that g(t,x) < A(t,~) in P. Let (resp. v) be a solution 
of x’ = g(t,x) (resp. %’ = h(t,x)) defined in an interval [f),f9 + οἰ, taking its values in 
]*%) — 8.4% + ὃ[ and such that u(t) = ζ0 (resp. v(t) = Χο); Show that u(t) < v(t) 
for ty << ἐ < % + ὁ (consider the l.u.b. of the points 5 in [ἐρνΐρ + οἷ such that u(t) < υ(ὴ 
for tj < ἐ < 5). 

b) Let g be continuous and real valued in P, and let uw be the maximal solution 
of x’ = g(t,x) corresponding to (¢,%9) (section 10.5, problem 7); suppose u is defined 
(at least) in an interval [ἐρ,ἐρ + οἱ and takes its values in ]%) — 6,%) + b[. Show 
that in every compact interval [f),4) + d] contained in [f),f9 + c[, the maximal and 
minimal solutions of x’ = g(t,x) + ε are defined and take their values in ]% — 6,%) + b[ 
as soon as € > 0 is small enough, and converge uniformly to u when «¢ tends to 0. 
(Given ¢,> 0, there exists an s > é) such that the maximal and minimal solutions 
of all the equations x’ = g(t,x) + ε for 0< ε < €, corresponding to (to, ¥%9), are defined 
and take their values in 1Χρ — b,x) + δ. in [%,s]; observe that all these functions 
form an equicontinuous set in [{0,5], and prove the uniform convergence to u in [f5,5] 
by applying the result of a), Ascoli’s theorem (7.5.7), (10.4.3) and (8.7.8). Finally, 
show that the l.u.b. of the numbers d having the stated property is necessarily equal 
to c, using in particular the last statement of section 10.5, problem 7.) 

c) In the ball P, let g and h be two continuous real valued functions such that 
g(t,x) < h(t,x) in P. Let [fp,49 + ¢] be an interval in which a solution u of x’ = g(t,*) 
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such that u(f)) = x9, and the maximal solution v of #’ = h(t,x) corresponding to 
(f9,%9) are defined and take their values in ]%) — b,%, + b[. Show that u(t) < v(t) 
for 4) Ξ Εἰ < ty) +c (apply a) and b)). 

3) a) Show that the conclusions of problem 6 a) of section 10.5 are still valid when 
E is fimtte dimensional, and the assumptions are modified as follows: 1° f is supposed 
to be continuous in I x H (when K = R), but not necessarily locally lipschitzian; 
2° φ is the maximal solution (section 10.5, problem 7) of the equation z’ = h(s,z) 
in [0,a], corresponding to the point (0,0). (Use the results of problems 1 a) and 2 b), 
and apply the diagonal process as in problem 4 b) of section 10.5.) 

b) Suppose in addition that there exists a sequence (Yy),> 9 of real valued 
functions, continuous in [0,a], taking their values in [0,7], such that for » > 1, 


Ss 
Ynls) = [h(E,Yy — χ(ξ))άξ for O< s <a. Let yp be continuous in J if K = R, analytic 
0 


in J if K = C, with values in 5, and such that ||yo(¢) — x9|| << Yo(|¢ — %|) in J. Show 
that there exists a sequence (y,),> 1 of mappings of J into 5, which are continuous 


t 
if K = R, analytic if K = C, and such that y,() = %) + [/(0,7,—1(6))d0, and that 
ty 


llyn(4) — *o|| < Y¥,(|¢ — %|) in J for every »> 1. When Καὶ = 6, conclude that the 
sequence (¥y,) converges in J (uniformly in every compact subset of J) to the unique 
solution u of χ' = f(t,x). (Use (9.13.2) and the proof of (10.4.5).) Is this last statement 
still true when K = R and / is not supposed to be locally lipschitzian (cf. section 10.5, 
problem 2) ? 

4) a) Let I= [ἐρ»ἔρ + c[C R, and let m be a real valued continuous function > 0, de- 
fined inI x R. Let S bean open ball of center ¥, in E, and let f be a continuous mapping 
of I x S into E such that for ¢eI, χ) Ε Sand 4, Ε 5, ||f(t,4,) —f(t,%9)|| < w(t,||4%,—%9||). 
Let u,v be two solutions of x’ = /(#,*), defined in I, taking their values in S, and such 
that u(t)) = %,, u(t,%») = x2; let ὦ be the maximal solution (section 10.5, problem 7) 
of χ' = w(t,z) corresponding to (9,21 — %,||), and suppose w is defined in I; show 
that in I, ||«(t) — v(¢)|| < w(t). (For small ¢ > 0, consider the maximal solution w(t.) of 
2 = w(t,z) + € corresponding to (tp,||¥, — 24}, which is defined in [t,4, + d] 
if d<¢, as soon as « is small enough (problem 2); show that for ᾧ -ξ,: ἐξ ᾧ + d, 
||4(t) — v(t)|| < w(t,e), using contradiction: consider the g.l.b. ¢, of the points # such 
that ||y(¢)|| > w(t,e), where y(t) = u(t) — v(t), and observe that for ¢> ἢ 


Iy@|| — Πνῳ}}} τε |lv@ — v4)|I|< sup [γ΄ (9}}}: (ὁ — 4).) 
ἐς 5«- 


Ὁ) Let I’ = Jt) — c,t,], and suppose that the assumptions of a) are verified when I 
is replaced throughout by I’. Let now ὦ be the minimal solution of z’ = w(t,z) cor- 
responding to (é,||4, — %,||), and suppose it is defined in I’; show that in I’, 
||«(¢) — v(t)|| > w(t) (same method). 

5) a) Let I be the open interval ]0,a[ in R, and let w be a continuous function in 
I x [(0,+ co[, such that w(t,z) > 0, and w(t,0) = 0 for ¢¢1; ὦ can be extended to 
Ix R by the condition w(t, — z) = w(t,z) for z< 0. We suppose that if ὦ is a solution of 
Ζ' = w(t,z) defined in an open interval ]0,«[CI, such that ὦ can be extended by continu- 
ity to the half-open interval [0,a[ by taking w(0) = 0, and that in addition w’(0) is then 
defined and éqiial to 0, then necessarily w(t) = 0 identically in ]0,a[. Let now S be an 
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open ball of center x) in a real Banach space E, fa continuous mapping of [0,a[ x S 
into E, such that, for 0< ¢<a and #,,%, in S, ||f(t,7,) — f(t,%)|| << w(t,||¥, — +). 
Show that in an interval [0,«] with « < a, there is af mos? one solution u of x’ = f(t,x) 
such that u(0) = χρ. (Use contradiction: if v is a second solution such that v(0) = %p, 
minorize ||#(#) — v(t)|| in ]0,a], using problem 4 b).) 
b) Let θ(ἢ be a continuous function defined in ]0,a[ and such that 0(/) > 0. Show 
1 + θ(ὴ 


o O(t 
that if the integral [ “Ἢ dt is convergent, the result of a) applies to w(é,z) = a ρς Ζ 
0 


᾽ 


a θ(ἣ 


if, on the contrary, eee dt = + o, give an example of a continuous real valued 
0 


1+ O(¢ 
function f in [0,@[ x R, such that |f(é,%,) — f(t,%2)|< an |*, — x,|, and that 
the equation +’ = f(t,*) has an infinity of solutions in [0,a[, equal to 0 for ¢ = 0. 


a 


1+ 4 
(Let y(t) = o(- [ ee 4) ; define f(é,~) as equal to (1 + @(¢))#/t for |z|< p(t), 
t 5 

and independent of x for [χ] > 9/(t).) 


6) Let I be an open interval in R, H an open subset of a Banach space E over R. 
Let 4, be a point of I. 


a) Suppose fis continuousinI x H, and that there is a number ἃ such that O0<k <1 


and that, for any ¢ £ 4, and 4,,%, arbitrary in H, 


k 
{{{{,5.) — f(t,%9)||< ft— 4 | — 39}: 
— £6 
There is then at most one solution of x’ = /(t,¥) taking a given value x ¢ H for? = & 
and defined in a neighborhood of ἐφ (problem 5 a)). But in addition, if u,v are two 
approximate solutions of +’ = f(#,*) in an open ball J of center 4, contained in I, 


with approximations ¢é,€,, and such that u(fy) = v(t)) = %, then, for any te J 


[μιῇ — v(4)|| <2 


(Use the same method as in (10.5.1).) 

Ὁ) Let I = ]—1,1f, H= E = R, and let @ be the set of all real valued func- 
tions /, continuous inI x H, and such that, for? σέ Oin I, |f(t,%,) — f(t,%)|< |%,— ¥9|/|é|. 
There is then at most one solution of x’ = /(t,*) taking a given value for ¢ = ᾧ and 
defined in a neighborhood of ¢ (problem 5 a)). But prove that there is no function 
φί(ἐ,ε) = Ὁ such that, for any pair (u,v) of approximate solutions, with approxima- 
tion ε, of any equation x’ = f(t,x) with ῥ ε Φ, such that u and v are defined in I and 
u(t) = v(t), the relation ||u(¢) — v(¢)|| < φί },6)] would hold for every ¢eI. (For 
any « € ]0,1[, let f be the continuous function equal to z/t for [χ] ες ¢?/(a — ἢ), 
0 -- ἐ « α, and fort >a, and independent of ¢ for the other values of (?,¥) such 
that ¢>0; define f(t,7) = f(—t,%) ἴοσ ἐξξ 0. Take u=0; let v(t) = et for 
|| <a, and take for v a solution of x’ = f(t,*) for the other values of 7.) 

7) The notations being those of section 10.4, suppose E is finite dimensional and 
f is continuous in I x H; let (t),%9) be a point of I x H, J an open ball of center ¢, 
contained in I, S an open ball of center x, such that SC H. Suppose / is bounded 
in J x 5, and the following conditions are verified: 
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1° There is at most one solution of x’ = f(t,) defined in an open interval contained 
in J and containing 4), and taking the value % for ἐ = f. 
2° There exists a sequence (uU,)y4> 0 of continuous mappings of J into S such that 


t 
Uy(t) = % + Ji (s,uy —1(s))ds for n> 1 and fe J. 
t 


3° For every te J, u,+1(t) — u,(t) converges to 0 when tends to + oo, 

Show that in every compact interval J’c J containing ¢, the sequence (μη) 
converges uniformly to a solution of x’ = f(t,x) equal to % for t= tj). (Observe that 
the sequence (μη) is equicontinuous; use Ascoli’s theorem (7.5.7), as well as (3.16.4) 
and (8.7.8).) 

8) Suppose Ε is finite dimensional, ὦ and } verify the conditions of problem 5 a), 
and in addition, for every ¢€ ]0,a[, the function z > w(t,z) is increasing in [0,+ oof. 
There is then at most one solution of x’ = f(t, #) defined in an interval [0,a[ ¢ [0,a[ 
and taking the value %) for ¢ = 0 (problem 5 a)). Suppose in addition that there 
exists, in an interval J = [0,%] C [0,a[, a sequence (Un)n>0 Of continuous mappings 


t 
of J into S such that u,(t) = χρ + J H(ssun — 1(s))ds for nm > 1 and te J. 
0 


a) For every ἐξ J, let yy(t) = {{π|,,.4. χ(ἢ) — uy(t)||, 2n(t) = sup γρ 4. κ(ἢ, and 
k>0 


w(t) = inf z,(¢). Show that the functions z, and τὸ are continuous in J (use problem 11 
n>0 
of section 7.5). 
b) Let 4,4 — ὁ be two points of J (ἢ > 0); show that, for every ὃ > 0, there is 
an N such that, for > N, 


[γκ.(ἢ — γμ(ἐ — h)| <f w(s,w(s) + d)ds. 


(Use the mean value theorem (8.5.1), as well as (7.5.5).) 
9) Deduce from b) that, for n> N 
t 
lzn(t) — zn(é— h)|< Jf w(s,w(s) + d)ds 
t—h 


(consider in succession the cases z,(t) < z,(t — ἢ) and 2,(t) > z,(¢ — ἢ). Hence 


t 
|w(t) — wit—h)\< J w(s,w(s))ds (by (8.7.8)). 
t—h 
d) Conclude that w(t) = 0 in J (same argument as in problem 4 b) and pro- 
blem 5 a)), and using problem 7, prove that the sequence (μη) converges uniformly 
in J to a solution of x’ = f(t,*) taking the value *) for ¢ = 0. 


9) The notations being those of section 10.4, suppose E is finite dimensional, and f 
is continuous and bounded in I x H. Suppose in addition there is at most one solution 
of x’ = f(t,x) defined in any open interval J cI containing /), and equal to x, ΕΗ 
for ¢ = fj. Suppose that, for any integer n > 0, there exists an approximate solution 
uy, of x’ = f(t,x), with approximation 1/n, defined in I and taking its values in H, 
and such that u,(¢)) = %. Show that in any compact interval contained in I, the 
sequence (u,) is uniformly convergent to a solution u of χ' = {(t,*), taking its values 
in H and such that u(t) = %. (Use the same argument as in problem 7.) 
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(10.8.1) Let f be locally lipschitzian (10.5.4) in I x H if K = R, analytic 
mlx HifK=C. Then, for any point (a,b) ΕἸ x H: 

a) There 1s an open ball JCI of center a and an open ball VCH of 
center b such that, for every point (ty,X%)) € J X V, there exists a unique solu- 
tion t > u(t,to,%) of (10.4.1) defined in J, taking tts values in H and such 
that ulty,ty,X%) = Xp. 

b) The mapping (t,ty,%9) — u(t,to,%q) 15 uniformly continuousin J x J x V. 

c) There 1s an open ball WCVY of center ὃ such that, for any point 
(t,l9,%) € J X J x W, the equation χρ = u(ty,t,x) has a unique solution 
χ = U(t,ty,X%) in V. 

a) By assumption, there is a ball 106 1 of center a and a ball 
By CH of center ὃ and radius 7 such that in Jy X Bo, ||f(é,~)|| <M, and 
A(t,%1) — f(t,%9)|| < ἃ ||x, — χ4|} for £€ Jy, %,%, in By. By (10.4.5) there 
is an open ball J, C Jy of center ἐρ and a unique solution v of (10.4.1) defined 
in J,, taking its values in H and such that v(a) = b. We are going to see 
that the open ball V of center 6 and radius 7/2, and the open ball J of 
center a and radius p, answer our specifications as soon as p is small enough. 
Apply (10.5.6) to the case «= β -- 0; this shows that there exists a 
solution of (10.4.1) defined in J, with values in By, taking the value x, € V 
at the point 9 € J, provided we have 


(10.8.1.1) ΠΠυ(ἢ --- B|| + ||v(é) — xolle*h <r 


for every ἐξ J. But by the mean value theorem, we have ||v(¢) — ὁ} 
<M|t—a|<Mp for every ἐξ J; as by assumption ||x) — 6|| < 7/2, 
the inequality (10.8.1.1) will be satisfied if p is such that 


(10.8.1.2) Mp + (Mp + 2) erho <x 

which certainly will be satisfied for small values of p > 0. 
b) From the mean value theorem, we have 

(10.8.1.3) ||*(t,,l9,%9) — M(terty,Xo)|| < Mtg — 4| 

for %,t,,t2 in J, x) in V. By (10.5.1), we have 


(10.8.1.4) ||2¢(t,t9.%4) — (t,t, %2)|| << ἐπ᾽ [χς — λ4]} 
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for ἐφ in J, %1,%, in V. Finally, (10.8.1.3) for ¢ = ¢, yields by definition 
||¢(t,t2.%9) — %o|| < Ml, — ἢ] 


and as t — u(t,t.,%9) is the unique solution of (10.4.1) in J which is equal 
to u(t,,to,%) at the point ¢,, we have, by (10.5.1) 


(10.8.1.5) ||te(t,t,,%9) — (t,ty,%)|| < Me**? [ἐς — 4,| 


for t,t,,t in J, ΕΝ. The three inequalities (10.8.1.3), (10.8.1.4) and 
(10.8.1.5) prove that « is uniformly continuous in J x J x V. 


c) By (10.8.1.3), we have ||u(t,t9,x9) — %|| << Mlé—%|<2Mp in 
J x J x V. Suppose p satisfies (10.8.1.2) and in addition the inequality 
2Mp < 7/4; then, if W is the open ball of center ὃ and radius 7/4, we have 
u(t,to,X») € V for t,t) in J and x»eEW. Let x = w(t,t,%») for such values of 
t,ty,%y; then 5 — u(s,t,x) is defined in J and is the unique solution of (10.4.1) 
with values in H which takes the value x at the point ἐ; but ass — u(s,to,%9) 
has these properties, we have u(s,t,x) = u(s,to,%) for se J; in particular 
Xq = U(toto,X%o) = U(ty,t,x). Suppose now y  V is such that w(tq,t,y) = χρ; 
then s — u(s,t,y) is a solution of (10.4.1) defined in J and taking the value % 
for 5 =); therefore u(s,t,y) = u(s,fo,%9) for any se J, and in particular, 
for s = t, y = w(t,ty,%)) = x, which ends the proof. 


(10.8.2) With the notations of (10.8.1), suppose that f is continuously differen- 
tiable (resp. p times continuously differentiable, analytic (tf E ts finite 
dimensional)) in 1 x H. Then it is possible to take J and V such that the 
function (t,ty,%q) - U(t,to,%) 5 continuously differentiable (resp. p times 
continuously differentiable, analytic) in J x J x V. 


Indeed, if we write .u(s,ty,%) = “(tp + S,f9,%) — %, we see that 
s — v(S,ty,%9) is a solution of the equation 


2! = fly + S,%9 + 2) 


which takes the value 0 at the point s = 0; the result then follows from 
(10.7.3), (10.7.4) and (10.7.5). 7 


For linear differential equations, there are much more precise results. 
The equation 


(10.8.3) χ' = A(t)+x 
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is called the homogeneous linear differential equation associated to (10.6.2) ; 
the difference of any two solutions of (10.6.2) in I is a solution of (10.8.3) 
in I, and the solutions of (10.8.3) in I constitute a vector subspace # of 
the space @,(I) of all continuous mappings of I into E. 


(10.8.4) For each (s,%), let t + u(t,s,X%») be the unique solution of (10.8.3) 
defined 1n I and such that u(s,s,%») = Xp. 

1° For each t el, the mapping χρ — u(t,s,X%») 1s @ linear homeomorphism 
C(t,s) Ε L(E) of E onto itself. 

2° The mapping t +C(t,s) of I into the Banach space £(E) 1s equal 
to the solution of the linear homogeneous differential equation 


(10.8.4.1) δ’ = A(t)oU 


which ts equal to I, (identity mapping of ἘΠ) fort =s. 
3° For any three points 7,s,t in I 


(10.8.42). C(r,t) =C(r,s)oC(s,t) and C(s,t) = (C(t,s))-1. 


It is clear that u/(t,s,x,) + u(t,s,x,) (resp. Au(é,s,%)) is a solution of 
(10.8.3) which is equal to x, + x, (resp. Ax) for ¢ = 5; hence (10.6.4) it 
is equal to u(t,s,x, + x,) (resp. u(t,s,Ax»)) in I, which proves that the 
mapping x) — Μ(έ,5,Χ0) is linear; let us write it C(é¢,s) (we have not yet 
proved that this mapping is continuous in E). 

Now the bilinear mapping (X,Y) ~ ΧΟΥ͂ of #(E) x #(E) into P(E) 
is continuously differentiable (8.1.4); denote by R(t) the continuous linear 
mapping U — A(t)oU of (FE) into itself. From (5.7.5) it follows at once that 


Κι — ΚΟΊ < ||A@ — Α(Ἴ} 


hence, if K = R, ¢ > R(#) is regulated if ¢ — A(t) 15 regulated. On the 
other hand, if ¢ ~ A(t) is differentiable, so is ¢ - R(¢), and its derivative 
at the point ¢ (identified (8.4) to an element of Y(E)) is the mapping 
U +A’(t)oU ((8.1.3) and (8.2.1)); hence if ¢ - Α΄ (ἢ is continuous, so 15 
t + Κ΄ (ἢ. We can therefore conclude that if Καὶ = C and if ¢ ~ Α (ἢ is 
analytic in I, so is ¢ > R(é) (9.10.1). In any case, we may apply (10.6.4) 
to the equation (10.8.4.1); let V(¢) be the solution of that equation equal 
to J, fort =s. We have, for any ¢ eI ((8.1.3) and (8.2.1)) 


D(V(t) " Χο) = Vi(t) + χο = 4(ἢ - (VUE) - χροὶ 
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and furthermore, for ἐ = 5, V(s)+ χρ Ξξξ [ε΄ Χο = %; it therefore follows 
from (10.6.4) applied to (10.8.3) that C(é,s) - %) = V(t): x) for any x) ε E, 
hence C(t,s) = V(t) for ἐξ 1. This proves that C(é,s)e #(E) and that 
ἐ + C(t,s) is the solution of (10.8.4.1) which is equal to J, for ¢=s. 

Finally, the function ¢ > C(t,r)- x9 is the solution of (10.8.3) equal to 
C(s,r) + % for ¢= 5; hence, by definition 


C(t,r) + % = C(t,s) - (C(s,7) + %) = (C(t,s)oC(s,7)) " X% 


for any %)¢E, which proves the first relation (10.8.4.2); as C(¢,¢) = Ig, 
that relation yields C(t,s)oC(s,t) = Ig. This shows that C(s,t) is a brjective 
linear mapping of E, whose inverse mapping is C(é,s) (hence also belongs to 
£(E)). With this we reach the end of the proof of (10.8.4). 

The operator C(z,s) is called the resolvent of (10.8.3) (or of (10.6.2)) in I. 


(10.8.5) The mapping (s,t) + C(s,t) of 1 x I tnto YE) 1s continuous. 


We may indeed write C(s,t) = C(s,tp)o(C(é,é))) 1, and the result then 
follows from (10.8.4), (5.7.5) and (8.3.2). 


The knowledge of C(s,t) enables one to give the explicit solution of 
(10.6.2) taking the value χρ for ¢ = ἐρ: 


(10.8.6) The function 
u(t) = Ο(ἐ,0) + % + J (C(é,s) - b(s))ds 


ts the solution of (10.6.2) in I which is equal to x9 for t = ty (if Καὶ = C, the 
integral is to be taken along the segment of origin 4, and extremity ἢ). 
Indeed, one may write, by (10.8.4.2) 


t t 


J (C(és) - B(s))ds = Ο((,10) " (J (C(to,8) " (s)) 4s) 


to by 


using (8.7.6); therefore, we have u(t) = C(t,t)) - z(t), where 
t 
z(t) = χορ + f (C(tp,s) - b(s))ds. 
to 


Hence ((8.1.4) and (8.2.1)) 


u'(t) = C'(tytp) - z(t) + C(t,t) - 2’ (6). 
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But by (10.8.4.1), Ο' (ἐμ) = A(foC(tt)), and on the other hand, 
z'(t) = C(ty,t) - δ(ἢ by definition; hence 


"(ἢ = A(t) - u(é) + δ(ὴ 


and as u(ty) = Xp, this ends our proof. 

When E = K”, and the equation (10.6.2) is then written as a system 
of scalar linear differential equations (10.6.5), the resolvent C(s,¢) is an 
invertible n Χ n matrix (c;,(s,t)) whose elements are continuous in [ x I, 
and ¢ -¢,,(t,s) is a primitive of a regulated function in 1 if Καὶ = R, an 
analytic function in I if Καὶ = ἧ (. 


PROBLEM 


a) Suppose, in the linear differential equation (10.6.2), that A and ὃ are analytic 
functions in the simply connected open subset HCC. Show that, for any 4, Ε H and 
any %, € E, there is a unique solution u of (10.6.2), defined in H and such that u(fy) = %p. 
(Use the same kind of argument as in (9.6.3): (10.6.3) allows one to define a solution 
of (10.6.2) along a broken line (section 5.1, problem 4) in H, and the argument of 
(9.6.3), along with local uniqueness, yields the result.) 

b) Show that the result of a) is not valid for the scalar differential equation 
x’ = t/x: given any simply connected open subset HCC, and any #,¢H, there 
exists an % € E, such that x) ~ 0 and that there is mo solution of the equation defined 
in H and equal to %, for t = &. 


9. The theorem of Frobenius 


Let E,F be two Banach spaces over K, A (resp. B) an open subset of E 
(resp. ΕἸ, U a mapping of A x B into the Banach space P(E; F) (5.7). 
A differentiable mapping wu of A into B is a solution of the total differential 
equation 


(10.9.1) y’ = U(x,y) 
if, for any x € A, we have 
(10.9.2) u'(x) = U(x,u(x)). 


When E = K, YE; F) is identified to F (5.7.6), and a total differential 
equation is thus an ordinary differential equation (10.4.1). When E = K” 
is finite dimensional, a linear mapping U of E into F is defined by its 
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value at each of the basis vectors of E, and by definition, (10.9.2) is thus 
equivalent to the system of ἡ “partial differential equations”’ 


(10.9.3) Dy =fl%p..o% py) (L<i<n). 


In general, such a system will have no solution when z > 1, even if 
the right-hand sides ἡ are continuously differentiable functions. We say 
that an equation (10.9.1) is completely integrable in A Χ B if, for every 
point (χορ, γο) EA X B, there is an open neighborhood S of χρ in A such that 
there 1s a unique solution u of (10.9.1), defined in 5, with values in B, and 
such that μ(χρ) = Yo. 

We will suppose in what follows that U 15 continuously differentiable 
in A x B; for each (x,y) EA x B, D,U(x%,y) (resp. D,U(x,y)) is an element 
of H(E; “ΚΕ; ΕἸ) (resp. #(F; #(E; F))), which can be identified to the 
continuous bilinear mapping (s,,s,) -» (D,U(%,¥y) " 51) 825 of E x E into F, 
written (s,,s,) ~ D,U(x%,¥) " (s,,S,) (resp. the continuous bilinear mapping 
(t,s) + (D,U(x,y)- t)-s of F x E into F, written (f,s) ~ D,U(x,y) - (¢,s)) 
(5.7.8); furthermore, the linear mapping s, — (D,U(%,¥)-s,)-s, of E 
into F, for each s, € E, is the derivative at the point (x,y) of the mapping 
x — U(x,y)+s, of E into F, by (8.2.1) and (8.1.3); similarly, the linear 
mapping ¢ > (D,U(x,y) - ἢ - 5 of F into F, for each s € E, is the derivative 
at the point (x,y) of the mapping y > U(x,y)-s of F into F. 


(10.9.4) (Frobenius’s theorem). Suppose U is continuously differentiable 
in A x B. In order that (10.9.1) be completely integrable in A X Β, ts 
necessary and sufficient that, for each (x,y)€ A Χ B the following relation 


(10.9.4.1) D,U(x,¥) - (81,52) + D.U(x,y) - (U(%,¥) " 54,59) 
= D,U(x,9) (5,5) + DgU (x.y) * (U(%,9) + 58,5) 
holds for any patr (5.,54) wn E X E. 


a) Necessity. Suppose τε is a solution of (10.9.1) in an open ball SCA 
of center x, such that u(%9) = yo; then, from (10.9.2) and the assump- 
tion it follows that w’(x) is differentiable in 5; moreover, for any 
s,€E, the derivative at the point x, of the mapping x — u’(x)- Sg is 
81 > Μ΄ (χορ) (51.590) by (8.12.1). But by (10.9.2), that derivative is also 
(using (8.2.1), (8.1.3) and (8.9.1)) 


Sy > (D,U(%9,¥o) 51) Se + (DU (%o,¥0) ° (με΄ (Χο) " Sy)) * Sg. 
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Using the relation (10.9.2) again, and expressing that the second derivative 
of μ at the point x, is a symmetric bilinear mapping (8.12.2), we obtain 
(10.9.4.1) at the point (χρ,γο). But by assumption that point may be 
taken arbitrarily in A x B, hence the result. 


b) Sufficiency. Let S,c A be an open ball of center x and radius «, 
T, © B an open ball of center yg and radius β, such that U is bounded in 
50 X To, let ||U(x,y)|| <M. We consider for a vector z € E the (ordinary) 
differential equation (where & € K) 


(10.9.4.2) w’ = U(%_ + éz,w) " 2 = f(é,w,z) 


and observe that if « satisfies (10.9.2) in a neighborhood || — x9|| < ρ of 
χορ, & — μίχο + &z) for ||z|| << p is a solution of (10.9.4.2) in the ball δ «1 
in K, taking the value y, for = 0 (which already proves uniqueness οἱ Ἡ 
by (10.5.2)). Now the right-hand side of (10.9.4.2) is continuously 
differentiable for || <2, [[ὦ — yo||< 8 and ||z||<«/2, and we have 
\|*(,w,z)|| < M||z|| for such values. Applying (10.5.6) tof and to g=49, 
we conclude that for any ΖΕ E such that ||z||< £/2M, there is a unique 
solution € -» v(&,z) of (10.9.4.2) defined for Ιξ | < 2, taking its values in H 
and such that v(0,z) = yp. We are going to prove that the function 
u(x) = v(1,x — x) is a solution of (10.9.1) im the ball ||x — χροὶ] < B/2M. 

Now, for ||z||< βΙ2 Μ and |é| < 2, we know from (10.7.3) that v is 
continuously differentiable, and that & — D,v(é,z) 15, for ξ | < 2, the 
solution of the linear differential equation 


= Def(é,v(€,2),2)oV + Dgf(E,0(é,2),2) 


taking the value 0 for = 0. For any s, EE, write g(é) = D,v(€,z) " 53; 


we have g’(&) = D,f(é,v(é,z),z) - g(€) + Τρ, γ(ξ,υ(ξ,2),2) 53. and from the 
definition of /, this can be written 


g’(&) = A(E) - (g(€),2) + B(E) +s, + ξΟ(ξ) - (81,2) 


with A(é) = D,U(%) + &2,v(,z)), B(&) = U(%_ + &2,v(€,z)), C(&) 
D,U (xq + &2,v(&,z)). We want to prove that g(f) = U(x» + &z,v(€,z)) " sy 
and we therefore consider the difference h(£) = g(&) — €U(%9 + &z,v(,z)).-s, = 
g(é) — €B(é)-s,. We have 


h'() = A(8) (g(é),2) + B(é) «8, + C(E) - (Sy2) — BUS) - δι — EC(E) + (2,54) 
— £A(E)- (B(E) + 2,5) 


Ι 
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using the relation D,v(&,z) = U(x) + &z,v(é,z))- z= B(&):z. But relation 
(10.9.4.1). yields in particular 


C(E) - (α,5} + A(8) - (B(E) + 2,5} = C(E) - (5,2) + A(E) - (BCS) - 51,2) 


hence 


μ΄ (ξ) = ACS) - (g(€) — ξΒ(ξ) - sy,.2) = A(€) - (A(E),2). 


Furthermore, A(0) = 0; but the only solution of the linear differential 
equation 7’ = A(€)- (7,2) which vanishes for ᾧ = 0 is 7v(é) = 0 (10.6.3), 
hence h(€) = 0 for |&| < 2, which proves the relation 


Dau(€,2) + $3 = FU (%q + €2,0(§,2)) " Sy 


for any s, EE, ie. Dyu(é,z) = EU(% + &2z,v(&,z)). This holds for |&| < 2 
and ||z||< βΙ2Μ; in particular, for = 1, and putting x = x, +2, we 
obtain μ΄ (χ) = U(x,u(x)) for ||x — x9||< 6/2M, which ends the proof. 


(10.9.5) Suppose U ts continuously differentiable in A x B and verifies 
the Frobenius condition (10.9.4.1). Then, for each point (a,b)E A Χ B, there 
1s an open ball SCA of center a and an open ball TCB of center δ, having 
the following properties: 1° for any point (χρ»νο) ES X T, there is a unique 
solution x — u(X,%Xp9,Vo) of (10.9.1), defined in 5 and such that u(%»,%9,Vo) = Vo} 
2° u ts continuously differentiable in SxS xT. If in addition U ts p 
times continuously differentiable (resp. analytic if E and F are finite dimen- 
stonal) in A X B, then uts ἡ times continuously differentiable (resp. analytic) 
mSxXS x T. Finally, there is an open ball WCT of center ὃ such that, 
for every point (%,%»,Vo) ES Χ 5 X W, the equation yo = U(%,%,¥) has a 
unique solution y = u(x,X»,Vo) mn T. 

Let 505 Α be an open ball of center a and radius «, Tj C B an open 
ball of center ὃ and radius β, such that ||U(x,y)|| < Min Sp x To. Consider 
the ordinary differential equation 


(10.9.5.1) το’ = U(x» + ἔζ,γνο + 10)" 2 = f(E,W,2,%,Vo)- 


As in the proof of (10.9.4) we see that there is a unique solution ἔ +v(&,z,%9,Vo) 
of that equation, defined for || < 2 and such that v(0,z,%9,¥9) = 0, provided 
120 — al|<a/8,  ||z|| < inf («/4,6/2M), ||v9 — 0||< #. Furthermore, 
(10.7.3) shows that v is continuously differentiable for these values of 
€,2,%9,¥9p provided « and f# have been taken such that the derivative of 
U is bounded in S, x Ty. Then (10.9.4) shows that u(%,%9,V9) = 
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Yo + v(L,% — %q,%,Vo) iS the unique solution of (10.9.1), defined in 5: 
\|x —a||<a/8, taking the value yp for x= %p, hence (%,%9,Vo) +4(%,%q,Yo) 
is continuously differentiable in S x S Χ Ty. The proof that τη is p times 
continuously differentiable (resp. analytic) when U has the corresponding 
property, is done in the same way, using (10.7.4) (resp. (10.7.5)) instead of 
(10.7.3). Finally, the last statement of the theorem is proved by the same 
argument as part c) of (10.8.1). 


When E = Κ᾿, the Frobenius condition (10.9.4.1) of complete inte- 
grability is equivalent, for the system (10.9.3), to the relations 


ὃ 


0 
(10.9.0) -ς- μίλν.....»5,»}) + 37 


Xj oy μίση. + Xm) * L(y «.»3,.2) 


ὃ ὃ 
= ὅς, fie ae haa) Ἔ ὃν fi Ὁ ἡ ΕΣ Χο) . filxp- Ἔ ἐν.) 


᾿ ὃ ᾿ 
(where it must be remembered that By "αν. .+,%n,y) is an element of 


«ΚΕ; ΕἸ (a matrix if F is finite dimensional), and /,(%,,...,%,,y) an element 
of F). | 


Chapter XI 


Elementary Spectral Theory 


The choice of the subject matter of this Chapter has been dictated by 
two considerations: 1° it is the first step in one of the main branches of 
modern Functional Analysis, the so-called “Spectral theory’; 2° it draws 
practically on every preceding Chapter for the formulation of its concepts 
and the proof of its theorems, and thus may convince the student that the 
“abstract’’ developments of these chapters were not purposeless generaliza- 
tions. 

General spectral theory, being closely linked to the general theory 
of integration, falls outside the scope of this book, and the reader will 
not find any results of that theory in this Chapter, with the exception of 
the proof of the existence of the spectrum (11.1.3) and a few elementary 
properties of the adjoint of an operator (11.5). We have concentrated 
on the theory of compact linear operators, which can again be considered 
as “‘slight’’ perturbations of general operators, although in a sense quite 
different from the one which was prevalent in Chapter X; here what is 
considered as ‘‘negligible’’ is what happens in finite dimensional subspaces, 
and the substance of the main theorem (11.3.3) on compact operators is 
that when we add such an operator to the identity, what we get is again 
a linear homeomorphism, provided it is restricted to a suitable subspace 
of finite codimension. Compact self-adjoint operators in Hilbert space 
have a special interest, not only because it is possible to have much more 
precise information on their spectrum than for general compact operators 
(11.5.7), but also because their general theory immediately applies to 
Fredholm integral equations with hermitian kernel (11.6), and in particular 
to the classical Sturm-Liouville problem, which we have chosen as a 
particularly beautiful illustration of the power of the methods of Functional 
Analysis (11.7). 

For more information on Spectral theory, and on its powerful applica- 
tions, the reader can look into Taylor [23], Dunford-Schwartz [13] and 
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Loomis [20]; we also strongly recommend Courant-Hilbert’s classic [11] 
for its delightful style and its wealth of information. 


1. Spectrum of a continuous operator 


Let E be a complex normed space; a linear mapping u of E into itself 
is often called an operator in E. The set Y(E; E) of continuous operators 
(which we will write simply #(E)) is a complex normed space (5.7); it 
is also a noncommutative algebra over C, the ‘‘product’’ being the mapping 
(u,v) + που, also written (u,v) > uv. The identity mapping of E is the 
unit element of #(E), written 1. The mappings (u,v) > u + vand (u,v) — Μοῦ 
are continuous in Z(E) x &(E) (5.7.5). 

We say that a complex number ζ is a regular value for a continuous 
operator u if τὶ — ¢-1 has an inverse v, in L(E) (i.e. is a linear homeo- 
morphism of E onto itself). The complex numbers ¢ which are not regular 
for u are called spectral values of u and the set of spectral values of u 15 
called the spectrum S(u) of u. 


If £ εἰ is such that the kernel of « — €- 1 is not reduced to 0, then ¢ 
is a spectral value of u; such spectral values are called ecgenvalues of τ; 
any vector x #0 in the kernel of w— ¢- 1, i.e. such that u(x) = Cx, 15 
called an eigenvector of u corresponding to the eigenvalue ¢; these eigen- 
vectors and 0 form a closed vector subspace of E, the kernel of w — ¢- 1, 
also called the eigenspace of u corresponding to the eigenvalue ¢, and 
written E(f) or E(¢;x). 


When E has finite dimension ἡ, elementary linear algebra shows that 
any spectral value of an operator u is an eigenvalue of τ; the spectrum 
of u is a finite set of at most » elements, which are the roots of the 
characteristic polynomial det(u —C-1) of τ, of ‘degree ἡ. But if E is 
infinite dimensional, there may exist spectral values which are not 
eigenvalues. 


(11.1.1) Example. Let E be a complex Hilbert space, (a,) a total 
orthonormal system in E (6.6.1). To each vector x= 2,¢,a, in E (with 
\|x||2 -- &,,|C,|2) we associate the vector u(x) = 2,¢,a,4,1; it is readily 
verified that u is linear and ||u(x)|| = ||x||, hence (5.5.1) Μ is continuous. 
Moreover u(E) is the subspace of E orthogonal to a@,, hence τ is not sur- 
jective, and this shows that ¢ = 0 is a spectral value of τη; but u(x)= 0 
implies x = 0, hence 0 is not an eigenvalue of 4. 
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(11.1.2) Suppose E is a complex Banach space, τς a continuous operator 
im E. The set Κι, of regular elements C EC for u is open in C and the mapping 
C - (u— €-1)—1 of R, into L(E) is analytic. 


Suppose (gE R,, and let vg = (u — fy: 1)-1. For any ξεῦ, we may 
write, in #(E),u— C-l=u—ly-1—(€—fy) -1=(u— f° 1)(1— (ξ — ξο)υρ)- 
But, by (8.3.2.1), for [ζ — fg] < ||v9||-2, 1 — (ξ — ξοὴυρ has an inverse in 


~£(E), equal to the sum of the absolutely convergent series Σ (ζ — C,)"v?: 


n=0 


hence, for these values of ζ, w — ζ "1 is invertible in A(E), and its inverse, 


equal to (1 — (ξ — Ly)v9)—1v9, can be written (wu—€-1)-1 = Σ᾽ (f—f,)"v,"*1, 
n= 0 


the series being absolutely convergent for |¢ — | < ||vg||-1;_ which ends 
the proof. 


(11.1.3) Jf E ts a complex Banach space, the spectrum of any continuous 
operator u in E 1s a non-empty compact subset of € contained in the ball 
io] < |||]. 


First observe that for ζ 4 0, μ — €-1 = — C(1 — ξ- Μὴ), and therefore 
u — ξ "1 15 invertible in #(E) for [ζ] > ||s||, by (8.3.2.1). Furthermore, for 


[Ζ > |u|], (με —f-1)-1=— Σ δ δ Τρ, where the series is absolutely 


n=0 


oO 
convergent, and ||(w# — €-1)-4||< 2 |f|~*—*||||" = (|2| — [[{} 1; as soon 
n= 0 


as |C| > 2||«||, we have therefore ||(w~ — €-1)—1|| < {{μ|[-1. Now, if we had 
R,, = ©, (4 — ¢- 1)~! would be an entire function (9.9.6), bounded in € since 
it is bounded in the compact set [ζ] < 2||w|| and bounded in its complement ; 
by Liouville’s theorem (9.11.1) (# — ¢-1)—1 would be a constant, hence 
also its inverse u — ζ "1, which is absurd. The first part of the proof shows 
in addition that (« — ¢- 1) } exists and is analytic for |¢| > ||x||, therefore 
the spectrum of 4, which is closed in ©, is compact and contained in the 
ball |¢| < |lull 

It is possible to give examples of operators for which the spectrum is an 
arbitrary compact subset of € (see problem 3). 


PROBLEMS 


1) Let E be a complex Banach space, τ an element of #(E),S(u) its spectrum. 
a) Show that if a complex number € is such that, for an integer p > 1, |¢|? > [||], 
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Cc 
then ¢ is regular for u. (Use (11.1.3), and from the convergence of the series 2 C— MP yn? 
n=0 


ec 
conclude that the series 2 ζ΄ "uw" is also convergent.) 
n=0 


b) Show that the number p(u) = inf ||u"||/" is equal to the radius of the smallest 
n 


disc of center 0 containing S(u), and furthermore that the sequence (||u||2/") has 
a limit equal to p(u). (Use a), problem 1 of section 9.1, and (9.9.4).) (For an example 
in which p(u) # ||u||, see section 11.4, problem 4.) 

2) Let u,v be two elements of YL (E), where E is a complex Banach space. Show 
that, with the notations of problem 1, S(vuw) = S(uv). (Observe that if f,g are two 
elements of S(E) such that 1 — fg is invertible, and ἢ = (1 — fg)~?, then 1 + ghf 
is the inverse of 1 — gf.) 

3) Let E be a separable complex Hilbert space, (¢y),>14n orthonormal basis of E. 
Let S be an arbitrary infinite compact subset of C, and let (p,) be a denumerable set 
of points of S, which is dense in S (3.10.9). Show that there is a unique element 
ue FL(E) such that u(eé,) = pnén for every n> 1; prove that the spectrum of u 15 
equal to 8, whereas the eigenvalues of u are the py. If CES, ζ is not equal to any of 
the py, and ve = u — €-1, show that v-(E) is dense in E but not equal to E (use 
(6.5.3) to prove the first statement). 

4) Show that the spectrum of the operator τ defined in (11.1.1) is the disc 2} Ξ 1 
in C; «has no eigenvalue. If ve = τὸ — ζ 1, show that for |¢| « 1, v¢(E) is not dense 
in E, but for [ζ] = 1, vg(E) is dense in E and distinct from E (cf. (6.5.3)). 

5) Let E be a complex Banach space, Ερ a dense subspace of E. Show that for 
any element ue S(E,), the spectrum of uw is the same as the spectrum of its unique 
continuous extension % to E (5.5.4). Give an example of an operator τὲ Ε L£(E,) and 
of a spectral value ζ of w such that, if ve = τὸ — ξ 1, v¢ is a bijective mapping of E, 
onto itself* (in problem 3, consider the subspace E, of E consisting of the (finite) 
linear combinations of the vectors é,). | 


2. Compact operators 


Let E,F be two normed (real or complex) spaces; we say that a linear 
mapping u« of E into F is compact if, for any bownded subset B of E, u(B) 
is relatively compact in F. An equivalent condition is that for any bounded 
sequence (x,) in E, there is a subsequence (x,,,) such that the sequence 


(u(x, )) converges in Ἐς Asa relatively compact set is bounded in F (3.17.1), 


it follows from (5.5.1) that a compact mapping is continuous. 


* It can be shown that this is impossible in a Banach space E, as any bijective 
continuous linear mapping of E onto itself is a homeomorphism. See [6] in the 
Bibliography. 
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Examples. — (11.2.1) If E or F is finite dimensional, every continuous 
linear mapping of E into F is compact (by (5.5.1), (3.17.6), (3.20.16) and 
(3.17.9)). 


(11.2.2) If Eis an infinite dimensional normed space, the identity operator 
in E is not compact, by F. Riesz’s theorem (5.9.4). 


(11.2.3) Let I = [a,b] be a compact interval in R, E = @,(I) the Banach 
space of continuous complex-valued functions in I (7.2), (s,t) + K(s,t) a 
continuous complex-valued function in I x I. For any function feE, 


b 
the mapping ¢ — { K(s,)/(s)ds is continuous in I by (8.11.1); denote this 


function by Uf. Then the mapping / — Uf of E into itself is linear; we 
prove that it is compact. Indeed, if g = Uf, we can write, for ᾧ Εἰ, tel, 


ὃ 
(11.2.3.1) g(t) — B(to) = J (K(s,t) — K(s,fo))f(s)as. 

As K is uniformly continuous in I x I (3.16.5), for any e > O there is a 
ὃ > 0 such that the relation |t — t)| < 6 implies |K(s,t) — K(s,to)| < e for 
any 561; hence, for any / in E 


(11.2.3.2) Ig(t) — &(t)| < e(b — a) ||f\| 


by the mean-value theorem. This shows that the image U(B) of any 
bounded set B in E is equicontinuous at every point ᾧ of I (7.5); on the 
other hand, for any ἐεῖ, we have similarly |g(¢)| << A(|f|| if |K(s,t)| <A 
in I x I. By Ascoli’s theorem (7.5.7), U(B) is relatively compact in E. 


(11.2.4) With the same notations and assumptions on K as in (11.2.3), let 
now F be the space of complex-valued regulated functions in I (7.6), which 
is again a Banach space, when considered as a subspace of the space #,(1) ; 
Uf is then defined as in (11.2.3) for any / € F, and the inequality (11.2.3.2) 
still holds. The argument in (11.2.3) then proves that U is a compact 
mapping of F into E. 


(11.2.5) Jf u,v are two compact mappings of E into Ἐκ, u + v ts compact. 


Let (x,) be a bounded sequence in E; by assumption, there is a sub- 
sequence (x,) of (x,) such that (u(x,)) converges in F. As the sequence 
(x? is bounded in E, there is a subsequence (x,’) of (x,) such that (v(x,)) 
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converges in F. Then by (3.13.10) and (5.1.5), the sequence (u(x,) + v(x.) 
converges in F, q.e.d. 


(11.2.6) Let E,F,E,,F, be normed spaces, f a continuous linear mapping 
of E, into Ἐς, g a continuous linear mapping of F into Fy. Then, for any 
compact mapping u of E into F, u, = gouof is a compact mapping of E, into Fy. 


For if B, is bounded in E,, /(B,) is bounded in E by (5.5.1), u(/(B,)) is 
relatively compact in F by assumption, and g(u(/(B,))) is relatively compact 
in F, by (3.17.9). 

(11.2.7) If u is a compact mapping of E into F, the restriction of u to any 
vector subspace E, of E is a compact mapping of E, into u(E,). 

For by (11.2.6), that restriction is a compact mapping of E, into F. 

If B is a bounded subset of E,, «(B) is then a compact subset of F, and as 


u(B) Cu(E,), μ(Β) is relatively compact in u(Fj). 


Example. — (11.2.8) With thesame notations and assumptions on the function 
K asin ‘ 1.2.3), let now G be the prehilbert space defined by the scalar product 


(fg) = |b g(t)dt on the set @,(I) (6.5.1); we write the norm Val = ΠΗ ς 
ἴο distinguish it from the norm ||/|| = sup |f(d)|, and we still denote by E 
tel 


the space @,(I) 


; the identity mapping { > f of E into ἃ 


is continuous, since ||/||,< Vo —a-||f|| by the mean value theorem; but 
it is not bicontinuous, nor is G a Banach space. The Cauchy-Schwarz 
inequality (6.2.1) is written here 


(1.2.8.1) ΠΕ g(a}? < fd Bae) ( (κι 0) Pde). 


With the same notations as in (11.2.3), we therefore deduce from 
(11.2.3.1) and (11.2.8.1) that |t, — ἐς! < 6 implies 


(11.2.8.2) le(t,) — glts)| <e Vb —a: |If|le, 


and similarly |g(¢)| < RVb — a- ‘ll, for any ¢e1. Hence, by the same 
argument as in (11.2.3), f + Uf is a compact mapping of G into E; and as 
the identity mapping of E into G is continuous, / - Uf is also a compact 
mapping of G into G by (11.2.6). 
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(11.2.9) Let E,F be two Banach spaces, E, (resp. Fy) a dense subspace of E 
(resp. F), « a compact mapping of E, into Fo, ἢ its unique continuous extension 
as a mapping of E into F (5.5.4). Then ἤ(Ε) CF, and ὦ is a compact 
mapping of E into Fo. 


It is immediate that any ball ||x|| <r in E is contained in the closure 
of any ball of center 0 and radius > 7 in E, (3.13.13), hence any bounded 
set in E is contained in the closure of a bounded set B in E,. But #(B) 
is contained in the closure in F of the set #(B) = μ(Β) by (3.11.4); now, 
u(B) is relatively compact in Fo, i.e. its closure im Εν is compact, hence 
closed 1m F, and therefore equal to its closure in F. This shows that %(B) 
1s contained in Fy and relatively compact in that space, q.e.d. 


(11.2.10) Let E be a normed space, F a Banach space, (u,) a sequence of 
mappings in £L(E; F) (5.7) which converges touin L(E; F). Then, if every u, 
1s compact, u is compact. 


Let B be any bounded set in E; as F is complete, all we have to do 
is to prove that «(B) is precompact (3.17.5). Now B is contained in a ball 
\|*|| <a; for any ε > 0, there is % such that » > mp implies ||u — u,||<e/2a, 
and therefore (by (5.7.4)), ||«(x) — u,(x)|| << e/2 for any xe B. But as 
u,(B) is precompact, it can be covered by finitely many balls of centers γ᾽ 
(1 « 7 « »ὴ and radius ε[2. For any x eB, there is therefore ἃ 7 such that 
||¢,,,(%) — y;,|| « e/2, hence {{μ(5) — y,|| <<e, and the balls of centers γ; 
and radius ε cover u(B), q.e.d. 

In particular, any limit in Y(E; ΕἸ of a sequence of mappings of finite 
rank is compact by (11.2.1) and (11.2.10). Whether conversely any compact 
mapping is equal to such a limit is still an open problem. 


PROBLEMS 


1) Let E be a Banach space, A an open subset of E, F a finite dimensional vector 


space. Show that for any p> 1, the identity mapping f +f of the Banach space 


BEA) (section 8.12, problem 8) into ῳ- Na) (the latter being replaced by @p (A) 


for p = 1) is a compact operator. (Use the mean value theorem and Ascoli’s theorem.) 
2) Let u be a compact mapping of an infinite dimensional Banach space E into 


a normed space F. Show that there is in E a sequence (%,) such that ||x,|| = 1 for 
every m,and lim u(%,) = 0. (Observe that there is a number α > 0 and a sequence 
n—> © 


(yn) in E such that ||y,|| = 1 for every ἢ, and ||y._, — y,|| > « for m ~ ἢ (section 5.9, 
problem 3, and (3.16.1)), and consider the sequence (u(y,)).) 
Conclude that if the image by u of the sphere 5: ||#{| = 1 is closed in F, it contains 0. 
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3) Let E be a separable Hilbert space, (e,) an orthonormal basis of E. If uw is a 
compact mapping of E into a normed space F, show that the sequence (u(e,)) tends 
to 0. (Use contradiction, and show that it is impossible that the sequence (u(é,)) 
should have a limit ὃ 4 0 in F.) If, conversely, F is a Banach space and the series of 
general term ||u(e,)||? is convergent, show that u 15 compact (use the Cauchy-Schwarz 
inequality to prove that the image of the ball ||| < 1 by u is precompact). 

4) Let F be a normed space having the following property: there exists a constant 
c > 0 such that, for any finite subset (a;)1 <i<n of F, and any € > 0, there exists a 
decomposition E = M+ NofE into a direct sum of two closed subspaces, such that M 
is finite dimensional, d(a;,M) < ε for 1<i<~™, and if for any xe Εἰ, αὶ = p(x) + 4(5), 
where p(x) ΕΜ and q(x) ΕΝ, then ||q(*)|| <¢-d(%,M). Show that, under that 
assumption, any compact linear mapping of a normed space E into F is a limit in 
ΖΕ; ΕἸ of a sequence of linear mappings of finite rank (use the definition of pre- 
compact spaces). Show that any Hilbert space satisfies the preceding condition, 
as well as the spaces (cy) (section 5.3, problem 5) and /* (section 5.7, problem 1). 

5) Let I = [a,b] be a compact interval in R, Κίς, a complex valued function 
defined in I x I, and satisfying the assumptions of section 8.11, problem 4. Show 
that if U is defined as in (11.2.3), U is still a compact mapping of E = @ (1) into 
itself. 


3. The theory of F. Riesz 


We will need repeatedly the following lemma: 


(11.3.1) Let « be a continuous operator in a normed space E,v=1—y4, 
L,M two closed vector subspaces of E such that MCL,M AL and v(L)C¢ M. 
Then there is a point ae LA[M such that ||a|| <1 and that, for any x eM, 
||u(a) — w(x) || > 1/2. 


By assumption, there is ὃ ΕἸ, such that ὃ { Μ, hence d(b,M) =a>0. 
Let γε M be such that [Ὁ — y|| < 2a, and take a = (ὁ — y)/\|o — y||; we 
have ||a|| = 1, and, for any ze Μ, α -- 2 -- (ὃ -- ν -- ὃ — γ|[2}| --- γῇ; 
put as y+ [|Ὁ -- γ|| εμΜ, we have [Ὁ -- y —||b --- y|[z|| >a, hence 
[ᾳ — z|| > 1/2 for any ze M. But, for χε Μ, we have μία) — u(x) = 
a — (x + v(a) — v(x)), and by assumption, x + v(a) — (x) ΕΜ; hence 
our conclusion. 


(11.3.2) Let u be a compact operator in a normed space E, and let v=1—4. 
Then: 

a) the kernel v—1(0) ts finite dimensional; 

b) the image v(E) is closed in E; 

c) v(E) has finite codimension in E; 

4) if v-1(0) = {0}, then v is a linear homeomorphism of E onto v(E) 
(cf. (11.3.4)). 
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a) For any xe N = v-1(0), we have u(x) = x, hence the image of the 
ball B: ||x|| <1 in N by τ is B itself; by assumption u(B) is relatively 
compact in E, hence in N since N is closed in E. But this implies that N 
is finite dimensional by Riesz’s theorem (5.9.4). 


Ὁ) Suppose yev(E); there is then a sequence (x,) in E, such that 
y = lim υ(χ,) (3.13.13). Suppose first that the sequence (d(x,,N)) is 


unbounded; then, by extracting a subsequence, we may suppose that 
lim d(x,,N) = +00. Let z, = x,/d(x,,N); it is immediate that d(z,,N) =1, 


and therefore there is 4, € N such that ||z, — ¢,|| <2. Lets, =z, —¢,, and 
observe that by definition we have v(s,) = v(z,) = v(x,)/d(x,,N), and 


d(s,,N) = 1. From the assumptions we deduce at once that lim v(s,) = 0. 


But the sequence (s,) is bounded in E; as 14 is compact, there is 
a subsequence (s,,,) such that (u(s,)) converges to a point ac E. As 


n? 


lim (5, — u(s,)) = 0, we also have lim Sy, = 4 hence, as x + d(x,N) is 


R—> © n—>» 0 
continuous, d(a,N) = 1. But v(a)= lim v(s,,) = 9, and this contradicts 
R—» 00 


the definition of N. 


We therefore can suppose that the sequence (d(x,,N)) is bounded by 
a number M — 1; there is then a sequence x, such that x, — x, ΕΝ and 
15, <M; as v(x},) = v(x,), we may suppose that ||x,||<M. Then as 
is compact there is a subsequence (x,,) such that (u(x,,)) converges to a 
point DEE; as xy, — u(x,,,) = v(x, ) tends to y, (%,,,) tends to b+ y and 
by continuity we have v(b + y) = y, which proves that y €v(E), hence 
v(E) is closed. 

c) To say that v(E) has an infinite codimension in E means that there. 
exists an infinite sequence (a,) of points of E such that a, does not 
belong to the subspace V,,_ , generated by v(E) and bya,,...,a,_ , forevery n. 
Now each V,, is closed since v(E) is closed (using (5.9.2)). By (11.3.1) we 
can define by induction a sequence (,) such that b, € V,,, 6,¢ V,,_ 1, ||d, || <1 
and ||#(b,) — u(b,)|| > 1/2 for any 7 <n—1. This implies that the 
sequence (u(b,)) has no cluster point, contradicting the assumption that u 
is compact. 

d) In order to prove that v is a homeomorphism of E onto v(E) when 
v~1(0) = {0}, it is only necessary to show that for any closed set ACE, 
v(A) is closed in E (hence in v(E)) (3.11.4). But this is proved by exactly 
the same argument as in b), replacing throughout E by A (and N by {0}). 
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(11.3.3) Under the same assumptions as im (11.3.2), define inductively 
N, = 0-10), Ny=v-¥(Ny_a) for R>1, Fy=0(E), Fy=0(Fy-1) for 
k> 1. Then: 

a) The N, form an increasing sequence of finite dimensional subspaces, 
the F, a decreasing sequence of finite codimenstonal closed subspaces. 

b) There is a smallest integer n such that N,,, = N, for k >n; then 
F,,, = F, for k>n, E ts the topological direct sum (5.4) of Ε, and N,, and 
the restriction of v to F, is a linear homeomorphism of F,, onto ttself. 

a) Define by induction v, = v, v, = ὕχ. γοῦ; I claim that v, = 1— τ, 
where u, is compact: this is shown by induction on ἃ, for v,=(1—m,_,)o(1 —u)= 
l—u,_,—u+u,_,0u%, and the result follows at once from the inductive 
hypothesis and from (11.2.6) and (11.2.5). Then by definition N, = v *(0) 
and F, = v,(E), and our assertion follows from (11.3.2). 

b) Suppose N, #N,,, for every ἃ. We have v(N,,,)CN, for k 21; 
by (11.3.1), there would exist an infinite sequence (x,) of points of E such 
that x,EN,, ΧὩ ἘΝ...» ||%,|| <1 for ἃ 1 and ||u(x,) — u(x,)|| > 1/2 for 
any j<k. This implies that the sequence (u(x,)) has no cluster point, 
contradicting the assumption that ἡ’ is compact. 

Similarly, suppose F,,, 4 F, for every &. We have o(F,)CF,,, for 
k > 1; by (11.3.1), there would exist an infinite sequence (x,) of points of E 
such that x, Ε Fy, χε ¢ Fy. ||%,|| < 1 for ἃ > 1, and ||u(x,) — u(x,)|| > 1/2 
for any 7 > k. This again implies contradiction, hence there exists a smallest 
integer m such that F,,, = F, fork > m. 

Next we prove that N, NF, = {0}: if γε ΩΝ, then there is xe E 
such that y = v,(x), and on the other hand v,(y) =0; but this implies 
that v,,(x) = 0, hence xEN,, = N,, and y = v,(x) = 0. 

By definition, we have F,,CF, and v(F,,) = F,,; let us prove that 
F, = F,,. Otherwise, we would have m > n; let zbe such thatzeF,,_,CF,, 
and z¢F_; as u(z)¢F,, =v/(F,,), there is a teF, such that v(z) = υ(ῆ, 
ie. z—ftEN,CN,; but as z—teF,, we conclude that z=¢?, and our 
initial assumption has led to a contradiction. 

For each x €E we have v,(x) EF, = Ε,,, and as v,(F,) = F,, by defini- 
tion of m, there is y€F, such that v,(x) =v,(y), hence x — yEN,, and 
therefore E= F,+ N,. This last sum is direct since F,NN,, = {0}; F,, 15 
closed and N, is finite dimensional, therefore (5.9.3) E is the topological 
divect sum of F, and N,. Finally, the restriction of v to F, is surjective and 
its kernel is F, NN, CF,N,, = {0}, hence it is also injective. By (11.3.2.d) 
that restriction is a linear homeomorphism of F, onto itself, and this ends 
the proof. 
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(11.3.4) Under the same assumptions as in (11.3.2), if v is injective (i.e. 
v~1(0) = {0}), then v is surjective, hence a linear homeomorphism of E onto 
itself. . 


For the assumptions imply that N, = {0} for every k, hence n = 1 
and N, is reduced to 0, therefore F, = E by (11.3.3) and the result follows 
from (11.3.3). 


PROBLEMS 


1) Let E,F be two Banach spaces, f a continuous linear mapping of E into F 
such that f(E) = F, and that* there exists a number m > 0 such that for any y Ε F, 
there is an x €E for which f(x) = y and [||| << m||y||- 

a) If (νη) is a sequence of points of F which converges to a point ὦ, show that 
there exists a subsequence (Vn,)> and a sequence (%;) of points of E, which converges 


to a point a and is such that f(*,;) = Yn, for every k. (Take (Yn) such that the series 
of general term || Yap — γα is convergent.) 


Ὁ) Let τὸ be a compact mapping of E into Εἰ, and let v = { — u. Show that v(E) 
is closed in F and has finite codimension in F. (Follow the same pattern as in the 
proof of (11.3.2), using a).) 

c) Define inductively Εἰ = v(E), Fy41 = v(f—1(F,)) for ἃ > 1; show that there 
is an integer such that F, 4.1 = F, for k > (same method). 

d) Take E = F to be a separable Hilbert space, and let (e,),>.1 be an orthonormal 
basis of E. Define f and wu such that f(e,) =e, 3 for n > 4, f(e,) = 0 for n< 3, 
Ulen) = Cn — 9/n for Ἢ > 6, u(e,) = ules) = 0, (eg) = — 64, w(eq) = 61, U(e5) = ey + (23/5). 
Define inductively N, = v—1(0), Νᾳ.ι1 = v7 (f(Nz)) for ἃ ΣΞ 1; show that the Νὰ 
are all distinct and finite dimensional. 

2) Let E,F be two normed spaces, f/ a linear homeomorphism of E onto a closed 
subspace /(E) of F, « a compact mapping of E into F, and let v = f — u. 

a) Show that v~1(0) is finite dimensional and v(E) is closed in F; furthermore, 
if 1(0) = {0}, v is a linear homeomorphism of E onto v(E). (Follow the same method 
as in (11.3.2).) 

Ὁ) Define inductively N, = v71(0), Ngiy = v7H(f(N,)) for k2= 1; show that 
there is an integer ἢ: such that Ng. 1 = Νὰ for k > n. 

c) Give an example in which, when ΕἾ = v(E), and Fy4.1 = v(f—1(F,)) for ἃ > 1, 
the Fy are all distinct (take for E = F a separable Hilbert space, and for / and u the 
adjoints (11.5) of the mappings noted / and τὶ in problem 1 d)). 

3) Let E be a Banach space, g a continuous linear mapping of E into itself such 
that ||g|| < 1/2; then / = 1 — g is a linear homeomorphism of E onto itself (8.3.2.1). 
Let u be a compact operator in E, and let v = f — u; then the statements in (11.3.2) 
and (11.3.3) are all valid. (First prove the following result, corresponding to (11.3.1): 


* It can be shown that this condition is a consequence of the property /(E) = F, 
when E and F are Banach spaces. See [6] in the Bibliography. 
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if MCL, M ¥ L and u(L) CM, there is an a € Ln ΓΜ such that ||a|| << 1 and for any 
x€M such that ||*|| <1, ||u(a) — κ(4}}} > (1 — 2||6||}2.} 

4) In the space E = /! (section 5.7, problem 1; we keep the notations of that 
problem), let f be the automorphism of E such that f(¢a%) = ear+2 (ἢ > 0), f(e,) = &, 
f(eor +1) = 22 1 for k > 1, and let u be the compact mapping such that u(e,) = 0 
for n ~ 1, and u(e,) = ἐ0. If v =f — u, and the F, and Νὰ are defined as in (11.3.3), 
show that Νὰ 1 4 Νὰ and Ἐκ. 1 τέ Fy, for every &. 


4. Spectrum of a compact operator 


(11.4.1) Let u be a compact operator in a complex normed space E. Then: 

a) The spectrum S of u is an at most denumerable compact subset of ©, 
each point of which, with the possible exception of 0, ts isolated; 0 belongs to S 
if E is infinite dimensional. 

b) Each number 2 4 0 in the spectrum is an etgenvalue of τ. 

c) For each A 0 in S, there is a unique decomposition of E into a 
topological direct sum of two subspaces F(A), N(A) (also written F(A;u), 
N(A;u)) such that: 

(i) F(A) ts closed, N(A) ts finite dimensional; 

(ii) w(F(A)) C F(A), and the restriction of τ’ --- 1 to F(A) ts a linear 
homeomorphism of that space onto ttself; 

(iii) u(N(A)) CN(A) and there is a smallest integer k = R(A), called the 
order of A(also written k(A; u)), such that the restriction to N(A) of (u— A> 1)* ts 0. 

d) The eigenspace E(A) of u corresponding to the eigenvalue A# 0 1s 
contained in N(A) (hence finite dimensional). 

6) If A,u are two different points of S, distinct from 0, then N(u) C F(A). 

f) If Eis a Banach space, the function © + (u — €-1)—1, which ts defined 
and analytic in © — 5, has a pole of order k(A) at each point A#~0 of 5. 


Let 4 ~ 0 be any complex number; as A~1!u is compact, we can apply 
the Riesz theory (11.3). By (11.3.4), if A is not an eigenvalue of u, 1 — τ ᾽ν 
is a linear homeomorphism of E onto itself, and the same is true of course 
of u—A-1=—A(1— Aw), ie. A is regular for τ, which proves b). 
Suppose on the contrary 1 is an eigenvalue of τ; then the existence of 
the decomposition F(A) + N(A) of E with properties (i), (ii), (iii), follows 
from (11.3.3), as well as d) (E(A) is the kernel noted N, in (11.3.3)). To end 
the proof of c), we need only show the uniqueness of F(A) and N(A). Suppose 
there is a second decomposition E = F’ + N’ having the same properties, 
and write v=«u—A-1. Then, any xeEN’ can be written x= y+2 
where y € F(A), 2 ε N(A); by assumption there is # > 0 such that v*(x) = 0, 
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hence v"(y) =0; as the restriction to F(A) of υὖ is a homeomorphism by 
assumption, y = 0 and x ε N(A). This proves that N’ C N(A), and a similar 
argument proves N(A) CN’. Next, if x = y + ΖῈ F’ with y ε F(A), ze N(A), 
we have v*(x) = v*(y), hence v*(F’) C F(A); but as v(F’) = Ε΄, this implies 
F’ c F(A), and the inclusion F(A) C Ε΄ is proved similarly. 

Denote by u,,u, the restrictions of u to F(A) and N(A) respectively. 
From the relation (4, — A: 1)* = 0, it follows by linear algebra that there 
is a basis of N(A) such that the matrix of u, — A-1 with respect to that 
basis is triangular with diagonal 0; if d = dim (N(A)), the determinant of 
u, — C+1 is therefore equal to (A — ¢)%, and this proves that τς -- 5.1 
is invertible if ζᾧ σέ A. Let us prove on the other hand that u, — ¢-1 is 
invertible for € — Asmall enough: we can write uw, —¢-l=v,+ (A—¢)-1, 
with v, = τη — 4:1. We know by c) that v, is invertible; by (5.7.4), we 
therefore have ||vy *(x)|| < ||vy *}|- ||x|| in F(A), which can also be written 
υ.(4}}} > c+ ||x|| with ὁ = [υγ {τ Now if € 40 and uw, — ¢-1 is not 
invertible, this implies, by b) (applied to F(A) and τη, using (11.2.7)) 
that there would exist an x +0 in F(A) such that u,(x) = (x, hence 
| — Al - ||x|| = ||o,(x)|| > c- ||x||, which is impossible if |¢ — A] <c. This 
shows that for ¢ 40, €~Aand |€ — A|<c, τε, —¢-1 is invertible (since 
its restrictions to F(A) and N(A) are), i.e. € is not in 5; therefore all 
points A+ 0 in S are isolated, and S is at most denumerable. By b), 
for each 4 ~0 in S, there is x 40 in E such that u(x) = Ax, hence 
Al - {||} < {{μ||- [|x|] by (5.7.4), and |A| < ||u||, which proves S is compact. 
To end the proof of a), suppose E is infinite dimensional; if « were a homeo- 
morphism of E onto itself, the image u(B) of the ball B: ||x|| << 1 would 
be a neighborhood of 0 in E, and as it is relatively compact in E, this 
violates Riesz’s theorem (5.9.4). 

If uw is a point of S distinct from 0 and A, and x ε N(u), we can write 
x= y+2 with ye F(A), ze Ν(λ). We have seen above that the restric- 
tion of τὸ = u— μ. 1 to N(A) is a homeomorphism; as w*(x) = 0 for ἢ 
large enough, and w*(y) ε F(A), w*(z) ε N(A), we must have w*(y) = w*(z) = 0, 
which proves statement e). 

If E is a Banach space, the analyticity of («—¢€-1)-! in C—S 
follows from (11.1.2). With the same notations as above, 4 is not in the 
spectrum of u,, hence (by (11.2.7)) (wu, — ζ  1)71 is analytic in a neigh- 
borhood of 4; in particular, there are numbers p > 0 and M > 0 such that 
(ὦ --- €-1)-¥(x)|| < Μ΄ ||x|| for χ ε F(A) and | — Δ] < p. On the other 
hand, we can write τ — €-1 = (A — €)- 1+ v2 with τς = uy — A- 1, and 
we know that for ζ ~ A, τς — ¢-1 is invertible; moreover, we can write 
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k 
(11.4.1.1) (ῳ -- ξ- τῈτε — LZ (E— 2 Ὁ Ὁ 

h=1 
since υἢ = 0. From this it follows that there is a number M’> 0 such 
that [ζ — λ΄. Π|(ὡς -- ξ - 1)-10}}} < M'|la|| for ἰξ — Al <p, 6#A and 
for any χε N(A). Now any x €E can be written += y + 2 with y € F(A), 
zeN(A), and there is a constant a >0 such that [5] -« «{{1} and ||z||<al|x|| 
(5.9.3); therefore we see that, for IC —Al<p, €A and any xeEE, 
we have |f — Al*||(w — €-1)-1(x)|| < a(Mp* + M’)||x||. In other words 
Ic — Af - Π(μ -- ξ - 1ὴ51| « a(Mp* + M’) for € ζῇ λ and ᾿ξ -- ἢ Κρ; by 
(9.15.2), this implies that λ is a pole of order < k for (u— €-1)-). 
But by definition there is an χε Ν(λ) such that vi— (x) #0, hence 
(t — λὴ - ἴ(( — + 1)-1(x)) is not bounded when ¢ # 2 tends to 4, and this 
proves that λ is a pole of order ἃ, and ends the proof of (11.4.1). 


We say that the dimension of N(A) is the algebrazc multiplicity of the 
eigenvalue A of μη, the dimension of the eigenspace E(A) its geometric mul- 
tiplicity; they are equal if and only if Κ(λ) = 1; when E is a Banach 
space, this is equivalent to saying that 1 is a simple pole of (u — ¢-1)7?. 


(11.4.2) Let E be a Banach space, Eq a dense subspace of E, u a compact 
operator in Eo, ἢ its unique continuous extension to E. Then the spectra of 
u and ἢ ave the same, and for each eigenvalue A # Ὁ of u, N(A,u) = Ν(λ,Ά), 
E(A,u) = Ε(λ,) and R(A,u) = R(A,a). 


We know that ἢ is compact and maps E into Ep, by (11.2.9); if A #0 
is an eigenvalue of ὥ, any eigenvector x corresponding to A is such that 
x = A-lii(x) € Ey, hence 1 is an eigenvalue of u, and E(A,a#) C E(A,u); the 
converse being obvious, we have S(#) = S(w) and E(A,u) = E(/,a) C Ἐν 
for each eigenvalue 4 4 0. Considering similarly the kernels of (u — 1: 1)* 
and of its extension (ἢ — 4-1)* we see that they are equal, hence 
k(A,u) = R(A,a) and N(A,u) = N(A,#) C Ep. 


PROBLEMS 


1) Let E be a complex Banach space, u a compact operator in E; we keep the 
notations of (11.4.1), and in addition, we write pj (or Pau) and qg= 1 — py the 
projections of E onto N(A) and F(A) in the decomposition of E as direct sum F(A) + N(A). 

a) Show that — p, is the residue of the meromorphic function (4 — ¢- 1)?! at 
the pole J, for every A € S(u) such that A # 0. 

Ὁ) If A,,...,d, are distinct points of the spectrum S(u), show that the projec- 
tions Pi, (1<j7<1r) commute, and that pa, + .-. + Pa, is the projection of E onto 
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N(A,) + ... + N(A,) in the decomposition of E as direct sum of that subspace and of 
F(A,) N F(A.) ἢ... ἡ F(A,). 

2) Let E be an infinite dimensional complex Banach space, u a compact operator 
in E, (Un), > 1 ἃ Sequence of compact operators in E, which converges to u in the Banach 
space P(E). 

a) Prove that for any bounded subset B of E, the union |) u,(B) is relatively 


n 
compact in E. (Show that it is precompact.) 


b) If Ae C does not belong to S(u), show that there is an open disc Ὁ of center A 
and an integer m, such that, for ἢ > np, the intersection S(u,) ἢ Ὁ = © (use (8.3.2.1)) 
and (u, — ¢+1)—1 converges uniformly to (u — €-1)—1 for Ce Ὁ. 

c) Let (u,) be a sequence of complex numbers such that mu, € S(u,) for every ἢ; 
such a sequence is always bounded. If A is a cluster point of (u,,), show that A ε S(u). 


(One can assume that A= lim py, #0; there is then x, ΕΕ such that ||z,|| = 1 
n—-> @ 


and u,(%,) = A,%,; use then a).) 
d) Conversely, let A 4 0 be in S(u). Show that for each ἢ there is (at least) a 


number μέρ € S(u,) such that A= lim py. (Otherwise, one can assume that there 
n—> οὦ 


is an open disc D of center J and radius 7, such that Dn S(u) = {A} and Dn S(u,) = ὦ 

(extract from (μη) a suitable subsequence). Let then y be the road ¢-—>A-+ re# 

defined in [0,27]; consider the integral J (uy, — €°1)~1(€ — A)—1do = 0, and use b) 
γ 


to obtain a contradiction.) 


6) Let A 4 0 be in S(u), and let Ὁ be an open disc of center A and radius 7 such 
that Dn S(u) = {A}; there exists m) such that, for > m, the intersection of S(u,) 
and of the circle [ζ — A| = risempty (usec)). Let w,,...,u, be the points of DN S(u,), 


[4 
and write k,= 2 k(u;;u,). Show that there exists m, such that, for Ἢ 35 ἢ,, 
j=1 : 
ky = k(A;u). (Use the same method as in d), multiplying (u, — ζ - 1) ΠῚ by a suitable 
polynomial in ζ of degree k,.) Give an example in which k, > k(A;u) for every ἢ. 
7 
ἢ With the notations οἱ 6), let p = pay, dn = Pu;u,; Show that lim p, = ἢ 

7=1 toe N—> CO 
in the Banach space #(E) (use b), and problem 1). Deduce from that result that 
there exists , such that, for ἢ > n,, N, = N(uyiuy) +... + N(u,;u,) is a supplement 
to F(A;u) in E. (Suppose m is such that ||p — p,||< 1/2; if there was a point 
4, € F(A) NN, such that ||%,|| = 1, then the relations p(%,) = 0, py(%,) = ζ, would 
contradict the preceding inequality. Prove similarly that the intersection of N(A;u) 


and of the subspace F(y,;u,) MN... Ω F(u,;u,) is reduced to 0.) 


3) Let u be a compact operator in an infinite dimensional complex Banach space E, 
and let P(¢) be a polynomial without constant term; put v = P(uw). Show that the 
spectrum S(v) is identical to the set of numbers P(A), where Ae S(u); furthermore, 
for every μὲ S(v), N(w;v) is the (direct) sum of the subspaces N(A,;u) such that 
P(Az) = μ, and F(u;v) the intersection of the corresponding subspaces F(A,;u). (Let 
V be any closed subspace of E, such that u(V) CV, and let uy be the restriction 
of u to V. Show that there is a constant M independent of V and ἢ, such that 


5. COMPACT OPERATORS IN HILBERT SPACES 323 


||(P(w,,))"|| < M"||u% ||. Apply that remark and problem 1 of section 11.1, taking 


fo: V a suitable intersection of a finite number of subspaces of the form F(A;u).) 

4) Let E be a separable Hilbert space, (¢,), > 9 an orthonormal basis of E. Show 
that the operator u defined by u(ey) = én+4i/(m + 1) for ἢ > 0 is compact and that 
S(u) is reduced to 0 (more precisely, « has no eigenvalue). 

5) Let u be a continuous operator in a complex Banach space E. A Riesz point 
for u is a point A in the spectrum S(u) such that: 1° Δ is isolated in S(u); 2° E is the 
direct sum of a closed subspace F(A) and of a finite dimensional subspace N(A) such 
that u(F(A)) ¢ F(A), u(N(A)) C N(A), the restriction of « — 4-1 to F(A) is a linear 
homeomorphism and the restriction of τὸ — A-1 to N(A) is nilpotent. 

a) If A and p are two distinct Riesz points in S(u), show that N(u) ¢ F(A), and 
F(A) is the direct sum of Ν(μ) and F(A) N F(y). 

b) A Riesz operator u is defined as a continuous operator such that all points ~ 0 
in the spectrum S(u) are Riesz points. For any ¢ > 0, the set of points A Ε S(u) such 
that |A| > « is then a finite set {u,,...,u,}; let p; be the projection of E onto N(;) 
in the decomposition of E into the direct sura Νίμῃ + Ε(μὴ (1 - ἐξ ἢ), and let 


r 
v=—u— Σ up;. Show that S(v) is contained in the disc [ζ] < ε, hence (section 11.1, 
t=1 
problem 1) that lim ||v"||4/" < ε. 


n—> © 


c) In the Banach space P(E), let H be the closed (11.2.10) subspace of all compact 
operators. Show that, in order that ue Sf (E) be a Riesz operator, it is necessary and 


sufficient that lim (d(u", #))'/" = 0. (To prove that the condition is necessary, 
n—> @ 


use b), observing that πῆ = υὟ + τὸ, where w, is an operator of finite rank, hence 
compact. To prove that the condition is sufficient, use the result of problem 3 of 
section 11.3, which can be interpreted in the following way: if ||g||< 1/2, then either 
A = 1 does not belong to S(g + ) or is a Riesz point for g + 16.) . 


5. Compact operators in Hilbert spaces 


Let E be a prehilbert space, u an operator in E. We say « has an adjoint 
if there exists an operator u* in E such that 


(11.5.1) (u(x) |y) = (x|u*(y)) 


for any pair of points x,y in E. It is immediate that the adjoint u* 1s unique 
(when it exists), and (by (6.1.(V))) that then (u*)* exists and is equal to u. 
It is similarly verified that when the operators u and v have adjoints, then 
u + v, Au and wy have adjoints respectively equal to u* + v*, Au* and v*u*. 


(11.5.2) If u is continuous and has an adjoint, then u* 1s continuous and 
|\u*|| = ||ee|| in P(E). If E is a Hilbert space, every continuous operator im 
E has an adjoint. 
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From (11.5.1) and the Cauchy-Schwarz inequality (6.2.4) we deduce 


(x |oe*(¥)) | < {Πμ(4}}} - [Ll] fleet τ [Ll Ὁ Uo 


for any pair x,y; taking x = u*(y), we get \|u*(y) || < |{ul|- |ly|] for any 
y €E, which proves the continuity of u* and the inequality ||w*|| < ||v||; 
the converse inequality is proved by interchanging u and u* in the argument. 
If E is a Hilbert space and wu is continuous, then, for any y € E, the linear 
form x — (u(x)|y) is continuous, and by (6.3.2) there exists a unique 
vector u*(y) such that (11.5.1) holds. From the uniqueness of u*(y), we 
conclude that «* is linear, hence the adjoint of w. The second statement 
of (11.5.2) does not extend to prehilbert spaces. 


An operator 4 in a prehilbert space E is called self-adjoint (or hermitian) 


if it has an adjoint and if u* = u; the mapping (x,y) — (u(x)|y) = (u(y) |x) 
is then a hermitian form on E; the self-adjoint operator u is called posttive 
(resp. nondegenerate) if the corresponding hermitian form is positive (resp. 
nondegenerate); one writes then «20. For any operator w having an 
adjoint, «+ u* and 1(u — u*) are self-adjoint operators. If P is the 
orthogonal projection of E on a complete vector subspace F (6.3), then 
(Px|y — Py) =0 for χε, yeE, hence (Px|y) = (Px|Py) = (x|Py), 
which proves that P is a positive hermiitan operator. 


(11.5.3) If a continuous operator u in a prehilbert space E has an adjoint, 
then u*u and uu* are self-adjoint positive operators, and |\\u*u|| = |\uu*|| = 
|| = ||e*||?. In particular, if u is self-adjoint, ||w?|| = ||||?. 


The fact that u*w and uu* are self-adjoint follows from the relations 
(u*)* — uw and (uv)* = v*¥u*; moreover (u*u(x)|x) = (u(x)|u(x)) > Ὁ for 
any x €E, and it is proved similarly that wu* is positive. Further this last 
relation shows that ||u(x)||?< ||u*(x)||- ||x|| by Cauchy-Schwarz, hence 
(by (5.7.4) ||u||2< ||u*u. On the other hand |lu*s|| < |lu*||-||u|| = {1}; 
by (5.7.5) and (11.5.2), and this concludes the proof. 


(11.5.4) Jf Ets a Hilbert space, the adjoint of any compact operator u in E 
ts a compact operator. 


As E is complete, it will be enough to prove that the image u*(B) of 


the ball B: ||y|| <1, is precompact. Let F = u(B), which is a compact 
subspace of E, and consider, in the space @,(F) (7.2) the set H of the 
restrictions to F of the linear continuous mappings x — (x|y) of E into Ὁ, 
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where y EB; we prove that H is relatively compact in @,(F). Indeed, we 
have |(x — x'|y)| < ||* — x’|| by the Cauchy-Schwarz inequality, since 
\lv|| <1, which shows that H is equicontinuous; on the other hand F 15 
contained in the ball ||x|| < [||], hence |(x|y)| < ||#|| for any yeB and 
any x€F; Ascoli’s theorem (7.5.7) then proves our contention. Therefore, for 
any € > 0, there exist a finite number of points y; (1<7<m) in B such that 
for any yeB, there is an index 7 such that |(w(x)|y — y;)|<e for any xeB. 
But by (11.5.1) this last inequality is written |(x|u*(y) — u*(y,))| <e, and 
either u*(y) = w*(y,) or we can take x=2/||2||, where z = w*(y) — u*(y,) ; 
we therefore conclude that ||u*(y) — u*(y;)|| <e, and this ends the proof. 

Note that the proof that μἘ(Β) is precompact still holds when E is not 
complete; but it can happen that in a prehilbert space E, a compact 


operator has an adjoint which is not compact. 


(11.5.5) Let u be a compact operator in a complex prehilbert space E, having 
an adjoint u* which 1s compact. Then: 


a) The spectrum S(u*) is the image of S(u) by the mapping ὃ — &. 

b) For each A #0 in S(u), k(A;u) = R(A;u*). 

c) If v=u—A-l, then v*(E) ts the orthogonal supplement (6.3) of 
v-1(0) = E(A;u), and the dimensions of the eigenspaces E(A;u) and E(A;u*) 
are equal. 

d) The subspace F(A;u*) is the orthogonal supplement of N(A;u), and the 
dimensions of N(A;u) and N(A;u*) are equal. 


We have v* = u* — J-1, hence (v(x)|y) = (x|v*(y)) from (11.5.1), and 
therefore the relation v(x) = 0 implies that x is orthogonal to the subspace 
v*(E). Now by (11.4.1) applied to u*, v*(E) is the topological direct sum 
of F(A:w*) and of the subspace v*(N(A;u*)) of N(A;w*), and from linear 
algebra it follows that the codimension of v*(E) is equal to the dimension of 
v*¥-1(0) = E(A;u*); hence we have dim E(A;u) < dim E(A;u*). But 
u == (u*)*, hence we have dim E(A;u) = dim E(A;u*); furthermore, the 
orthogonal supplement of E(A;) contains v*(E) and has the same codimen- 
sion as v*(E), hence both are equal, which proves c). This also shows that 
for any eigenvalue A 0 of u, A is an eigenvalue of u*, and as the converse 
follows from the relation « = (u*)*, we have also proved a). 

The same argument may be applied to the successive iterates v” of v, 
and shows that the image of E by v*” = (v")* is the orthogonal supplement 
of the kernel of v". Using (11.3.2), (11.4.1) and the relation τε = (u*)*, this 
immediately proves b) and d). 
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Theorems (11.4.1) and (11.5.5) can be translated into a criterion for the 
solutions of the equation u(x) — Ax = y: 


(11.5.6) Under the assumptions of (11.5.4): 

(1) If A is not in the spectrum of u, the equation u(x) — Ax = y has a 
unique solution in E for every yeE. 

(11) 1, A 1s in the spectrum of u, a necessary and sufficient condition for 
y EE to be such that the equation u(x) — Ax = y have a solution in E is 
that y be orthogonal to the solutions of the equation u*(x) — Ax = 0. 


For a finite dimensional space, this reduces to the classical criterion for 
existence of a solution of a system of scalar linear equations. 


(11.5.7) Let u be a compact self-adjoint operator in a complex Hilbert 
space E. Then: | 

a) Every element of the spectrum S(u) 15 real and k(a) = 1 for every 
eigenvalue A~ Ο of τ. 

b) If A,u are two distinct eigenvalues of u, the eigenspaces E(A) and E(u) 
are orthogonal. 

c) Let (u,,) be the strictly decreasing (finite or infinite) sequence of eigenvalues 
> 0, (ν,) the strictly increasing (finite or infinite) sequence of etgenvalues < 0. 
For each k such that μ, (resp. v,) 15 defined, let F, (resp. F, ) be the orthogonal 
supplement of E(u,) +... + E(u,_ 1) (resp. E(v,) + ... + E(y,_4)); then 
μᾳ (resp. »,) 15 the largest (resp. smallest) value of the function x — (u(x)|x) 
on the sphere |\x|| = 1 in F, (resp. F,), and the points of that sphere where 
(u(x)|x) = με (resp. (u(x)|x) = »,) are the points which belong to E(u,) 
(resp. E(y,)). Furthermore, |\u|| = sup (μιν, — 4). 

d) Lhe space E ts the Hilbert sum (6.4) of the subspaces E(u,), E(v,) and 
E(0) = u—}(0). 


(It may happen that either the uw, or the », are absent, but from c) it 
follows that the only case in which there are no eigenvalues σέ 0 is the 
case u = 0.) 

For any eigenvalue 4+ 0 of uw, we have, for an eigenvector x cor- 


responding to A, (u(x)|x) = A(x|x), but (u(x)|x) = (x|u(x)) = (w(x)|x) is 
real for any x Ε E, hence, as (x|x) isrealand τέ 0, Aisreal. Ifvu=u—A-1, 
we therefore have v* = v, hence v(E) is the orthogonal supplement of 
E(A) = v—1(0) by (11.5.4); this implies that the restriction of v to v(E) is 
injective, hence, by definition (see (11.3.3)) N(A) = E(A), F(A) = v(E) 
and therefore k(A) = 1. This proves statement a), and as E(u) = N(u) C F(A) 
for any eigenvalue u + A by (11.4.1), we also have proved b). 
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We first prove the last part of statement c). Let p = sup (μ,, — »,). 
Then by (11.1.2) the mapping ¢ > (wu — €-1)—! is analytic for |¢| > p, 
whence it follows at once that the mapping ᾧ — (1 — &u)—! is analytic for 
[δ] << 1/p. Now, for é in a sufficiently small neighborhood of 0, the power 


series Σ &"u" converges to (1 — &u)~1 in P(E) (8.3.2.1); by (9.9.4) that 


n= 0 
power series converges for every & such that [ξ] « 1/p. Furthermore, for 
each r such that 0<7< I/p, if M is the maximum of ||(1 — &«)—1]| for 
[8] =7, the Cauchy inequalities (9.9.5) yield ||u”||< M/7*< Mp”. In 
particular, if we use (11.5.3), we get here {{μ||8΄ << Mp? for every n>1; 
taking 2”-th roots and letting tend to + o, we get, by (4.3), ||u|| < p. 
On the other hand we have p < ||u|| by (11.1.3), hence ||u|| = p. 

Let us now write (p,) for the strictly decreasing sequence of the absolute 
values of the eigenvalues of «, so that p,; = p = sup (μ,, — »,); and let ἃ, 
be equal to the sum of the E(A) such that [1] = p, (there are of course either 
only one or two such eigenvalues 4). Next let F,, be the orthogonal sup- 
plement of G,+...+G,_,; we have u(F,)CF, by a), and we prove 
that the restriction u, of u to F, is such that ||w,||< p,_,. Otherwise, by 
what has just been seen above (and by (11.2.7)) there would be in F, an 
eigenvector x such that u(x) = Ax with [1] > p,_,, which contradicts the 
definition of F,. Write now x = y +2 for every xeF,, with yeF,., 
and ze€G,; we have, by Cauchy-Schwarz, 


— Πρ all [Lvl]? + (#(z)|2) < (w(x) |x) < [een eal 1018 + (μ(})}} 2). 


Suppose p, = 4, = — v,, and write therefore z = 2) + 2, with z, Ε E(u,) 
and 2,€E(»,); this yields (u(z)|z) = p,(||21|/? — ||zel|*). As ||χ]} = 
[53 + |[z.]|/? + ||z_||?, we see at once, using the preceding inequality and 
the inequality ||u,,,||<p,, that on the sphere ||x|| = 1 in F,, the largest 
value of (u(x)|x) is p, and is reached at the points of E(u,) only, and the 
smallest value is — p,, and is reached at the points of E(v,) only. The results 
are similar and simpler if either there is no k such that p, = — »,, or ΠΟ ἢ 
such that p, = ,. Finally, if we remark that Εἰ =F, + E(v,) +... +E(»,) 
if u, = p, and s is the largest value of k such that p, < — »,, and similarly 
ΕἾ =F, + E(u,) +... + E(u,) if » = —p, and z is the largest value 
of hk such that p, < μ,, an almost identical argument ends the proof of c). 

Let now F,, be the closed subspace, intersection of all the F,; by 
definition, u(F,,) C F,,, and there can be vo eigenvalue + 0 of the restric- 
tion of « to F,; by c) this implies that w(x) = 0in F,. Furthermore, if 
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a vector x € E is orthogonal to F, and to all the E(u,) and E(v,), by defini- 
tion it is orthogonal to all the G,, hence belongs to F,,, and being orthogonal 
to F,,, it is 0. This proves (by (6.3.1)) that the algebraic sum of the sub- 
spaces E(u,), E(v,) and Ἐπ is dense in E; hence, by (6.4.2), E is the Hilbert 
sum of those spaces. Any x€E can therefore be written uniquely 
x = 2%, + 2,%, + %, where x,, x, and χρ are the orthogonal projec- 
tions of x on E(u,), E(v,) and F,, respectively, the sums being convergent 
series in E when the sets of indices are infinite (canonical decomposition of x) ; 
we conclude that u(x) = 2,u,%, + 2,v,*,, and by the uniqueness of that 
expression, we see that (x) = 0 implies xeF,, ; in other words, F,, = «-1(0), 
which ends the proof of (11.5.7). 


Remarks. — (11.5.8) Let E, be a prehilbert space which is a dense sub- 
space of a Hilbert space E (it can be proved that for any prehilbert space E, 
there is a Hilbert space E having that property; we have proved in (6.6.2) 
the special case of that theorem in which E, is separable). Let u be a 
compact self-adjoint operator in Ej; then the results a), b) and c) of theorem 
(11.5.7) hold without change for u. For it follows from the principle of 
extension of identities that the unique continuous extension % of u to E 
is self-adjoint, and it is readily verified that ||@|| = ||w||; our assertion 
then follows from (11.4.2) and from the following remark: if Fo is a finite 
dimensional subspace of Ey, Gp» its orthogonal supplement in Ep, G its 
orthogonal supplement in E, then G, is dense in G; this is a consequence 
of the fact that if v = 1 — Py, in Y(E) (notations of (6.3)), v is continuous 
and v(E) = G, ν(Ερ) = Gy (see (3.11.3)). With respect to the part d) of 
(11.5.7), it is clear that the kernel of u is the intersection of Ey with the 
kernel of #, hence is the subspace of vectors of E, orthogonal to all eigen- 
spaces E(A) with A+ 0. But if we consider the canonical decomposition 
x = 2x, + 2x, + x of an element x € Ey, the sums on the right-hand 
side and the element %, do not necessarily belong to Ep. 


(11.5.9) Ifx—JD,x,+2,%x, + %, γξε Σὰν, + Σὰ + Vo are the canon- 
ical decompositions of two vectors x,y of E, then 


(u(x) |y) = Zua(*al a) + Συρίαι [Ye ) 


the series on the right-hand side being absolutely convergent (6.4). This 
formula at once shows that the self-adjoint operator u is positive if and 
only if there are no negative eigenvalues v,, and that it is nondegenerate if 
and only if τ 1(0) = {0}. If τὸ is nondegenerate, and if in each eigenspace 


5. COMPACT OPERATORS IN HILBERT SPACES 329 


E(A) (A # 0), we take an orthonormal! basis B, (consisting of a finite number 
of vectors), then the union of the B, is a denumerable set which constitutes 
a total orthonormal system in E (6.5). 


(11.5.10) Under the assumptions of (11.5.8), it should be observed that 
it is quite possible that the self-adjoint compact operator 4% in E, is non- 
degenerate, whereas its continuous extension ὦ to E is degenerate (in other 
words, the kernel of τι is not necessarily dense in the kernel of %); this may 
happen even if u is a positive self-adjoint operator. 

For compact self-adjoint operators in a Hilbert space E, (11.5.7) yields 
a formula for the solutions of the equation u(x) — Ax = y in E: 


(11.5.11) Let y= Σὰν» + 2Zp¥e + γ be the canonical decomposition of y 
in E. Then: 


a) If Ais not in S(u), the unique solution x of the equation u(x) — Ax = y 
is given by its canonical decomposition 


(11.5.11.1) a ee -—— th Oe 5. —— Ya — + Yo 


b) If A is one of the eigenvalues fs, (resp. v,), then, in order that the equa- 
tion u(x) — Ax = y have a solution, it is necessary and sufficient that y, = 0 
(resp. yi, = 0). The solutions are then given by formula (11.5.11.1) in which 
the term corresponding to wu, (resp. νι) 15 replaced by an arbitrary element of 


E(u,) (resp. E(y,)). 


c) In order that the equation u(x) = y have a solution, it 1s necessary and 
sufficient that yo = 0 and that the series ¥,1/pz||y,||2 and ΣΙ ΡΠ ||? 
be convergent, the solutions are then given by 


if i ] Mt 
(11.5.11.2) x= Σ ees > 3 UF + Δ 
k 


with χρ arbitrary in u—*(0). 

Results a) and b) at once follow from (11.5.7) and (11.5.6), the formulae 
being obtained by using the uniqueness of the canonical decomposition. 
The same argument proves that if there are solutions to u(x) = γ, they 
are necessarily given by (11.5.11.2), hence the necessity of the conditions; 
and if these conditions are satisfied, then the right-hand side of (11.5.11.2) 
is an element of E (by (6.4)) which satisfies u(x) = y. 
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PROBLEMS 


1) Let E be the vector space of all indefinitely differentiable complex valued 
functions defined in the interval [0,1] of R (section 8.12); E is made into a prehilbert 
space by the hermitian form 


1 ae 
(z|y) = J x(t)y(t)dt. 


Let « be the linear mapping of E into itself such that u(x) = ix’. Show that 
u is self-adjoint, but is not continuous in E. (Consider the sequence (¥%,) where 
X(t) = (sin nt) /n.) 

2) Let F be a separable Hilbert space, (e,) (m= 1) an orthonormal basis of F, 
v the compact operator in F such that v(e,) = (6: + e,)/n (section 11.2, problem 3). 
Let E = v(F), and let u be the restriction of v to E, which is such that u(E) Cc E. 
Show that in the prehilbert space E, u is a compact operator which has no adjoint. 

3) a) Let E be a complex Hilbert space, f a continuous hermitian form on E x E; 
show that there is a constant ¢ such that |f(x,y)| < 6{{4|} - ||y|| (cf. (5.5.1)), and show 
that there exists a unique continuous hermitian operator U in E such that 
[(5,}} = (Uxly). 

Ὁ) Suppose E is separable, and let (e,),>; be an orthonormal basis for E; let V 


οο 
be the continuous linear operator in E defined by Ve, = Σ' e,/n, Ve; = Ο forz > 1, 
n=1 
and let W = VV*. Let E, be the subspace of E consisting of the (finite) linear combina- 
tions of the e,, and let / be the restriction to Ey x Ey, of the mapping (%,y) --" (W-2|y). 
Show that / is a continuous hermitian form on Ey x Ep, but that there is no linear 
operator U in Ey such that f(%,y) = (Uz|y) in Ey Χ Ep. 
c) If τὸ is the operator defined in problem 1, show that the hermitian form 
(x,y) — (u(x)|y) is not continuous in E x E. 
4) Let E be a complex Hilbert space, u a hermitian operator in E. Prove that u 
is necessarily continuous. (Assume the contrary, and show that it is possible to define 


by induction a sequence (χη) of points of E such that ||%,|| = 1 for every n, and an 

orthonormal sequence (e,) such that: 1° %, is orthogonal to u(e,),...,u(é, 1); 2° if Vn 

is the orthogonal projection of u(%,) on the subspace V, orthogonal to ¢,,...,€,—1, 
n—1 


then ||y,|| > 23 and ||y,|| > 2n?| (u( a xp /h*) en) ; 89 en = Vn/||yn||. Then consider 
k=1 


oO 
the point x = 2 x,/n? in E and obtain a contradiction by showing that |(u(x)|e,)| >” 
n=1 
. : / Xn wt : ἢ "»--1 
for every ; to do this, decompose ¥ into ζᾳ + per + *,, with χη, = Σ x,/k? and 
n k=1 
" = - « 
4, = & ,/k*, and use throughout the identity (u(y)|z) = (y|u(z)) (“method of 


k=n+1 
the gliding hump’’).) Compare to problem 3 c). 
5) Let E be a complex prehilbert space; if U,V are two hermitian operators in E, 
we write U > V if the hermitian operator U — V is positive, i.e. if (Us|) > (V2|z) 
for any xeE. 
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a) Suppose E is a Hilbert space, and there is a number m > 0 such that U > m- 1. 
Show that U is a linear homeomorphism of E onto itself. (First remark that 
{0} > m||x|| for any xe E, hence (problem 4) that U is a linear homeomorphism 
of E onto a closed subspace M of E; next observe that if a point # € E is orthogonal 
to M, then + = 0.) 

b) Let F be the subspace of the prehilbert space E defined in problem 1, consisting 
of the restrictions to [0,1] of all polynomials with complex coefficients. Let U be the 
operator which associates to any polynomial x Ε F the polynomial (1 + #)#(¢). Show 
that U is a continuous hermitian operator in F such that U > 1, but that U(F) is 
dense in F and distinct from F. 


6) a) If U is a positive hermitian operator in a complex prehilbert space E, show 
that, for any +c E, 


|| %||4 < (Ux|x)(U24|U x) 


(consider the positive hermitian form (%,y) -- (Ux|y) and use (6.2.1)). 

b) Suppose in addition U is continuous (cf. problems 3 c) and 4). Deduce from a) 
that {|U|| = sup (Uz|z). 

[lzI|<1 

7) Let F,G be two separable complex Hilbert spaces, (a,) (resp. (b,)) (» 5 1) an 
orthonormal basis of F (resp. 6), L the Hilbert sum (6.4) of F and G. Let νυ be the 
continuous operator in L defined by v(a,) = 0, v(b,) = a,/n, and let E =v(G) + v*(u(G)). 
Let « be the restriction of v to E. Show that τε is compact and has an adjoint, but 
that u* is not compact. (Observe that v(G) is dense in F but not closed in Εἰ; if (#,) 
is a bounded sequence of points of v(G) converging to a point in F, but not in v(G), 
show that the sequence (u*(x,)) converges to a point in L which is not in E, using 
the fact that the restriction of v* to F is injective.) 


8) The notations and assumptions are those of (11.5.7). Let (A,) be the decreasing 
sequence of numbers > 0 such that, for each ἃ, the number of indices ” such that 
An = μὰ is equal to dim(E(yu,)); let (a,) be an orthonormal system in E such that, 
for the indices for which A, = pz, the a, constitute a basis of E(uz). We say that 
(A,) is the full sequence of strictly positive ae of u. 

a) Show that A, is the maximum value of (u(%)|7) when % varies in the subset of E 
defined by the relations ||*|| = 1, (#|a,) = \ Aa l1<k<n— 1; furthermore, that 
maximum value is attained for αὶ = a, (use (11.5.7,d)). 

b) Let 2,...,2,—1 be arbitrary vectors in E, and denote by p,(2,,..-,%,—1) the 
l.u.b. of (u(x)|¥) when ¥ varies in the subset of E defined by the relations ||z|| = 1, 
(518) = 0 for εξ ἃ <n" -- 1. Show that A, = ρμ(α;,. - «νἀ, -- 1) S ρμ(ξ.,. ««.Ζ,..- 1) (the 

““‘maximinimal priicipie'™ ; take x in the subspace generated by 4a,,...,a, and verifying 
the relations (#|z,) = 0 for 1<k<n — 1). 

c) Let μ΄ be two compact self-adjoint operators, and suppose u = u’ 4 u”; 

let (λ,),(1..) be the full sequences of strictly positive eigenvalues of “μ΄ and 4” 


respectively, (a,) and (a, ) the corresponding orthonormal systems. Show that if Apidg and 


af 


Ap +q—1 are defined, then A4p4,—1< Ap + A; (consider px (44, δον ας, an Da lade) 
If the sequence (An) is finite and has N terms, and if Ap and Ap ἘΝ are defined, then 
λρν Ξξ Ap ( same method, observing that (u’’(x)|7) < 0 if ( (x|a; ) = O0forl<j<N). 
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d) Under the same assumptions as in c), show that if hp and Ap are defined, then 
[Ap — Ap| < {᾿Ξ} (use the relation Ay = py(a,---,4»—1)). Furthermore, if τ΄ > 0 
(resp. τε < 0), then A, > Ip (resp. Ay < 1p) (same method). 

e) When E is finite dimensional, transcribe the results of b), c), d) for hermitian 
forms on E x E see problem 3). Apply to the following problem: let f; 
(1 - ὁ --Ξ η)ὴ be regulated functions in a compact interval I = [a,b], and let I’ = [c,d} 


δ. ad _ 
be an interval contained in I; let 4 = det (ffifjat), A’ = det (fit jat) be the Gram 
a c 


determinants corresponding to I and I’; show that A’ < 4, by expressing the Gram 
determinants as products of eigenvalues. 

9) a) Let μ᾿ be a compact self-adjoint operator in a complex Hilbert space E. 
Let H be a closed subspace of E, and p the orthogonal projection of E onto H (6.3). 
Show that the restriction v to H of pou (or of poucp) is compact and self-adjoint and 
that (v(y)|v) = (u(y)|y) for y € H (use the relation p* = p). Let (An), (fn) be the full 
sequences of strictly positive eigenvalues of u and v respectively. Show that if A, 
and pu, are defined, then zp, < A, (use problem 8 b)). 

b) Suppose in addition u is positive. Show that for any finite sequence τε εν" 
of points of Ε, det((u(%;)|%;)) < λμιλλς- - An det((%;|%;)) (apply a) to the subspace H 
generated by %,,...,%,)- 

10) a) Let τὸ be a hermitian operator in a complex prehilbert space E. Show that 
for any integer > 0, andany xe E, ||u"(x)||* < ||u”— 1(x)|| + ||w% +4(x)|| (use Cauchy- 
Schwarz). 

b) Suppose E is a Hilbert space, and u is a compact self-adjoint operator. If 
u(x) τέ 0, show that u”(x) ~ 0 for any integer » > 0, and that the sequence of positive 
numbers a, = ||u+1(x)||/||w"(x)|| is increasing and tends to a limit, which is equal 
to the absolute value of an eigenvalue of u. Characterize that eigenvalue in terms of 
the canonical decomposition of +; when does the sequence of vectors u”(%)/ | |x) || 
have a limit in E? (Use (11.5.7).) 

11) Let u be a compact self-adjoint operator in a complex Hilbert space E, and 
let f be a complex valued function defined and continuous in the spectrum S(u). 
Show that there is a unique continuous operator v such that (with the notations of 
(11.5.7)), the restriction of v to E(u,) (resp. E(v;),E(0)) is the homothetic mapping 


y — f(up)y (resp. y > f (vz), y > 0). This operator is written f/(u); one has (f(u))* = f(u). 
If g is a second function continuous in S(u), and ἢ =f + g (resp. ἢ = fg), then 
h(u) = f(u) + g(u) (resp. h(u) = f(u)g(u)). In order that f(u) be self-adjoint (resp. 
positive and self-adjoint), it is necessary and sufficient that /(¢) be real in S(u) (resp. 
ΚΟ > 0 in S(u)); in order that /(u) be compact, it is necessary and sufficient that 
{(0) = 0. 

12) Let u be a compact positive hermitian operator in a complex Hilbert space E. 
Show that there exists a unique compact positive hermitian operator v in E such that 
υ = u; vis called the square root of u. 

13) Let E be a separable complex Hilbert space, (éy)y,>1 an orthonormal basis 
of E. Let u be the compact operator in E defined by u(e,) = 0, μεθ) = &, —1/” for 
n > 1. Show that there exists no continuous operator v in E such that v? = u. (Observe 


first that H = u*(E) is a closed hyperplane orthogonal to e,, and that it is contained 
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in H’ = v*(E); as H’ is orthogonal to x, = v(e,), conclude that necessarily +, = 0; 
next consider +, = v(e,), and observe that u(v(e,)) = 0, hence necessarily ἄς = hey, 
where Δ is a scalar; but this implies x, = 0, hence u(e,) = 0, a contradiction.) 

14) Let E be a separable complex Hilbert space, (¢n)n>0 an orthonormal basis, 
u the compact positive hermitian operator in E defined by u(eg) = 0, u(y) = δ, [ἢ 


CO 
for n> 1. The point a= Σ᾽ (e,/n) does not belong to u(E). Let Ἐρ be the dense 


n=1 

subspace of E which is the direct sum of u(E) and of the one-dimensional subspace 
~C(é) + @). Show that the restriction v of τὸ to Ey is a compact positive hermitian 
operator which is nondegenerate, although its continuous extension v =u to E is 
degenerate; furthermore, in the canonical decomposition (11.5.8) of the vector 
€) + a€ Ep, the summands do not all belong to Ep. 

15) a) Let U be a compact operator in a complex Hilbert space E, and denote by 
R and L the respective square roots (problem 12) of the compact positive hermitian 
operators U*U and UU* respectively. Show that there exists a unique continuous 


operator V in E, whose restriction to F = R(E) is an isometry onto U(E), whose 
restriction to the orthogonal supplement F’ to F is 0, and which is such that U = VR 
(observe that ||Ux|| = [|| for each »€ E). Prove that R= V*U = RV*V, and 
L= VRV*. 

b) Let (a) the full sequence of strictly positive-eigenvalues of R, and (a,) a cor- 
responding orthonormal system (problem 8). If ὃ, = Vay, show that (δ,) is an 


orthonormal system, and that, for any xe E, Ux = Lay(x\a,)b,, where the series 
n 


n 
on the right-hand side is convergent (if R,* = Σ᾽ ap(*|ax)az, show, using the proof 
k=1 


of (11.5.7), that lim ||R — R,J|| = 0, and apply a)). Deduce from that result that 


nm—> Ὁ 
(a,) is also the full sequence of strictly positive eigenvalues of L, and that (b,) is a 
corresponding orthonormal system. The sequence («,) is also called the full sequence 
of singular values of U. 

c) Let (u,) be the sequence of distinct eigenvalues ¢ 0 of U, arranged in such an 
order that |u,| 25 |un+1| for every ἢ for which p,, +1 is defined; let d, be the dimension 
of N(u,), and let (A,) be a sequence such that A, = my, |A,| > |A,+1| for every ἡ for 
which λ,,. 1 15 defined, and for each & for which μὰ is defined, the indices for which 
An = μὰ form an interval of N having ἀμ elements. Show that, for each index such 


nm n 
that λ, and a, are defined, JZ |A;| << IT a;. (Let V be the (direct) sum of the subspaces 
1=1 t=1 


N(u,) for 1<k<y, and let Uy be the restriction of U to V; show that there is 
in V an orthonormal basis (¢;)1 <j <m such that (U(e;)|ex) = 0 for k > 7; forn<m, 
if W,, is the subspace of V having ¢,,...,é, 85 a basis, let U, be the restriction of U 


n 
to W,, and let P, be the orthogonal projection of E on W,. Show that JT |A;|? is 
7=1 


equal to the determinant of ue U,, = P,U*UP,, and apply problem 9 a).) 
d) Let T be an arbitrary continuous operator in E, and let (y,) (resp. (d,)) be the 
full sequence of singular values of UT (resp. TU). Show that yy < a|(T|| (resp. 
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by, < || T||) for all values of n for which «,,y, and 6, are defined (if S = TU, observe 
that S*S < ||T||?U*U and use problem 8 ἀ)). 


e) Suppose T is also a compact operator, and let (,) be the full sequence of its 


n 


n n 
singular values. Show that IZ y; < ( Π αῇί I βὴ for all values of m for which a@,8, 
j=1 j=1 j=1 


and y, are defined (apply problem 9 b)). 


16) Let E be a complex Hilbert space, (a,) a sequence of points of E, (Ay) a 


sequence of real numbers. Show that if the series u(¥) = X'A,(%|@,)a,_ is convergent 
n 


in E for every ΧΕΕ, u is a hermitian operator in E. The convergence condition is 
always satisfied if the series of general term A,||a,,||? is absolutely convergent. If in 
addition (a,) is an orthonormal system, the convergence condition is satisfied if the 
sequence (A,) is bounded. When the A, are > 0 and the convergence condition is 
satisfied, τε is a positive hermitian operator. 


17) Let E be an infinite dimensional complex Hilbert space. For a positive her- 
mitian operator T in E, the following conditions are equivalent: 1° T(E) is dense 
in E; 2° T-1(0) = {0}; 3° (T*|x) > Ὁ for any * 40 (use the Cauchy-Schwarz 
inequality applied to (Tx|y)); 4° T is non-degenerate. We say that a compact operator 
U in E is quasi-hermitian if there exists a non-degenerate positive hermitian operator T 
such that TU = U*T. 


a) Show that if U #0, then TU? 4 0 (observe that (TU*s|x) = (TUs|U2)); 
furthermore, for any integer p> 0, ||TU??||? < ||TU2—2||- ||TU?+4|| (use the 


οῦ 
Cauchy-Schwarz inequality). Conclude that if U 4 0, the series Σ᾿ ¢”TU” cannot 


n=0 

be convergent for every € Ε ©, and therefore the spectrum of U is not reduced to 0. 

b) IfAis an eigenvalue of U,show that T(N(A;U)) CN(A;U*) and T(E(A;U)) CE(A;U*); 
deduce from these relations that / is real and that k(A;U) = 1, hence N(A;U) = E(A;U) 
(use (11.5.5) and the fact that (T%|7) = 0 implies ¥ = 0). Furthermore T(E(A;U)) = 
E(A;U*). 

c) Let P be the orthogonal projection of E on F(A;U); show that PUP is a quasi- 
hermitian compact operator in F(A;U) (observe that PUP = UP in F(A;U), and 
that in F(A;U), PTP is a non-degenerate positive hermitian operator). 


4) Let (A,) be the sequence of distinct eigenvalues of U, such that |Ay| > [An +1| 
for every ἢ, and suppose that sequence is infinite. Show that the intersection G of 
the closed subspaces F(A,,;U) is equal to U—1(0) (if P is the orthogonal projection 
of E onto G, observe that in G, PUP is a quasi-hermitian compact operator, and 
use a)). Denote by P,, the orthogonal projection of E onto F(A,;U); show that E 
is the Hilbert sum of G and of the subspaces E(A,;P,U* P,). Conclude that the sum 
(which is direct in the algebraic sense) of G and of the subspaces E(A,;U) is dense 
in E. Furthermore, if H is the sum of the subspaces E(A,;U), Gn H = {0}. (Observe 
that the subspace of E orthogonal to Ai is the kernel G’ = (U *)—1(0), and that T7(G) 6 σ΄, 
and use the fact that (T*|¥) = 0 implies * = 0.) 


e) Conversely, let U be a compact operator in E such that: 1° all eigenvalues An 
of U are real, and k(A,;U) = 1forevery; 2° if H is the sum of the subspaces E(A,;U), 
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the sum of G = U-1(0) and AN is direct and dense in E. Show that this implies that 

both U and U* are quasi-hermitian compact operators (and therefore the adjoint 

of a quasi-hermitian operator is quasi-hermitian). (As G’ = (U *)—1(0) is the subspace 

prthogonal to A, and the sum Η΄ of the subspaces Ε(λ,; 7") is such that Fi’ is the 

subspace orthogonal to G, U* satisfies the same conditions as U. Consider a hermitian 

operator T in E such that Tx = La,(%|b,)b,, where a, > 0, the (b,) form a total 
n 


subset of E (5.4), and are eigenvectors of U*; cf. problem 16.) 


6. The Fredholm integral equation 


We now apply the preceding theory to the example (11.2.8). We 
consider here the prehilbert space G of continuous complex-valued functions 


Be 
in I = [a,b], with (flg) = f f(é)g(é)dt, and the operator U such that Uf is 


the function 
b 


t +f K(s,t)f(s)ds. 


a 


We say that the operator U is defined by the kernel function K. 
(11.6.1) The compact operator U in G has a compact adjoint which ts defined 
by the kernel function K* such that K*(s,t) = K(é,s). 

We prove for a< x < ὁ the identity 


b x 


x b ΘΙ 
(11.6.1.1) J e(t)dt J K(s,2)f(s)ds =f f(s)ds J K(s,t)g(t)dt 


which, for x = ὃ, will yield the result by definition. Both sides of (11.6.1.1) 
are differentiable functions of x in [a,b], by (8.7.3) and Leibniz’s rule 
(8.11.2); they vanish for x = a, and their derivatives are equal at each. 
x € [a,b] by (8.7.3) and (8.11.2), hence they are equal everywhere in [4,0] 
(8.6.1). 

We leave to the reader the expression of the criterion (11.5.6) for that 
particular case (the ‘‘Fredholm alternative’). 


If K(t,s) = K(s,t) (in which case the kernel K is called hermitian), the 
compact operator U is self-adjoint. As the prehilbert space G is separable 
((7.4.3) or (7.4.4)), it can be considered as a dense subspace of a Hilbert 
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space G (6.6.2), and therefore we can apply to the operator U the results 
of (11.5.8). We shall denote by (λ,) the sequence of the (positive or negative) 
eigenvalues of U, each being repeated a number of times equal to its mul- 
tiplicity, and ordered in such a way that |A,| > |A ; and we will denote 
by (φ,) an orthonormal system in G such that, if the values of for which 
A, = My, (resp. A, = γε) are mm+1,....m+7, then Py. Pmip-+ omer 
constitute a basis for the eigenspace E(u,) (resp. E(v,)); we therefore have 
U(p,) = 4,9, for each η. The q, are called the ezgenfunctions of the 
kernel K. 


(11.6.2) If K is a hermitian kernel, the series XA, is convergent and 
bb 
XA, < Jf dt J \K(s,t)|2ds. 


Indeed, if we apply the Bessel inequality (6.5.2) to the function s > K(s,¢) 
and to the orthonormal system (φ,), we obtain, for any N 


N ὃ 
Ronis (s,t)q,,(S sis 8 < f IK (6. Pa 


1,6. 


σι 


Ν 
(11.6.2.1) Σ᾿ λεφ,(153Ξ1 )} 245 


ἨΞΕῚ 4 


for every ¢ € I. Integrating both sides in I and using the relations (φ, φ,)ΞΞ 1 
and (11.6.1.1) yields the result. 
The canonical decomposition in ἃ of any function { € G (11.5.7) can here 


b 54: -: 
be written / = .c,, + fy, where c, = (f|p,) = [{(ἢφ, (ἢ 4; but, as already 


observed, /, may fail to be in G; on the other hand, the series 2,,¢,9, 
converges in the Hilbert space G, but not in general in the Banach space 
E = @,(I) (in other words, the series Σ σφ (ἢ) will not necessarily converge 
for every ¢€ I). However: 


(11.6.3) If K is a hermitian kernel, and f = Ug for a function geG (i.e. 
b 
-- f K(s,4)g(s)ds), then the series L,c,p,(t) converges absolutely and 
uniformly to f(t) τη 1. 


We have in G the canonical decomposition g = 24,9, + & 3 as U is 
a continuous linear mapping of G into E = @,(I) (11.2.8) and Ug, = 0, 
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we have f= Ug = %,A,d,9,, where now the convergence is im E; i.e. the 
series Σ᾿ λ, Δ, φ, (ἢ converges uniformly to f(t) inE; as¢, = (f\p,) = (U δ]φ,) = 
(g\Up,) = An(glPn) = Andy we have proved (11.6.3) except for the statement 
on absolute convergence. But for any integer N, we have, by Cauchy- 
Schwarz (for finite dimensional spaces) 


N N N 
(2 lenPalt))® << ( Σ Nal?) ( Σ Alea)! 


and the right-hand side is bounded by a number independent of N, by 
Bessel’s inequality (6.5.2) and (11.6.2.1). 


(11.6.4) If K is hermitian, and A 15. not in the spectrum of U, the 
unique solution f of the equation Uf — Af=g, for any ge G, 1s such that. 
(i) =— = g(t) + a ue a dnQn(t), where the series is absolutely and 
uniformly convergent in I, and d,, = (g\9,)- 


We know that the unique solution of Uf — Af = g im G belongs to G 
since σε G (11.5.6), and by (11.5.11) we have c, = ([φ,) = 1/(A, — A). As 
g + Af = Uf, we can apply (11.6.3), and this proves the result. 


(11.6.5) Under the same assumptions as in (11.6.4), the unique solution 


b 
of Uf—af=g can be wnitten f(t) = — = a(t) + J R(s,t;A)g(s)ds, with 
l ae 
Riga ΒΈΝ, ΕῸ ae ae 
(s,t;A) 7B K(s,t) ae χλ, — ἢ Pn(s)Qu(t), where the series ts ab 


solutely and uniformly convergent for (s,t)e1 x I. 


By the proof of (11.6.3), we have Σ,,λ,4,φ, (ἢ = (δ, the series converging 
absolutely and uniformly in I. As 


sce δ, σας 
Jaa) 2 λιῪ.-Ξ ἢ 


the formula in (11.6.4) gives 


b 


b 
κ᾿ = — La) — | Konetods + Sq mld ἡκολφείοαν. 
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The theorem will follow when we have proved the uniform convergence 
of the series 2),A7|,(s)|?: for there is a 6 > 0 such that |A, — A| > ὃ for 


= ie 
each n, hence a nS) Dn ( 2 lon < 
ἘΠ (= Anlea(s s) |?) ( 2 an lal )|?) by Cauchy-Schwarz, and this will prove 


Ὥς 


that the series 2, εν" φρ(ϑ)φ (ἢ 15 absolutely and uniformly convergent 


in I x I; the conclusion then results from (8.7.8). 
b 
Now consider the function H(s,é) Ξ Εἰ u,s)K(t,u)du; for each fixed 


teI, we can apply to it (11.6.3), and we see that H(s,/) = Σ᾿, λξῳ, (ε)ῳ, (ἢ) 
where the series is convergent for any pair (5,) ΕἸ Χ I. In particular 
H(s,s) = 2,4; |p,(s)|?. for all seI, and H(s,s) is continuous; by Dini’s 
theorem (7.2.2), the convergence is uniform in I, q.e.d. 


(11.6.6) Jf Κα is hermitian, then lim [ἸΚι (s,t) — Σ Apa) S)y,(#)|*dt = 0 


t—> OO ὦ 


untformly for s El. 


With the notations of the proof of (11.6.5), we have 


(11.6.6.1) lim (H(s,s) — Σ λδὲφ;, (Θ)φ,(5)) = 0 
k=1 


uniformly for s eI; if we evaluate the integral in the statement of (11.6.6), 
using the fact that the φ, are eigenvectors of U, and that they are orthogonal, 
we obtain the expression in the left-hand side of (11.6.6.1), whence the 
result. 


In general, the series 2’ APS) s)@,,(t) will not be convergent for all (s,t) ΕἸ x I; 
but we have the special result: 


(11.6.7) (Mercer’s theorem). Suppose the compact operator U defined by 


the hermitian kernel K(s,t) ts positive. Then we have K(s,t) = 2,A,9,(S)9,(4), 
where the series 1s absolutely and untformly convergent in I x I. 


We recall that we have here A, > 0 for every (11.5.9). We first prove 
that for each s eI, the series 2',/,|,(s)|? is convergent. For any s eI, we 
have K(s,s) >0. Otherwise, there would exist a neighborhood V of s 
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in I such that #(K(s,t)) < — ὃ < 0 for (s,t)e V x V. Let be a contin- 
uous mapping of I into [0,1], equal to 1 at the point s, to 0 in I — V (4.5.2). 
Then we have 


f otatf K(s,t)p(s)ds < — ὃ (f pide)? <0 


by (8.5.3). But the left-hand side is (Ug|y), and this violates the assump- 
tion that U is a positive operator. 
Remark now that for any finite number of eigenvalues A, (l - k <2) 


K,(s,t) = K(s,t) πος A,px(s)p,(t) is the kernel function of ἃ posztive op- 


erator U,, for we have 


(U,f\) = (UIA -Σ dal(fles) 2: 


but the right-hand side of that equation can be written (Ug|g) with 


g=}— ἘΣ (f\p,)p, as is readily verified, hence is positive by assumption. 


Therefore, by (5.3.1) it follows from Κὶ, (5,5) > 0 that the series 2,,A,|p,(s) | 
is convergent, and we have 2)/,|,(s)|? < K(s,s) for alls eI. By Cauchy- 
Schwarz, we conclude that 


q 
(11.6.7.1) ΟΣ Aleals wl] <|/( 2 Σ AalPals )|?)( ἜΝ λρφ,(ἢ ἢ) 


for all (5,) ΕἸ x I. Hence, as Κίί,ἢὴ is bounded in I, for fixed 5 Εἰ, the 
series ὦ, λ,φ, (5) )p,(t) is uniformly convergent for ἐΕ 1. By (11.6.6), (8.7.8) 
and (8.5.3), we conclude that 2,/,9,(s)@,(é) = K(s,¢) for all (s,t) eI x I 


since ¢ > |K(s,t) — 2,A,@,(s)9,(¢)|? is continuous in I and its integral in 
I is 0. In particular, we have K(s,s) = Σ,,λ,φ,(5)}2; by Dini’s theorem 
(7.2.2) the series 2,/,|p,(s)|? is therefore uniformly convergent in I, and 


(11.6.7.1) proves that the series x, A,0(s)p,(t) is absolutely and uniformly 
convergent in I x I, which ends the proof. 
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Remarks. — (11.6.8) The result (11.6.7) is still true when we only suppose 
that U has a finite number of eigenvalues »,<0 (lL<k<m). For 
(11.5.7c)) shows then that in the space F,, ,, orthogonal supplement of 
E(v,) + ... + E(y,) in G, the restriction of the operator U is positive, and 
we apply (11.6.7) to that operator, which, as is readily verified, corresponds 


to the kernel function K(s,¢) — 24,A4,9,(s),(¢), where ἢ runs through all the 
indices (in finite number) such that A,< 0. The conclusion is then imme- 
diate. 


(11.6.9) We can consider the operator U in a larger prehilbert space, 
namely the space F, of regulated functions (7.6) which are continuous on 
the right (i.e. such that f(¢-+) = f(¢) for a << ὁ < 6) and such that f(b) = 0; 


b 
for such a function the relation f |f(t)|?dt = 0 implies /(¢) = 0 everywhere 


in I = [a,b], for it implies f(t) = 0 except at the points of a denumerable 
subset D (by (8.5.3)), and every ¢ such that a < ἐ < bis limit of a decreasing 
sequence of points of I — D. The space ἃ may be identified to a subspace 
of F,, by changing eventually the value of a continuous function ἐΕ ἃ 
at the point ὃ; it is easily proved (using (7.6.1)) that G is dense in F,. 
The argument of (11.2.8) then shows that U is a compact mapping of Ἐς, 
into the Banach space E = @,(1) (and a fortiort a compact mapping of the 
prehilbert space Εἰ, into itself). Αἰ the results proved for the operator U 
in G are still valid (with their proofs) when G is replaced by F.,. 


PROBLEMS 


1) Extend the results of section 11.6 (with the exception of (11.6.7)) to the case 
in which K(s,#) satisfies the assumptions of section 8.11, problem 4 (use that problem, 
as well as section 11.2, problem 5). 


2) In the prehilbert space G of section 11.6, let (f,) be a total orthonormal system 


n b 
(6.5); let K,(s,t) = 2 f,(s)f,(t), and let H,(s) = J [Kn(s,0) {ae (the ‘‘n-th Lebesgue 
k=1 n 


n 
function” of the orthonormal system (/,)). For any function g Ε G, let sy(g) = 2 (g|fx)fr, 
k=1 


b 
so that s,(g)(#) = [ K,(~,Ae(t)ae for any vel. 
a 


a) Prove that if, for an x,€I, the sequence (H,(%,)) is unbounded, then there 
exists a function g € G such that the sequence (s,(g)(%9)) is unbounded. (Use contradic- 
tion, and show that under the contrary assumption it is possible to define a strictly 
increasing sequence of integers (v;), and a sequence (g,) of functions of G, with the 
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b 
following properties: 1° let c, = sup| J Kn(oA)en(e)ae| (a number which is finite 
n a 


by assumption), let dy = ¢; + ὃς +... + OR—-1 let mz = f 1K ng( #0 lt and let 
Gp == sup (m,,...,mz— 1); then : 
my, > 2*** (qn + 1)(de + Ἀ); 
2° let mp, be a continuous function such that φχί(α) = gr(b) = 0, \pz(t)| <1 in I and 
Lf Kn, odontal > m,/2 (see section 8.7, problem 8); then g, = pr (2" (Gp + 1)). 
a 
2 
Then show that the function g = Σ᾿ g, is continuous in I and contradicts the assump- 


"πὴ 


tion: to evaluate the integral leo (x,,4)g(t)dt, split g into Σ gtert & & 
tok t>k 


majorize the second integral and minorize the two other ones (‘‘method of the gliding 


hump”).) 
b) ‘Show that for the trigonometric system (6.5) in I = [-- 1,17], the n-th Lebesgue 
Ss ash kin” | sin nat 2 
function is a constant h,, and that lim h, = + ©o (observe that = 
n—> 00 (k—1)jn| Sinz ἀπ 


for 2<k<n). Conclude that, for any χορ ¢1, there exists a continuous function g 


in I, such that g(— 1) = g(1) = 0, for which the partial sums (fet g(tje— *tdt)et***/2 
=—n -- - 
of the ‘‘Fourier series” of g are unbounded for Χὶ = %p. 
3) Let g be a continuous complex valued function defined in I = [—1,1] and 
such that g(—1) = g(1) = 0; g is extended to a continuous function of period 2 in R. 


Let K(s,t) be the restriction of g(s — ἢ toI x I; if g(—?¢) = g(t), the compact opera- 
tor U defined by the kernel function K(s,t) is self-adjoint. Show that the functions 


φρί(ἢ = enait)|/2 are eigenvectors of U, the corresponding eigenvalue being the 
‘Fourier coefficient’ a, = J e@e- nmidt of g. 


Using that result and problem 2, give examples of a hermitian kernel function K 


for which the series of general term Ay,gn(s Onl5)Pnlt ) has unbounded partial sums for certain 
values of s and ?#, and of a positive hermitian kernel function K for which there is a 


οο 
function {/¢ G such that the series 2 ({Πφρω)φμ(ἢ has unbounded partial sums for 

n=1 

certain values of 7. 
4) Let I = [— 22,2n], and define K(s,4) in I x I to be equal to the absolutely 
οο 
convergent series 2’ —; sin ns-sinnt for O<s< 2a, OXSt< 2a, and to 0 for 
n=1 ἢ 

other values of (5,2) in I x I. Give an example of a function fe G such that in the 
canonical decomposition of f, fy does not belong to G. (The eigenfunctions of K are 


949 XI. ELEMENTARY SPECTRAL THEORY 


1 
the functions g, such that o,(t) = 0 for —2%7<1< 0, ,(#) = —=sin nt for 


γπ 
0- ἐς 2π. Take for f a continuous function in I equal to 2π — ¢ in [0,27], and show 


oO 
that the series 2’ (f|p,)@,(¢) converges everywhere in I, but has a discontinuous sum.) 
n=1 


5) With the general notations of 11.6, let K be a hermitian kernel defined in 
I x I, and let U be the corresponding self-adjoint compact operator in G. Show that 
for every h > 0, U h corresponds to the hermitian kernel K,, which is defined induc- 
tively by K, = K, and 


b 
K,(s,¢) = J Ky — 1(s,u4) K(u,A) du. 


Prove that, for h> 2, K,(s,t) = 2 Mn Onls)Pn(t), the series being absolutely and 


b b 00 
uniformly convergent in I x I. Show in addition that A; = Jas f ΠΚκ(ς, ἢ) [34 = 2 |A,|4, 
a a n=1 


and that the sequence (A; 4 4/A,) is increasing, and has a limit equal to |A,|?, where A, 
is an eigenvalue of K of maximum absolute value (use Cauchy-Schwarz). 


6) With the notations of 11.6, let K be an arbitrary continuous kernel function 
in I x I, and let U be the corresponding compact operator in G. Let M be a finite 
dimensional subspace of G such that U(M) CM; let (,)1 «-- λει be an orthonormal 

n b b 
basis of the space M, and write Ud, = 2 ἀμκψε. Show that 2 [αι |/?< J at J |K(s,2)| 2ds. 
k=1 h,k aia 
(For each te I, apply Bessel’s inequality (6.5.2) to the function s + K(s,#) and the 
orthonormal system (ψ}) in G.) 


Let (A,,) be the sequence defined (for the operator U) in section 11.5, problem 15 c). 


0 οο ὃ ὃ 

Prove that the series 2 [λ,|2 is convergent, and 2 |/,|/2?< f dt J |K(s,2) [Ξ345. (Apply 
n=1 n=1 a oa 

the preceding result to any sum of subspaces N(uz), with the notations of section 11.5, 

problem 15 c).) 


7) Give an example of a hermitian kernel K(s,é), such that, if U is the corresponding 
compact operator in G, and V the square root of U? (section 11.5, problem 12), there 
is no hermitian kernel to which corresponds the compact operator V. (If there existed 
such a kernel, Mercer’s theorem (11.6.7) could be applied to it; take then for K the 
first example in problem 3.) 


8) A kernel function K(s,#) defined in I x I (with I = [a,b]) and satisfying the 
assumptions of section 8.11, problem 4, is called a Volterra kernel if K(s,t) = 0 for 


s>it Let K= sup |K(s,¢)|. If U is the compact operator in G corresponding 
steI x I 


to K (problem 1), show that U” corresponds to a Volterra kernel K,, such that 
|K,,(s,4)| < M*(¢ — s)*"~1/(m — 1)! for n> land s < ἐ (use induction on ”), Deduce 
from that result that the spectrum of U is reduced to 0, and that for any Ce €, 
[1 — CU)-4 = Al] < ΜΙξ[Μ -- ὦ], 
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-7. The Sturm-Liouville problem 


We consider, in a compact interval I = [4,Ὁ] of R, a linear differential 
equation of the second order 


(11.7.1) γ΄ — q(x)y + Ay = f(x) 


where g(x) is a real-valued continuous function in I, f(x) a complex-valued 
regulated function in I, which is continuous except at a finite number of 
interior points, and A a complex number. By a solution of (11.7.1) is meant 
a continuously differentiable complex-valued function y(x), such that γ' (x) 
is the primitive of a regulated function with only finitely many dis- 
continuities, and that the relation 


γ΄ (Δ) — (x) y(*) + Ay(x) = (5) 


holds in the complement in I of a finite subset of I. The Sturm-Liouville 
problem consists in finding solutions which also satisfy the two boundary 
conditions 


(11.7.2) hyy(a) + Ryy'(a) =0, ἀν) + ἐν (δ) = 0 


where h,,k1,4.,k, are real numbers, and A,,k; are not both 0 (2 = 1,2). 
We assume in the following the elementary theory of linear differential 
equations (see (10.8)). We first consider the homogeneous equation 


(11.7.3) γ΄’ —g(x)y + Ay =9. 
Note that y” is continuous in I for any solution of (11.7.3). 


(11.7.4) There exists a number r>0 such that, for A real and < --Υ͂, 
the only solution of (11.7.3) satisfying the boundary conditions (11.7.2) 15 0. 


As g,A, the h,,k, are real, it is clear that if a solution of (11 .7.3) verifies 
(11.7.2), its real and imaginary parts are also solutions verifying the same 
boundary conditions; we therefore can restrict ourselves to real solutions. 
Suppose first that 4k, 4 0, so that we can suppose ky = ἄς = — Ἰ. Then 
we can also suppose y(a) 4 0, otherwise we would have γ' (α) = 0, and by 
the existence theorem, our theorem would be proved. Multiplying y by 
a suitable constant, we may therefore assume that y(a) = 1, γ' (α) = Ay. 
Note that if we put z = y’/y for y(x) 4 0, we have 


(11.7.4.1) z’ = g(x) —A— “3. 
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Let M= sup |q(x) 


ΧΕΙ 
z'(a) = φ(α) — A — hy > 1, and therefore z is strictly increasing in a neigh- 
borhood of a in I. I claim that y(x) 40 in I and that z(x) > A, for all 
x% >a. Suppose first that y(x) vanishes in I, and let x, be the smallest 
solution > a of y{x) = 0. Then y(x) > 0 fora - x < x, hence y’(x,) < 0 
(it cannot be 0, or else y would be identically 0 in I) and as g(x) —A>0 
for all χ αὶ, y"(x)  Ο fora<x< x, by (11.7.3), hence y’ is increasing 
fora < χα < χ,, and therefore is < 0 in that interval; it follows that when 
x < 2%, tends to x,, 2(x) would tend to —oo. As z is continuous for 
ἃ Ξ- χα < x,, there would be in that interval a smallest x,> a such that 
2(%_) = A, and h, < 2(x) fora < x < x. This implies that z’(x,) <0; but 
we have ζΖ' (χε) = g(%,) — A-— hi} >1 and we obtain a contradiction, 
which proves both our assertions. In a similar way, we see that if we have 
A<—M—A§j—1, then 2(x) <h, in I. The function z would thus be 
such that |z(x)| < ὁ = sup ({h,|,|/,|) in I, where c is independent of Δ. Now 
from (11.7.4.1) we deduce 2’(x) > — M — Δ — c? = μ, hence, by the mean 
value theorem, ἦς — A, = 2(b) — 2(a) > w(b — a). If we take A such that 


, and suppose 4< —M—Ai—1; then we have 


ig yg) 


a ee ee 
A<—M-—c = 


1 


we obtain a contradiction, and this ends the proof of (11.7.4), when k,k, 40. 


Suppose next k, = 0, k, #0 (hence we can suppose k, = — 1). We 
can now, by multiplying y with a suitable constant, suppose y(a) = 0, 
γ᾽ (4) = 1; then z tends to + oo when x >a tends to a. Suppose 
A<—M-— 2; then I claim first that y’(x) >1 in I. As y’’(x) >0 by 
(11.7.3) for x > a in a neighborhood of a, we have y’(x) > 1 for x >a in 
that neighborhood. Suppose that γ΄ (Δ) = 1 for some x > a, and let x, be 
the smallest solution of that equation. Then y’(x) >1 for a<*<4%,, hence 
y(x) >0 in that interval, and y’’(x) >0 by (11.7.3); but we should have 
y""(x,) <0, which is a contradiction. We thus see that γ is strictly increasing 


in I, hence z is finite fora< x <b. I claim that z(x) > = M—A—1; 


otherwise, there would be a smallest x, such that z(x,) = = M—A—1, 
and at that point we would have z’(x,) <0. But from (11.7.4.1) we deduce 
2'(%_) = — M — A — 23(x,) > 1, and we have again reached a contradic- 
tion. If now we suppose A taken such that ἐξ << — M — 4 — 1, we find 
that the relation z(b) = h, is impossible, hence the theorem is proved in 
that case. The case k, = 0, k, € Ois treated similarly. Finally, if k,; =k, =0, 


7. THE STURM-LIOUVILLE PROBLEM 345 


we may again suppose y(a) = 0, y’(a) = 1, and the preceding argument 
shows that y is strictly increasing in I as soon as A< — M — 2; this of 
course is in contradiction with the condition y(b) = 0, and the proof is 
complete. 


Replacing if necessary g(x) by q(x) +7, and A by A+ 7, we can from 
now on suppose that there is πὸ nontrivial solution of (11.7.3) satisfying 
both boundary conditions (11.7.2), for A < 0. 

We will use the following identity 


b 


(14.7.5) f (u’v — v’u)dt = (μ΄ (δ)υ(6) — μ(δ)υ" (6}) — (μ΄ (α)υ(α) — u(a)v'(a)) 


which is an immediate consequence of the particular case p = 2 of (8.14.1) 
(μ΄ and v” are supposed to be regulated functions in 1). 


(11.7.6) For any t such thata<t «- ὃ, there exists a real-valued continuous 
function x — K,(x) defined in I and having the following properties: 

a) In each of the intervals ax x<t, t<x<b, K, ts twice contin- 
uously differentiable and is a solution of y"’ — q(x)y = 9. 

b) K, satisfies the boundary conditions (11.7.2). 

c) At the point x = t, K,(x) has a limit on the right and a limit on the 
left, and Κα (ἐ-Ἐ} — K,(¢—) = — 1. 


By the elementary theory of linear differential equations, there exists 
a solution “, 4 0 (resp. 4, τέ 0) of γ΄ — g(x)y = 0 satisfying the condition 
hyu,(a) + Ryu,(a) = 0 (resp. hgte(b) + k,u,(b) = 0), and u, and τς are 
not proportional (otherwise there would be a nontrivial solution of (11.7.3) 
with A= 0 satisfying both boundary conditions (11.7.2)); hence any 
solution of y’’ — g(x)y = 0 can be written in a unique way y= CU, + Cots 
with constant coefficients c,,c,, and the function ,(x)u3(x) — u(x)u,(x) 
is a constant d ~ 0 (by (8.14.1)). We now have only to choose the constants 
C,,C, such that the function K, equal to cw, for ἃ - χα <#, to Cyt, for 
t <x <b, should be defined and continuous at the point ¢, and satisfy 
condition c), which yields the relations 


CyM4(t) — Cyty(t) = 0 
cy; (t) — Cota (t) = 1 


and therefore gives ὦ = — u,(t)/d, cy = — u,(t)/d as the solution of our 
problem. 
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We say (by abuse of language) that K, is the elementary solution of 
γ΄ — q(x)y =0 corresponding to the singularity ¢; the function (ἐ,χ) +K,(x) 
is also written K(t,x) and called the Green function corresponding to the 
Sturm-Liouville problem under consideration. It is only defined for 
a<t<b, ax<x<b, equal to — u,(t)u,(x)/d for x <t, to — τοί )up(x)/d for 
Χ >t, hence is continuous, and moreover can be extended by continuity 
for ¢= a and t=6 by taking K(a,x) = —Uy(a)Uy(x)/d and K(b,x) = 
— U_(b)u,(x)/d; in addition it has the symmetry property 


(11.7.7) K(t,x) = K(x,#) 
as follows at once from its expression. 


(11.7.8) In order that a function y(x) be a solution of the equation 
γ΄ — q(x) y = f(x) and verify the boundary conditions (11.7.2), it is necessary 


b 
and sufficient that y(x) = =a Ce (f being a complex-valued 


regulated function in I, which is continuous except at a finite number of 
points of I). 


a) Suffictency. As 
b 


y(x) = δι | sono ες 


a 


Uy (t)f(Z)dt 


~ 
pai 
δ 
ὃς... 


the verification of the differential equation (at the points where / is contin- 
uous) and of the boundary conditions, reduces to routine computations of 
derivatives (and use of (8.7.3)). 

Ὁ) Necessity. Apply the identity (11.7.5) in both intervals a<t< x 
and χ «ἐς ὃ, with u(t) = y(t) and v(t) = K,(t); the relation y(x) = 


ὃ 
— {K(x)f()dt follows at once from the properties (11.7.6) of the Green 


function. 
From (11.7.8) it follows that any solution of the Sturm-Liouville problem 
is a solution of the Fredholm integral equation with hermitian kernel: 


b 
(11.7.9) y(*) — AJ Kx) (ἢ! = g(x), 
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where 
b 


g(x) = — J K(t.x) f(a, 
and conversely. The inverses A, of the eigenvalues τέ 0 of the operator UF 
in the prehilbert space G defined in (11.2.8), corresponding to the kernel 
function K, are called the eigenvalues of the Sturm-Liouville problem. We 
can now state the following theorem which solves the Sturm-Liouville 
problem in every case: 


(11.7.10) For any real-valued continuous function q(x) im the compact 
interval 1 = (a,b): 

a) The Sturm-Liouville problem has an infinite strictly increasing sequence 
of eigenvalues (A,) which are real numbers such that lim 4, = + © and 


n—> 


that the series 21/42 is convergent. 
b) For each eigenvalue i,, the homogeneous Sturm-Liouville problem has 


b 
a real valued solution φ, (Χ) such that [ y;(x)dx = 1, and every other solution 


is a constant mulirple of φ,. 

c) The sequence (φ,) is a total orthonormal system in the prehilbert space G 
(notation of (11.6)). 

d) Let w be a complex-valued continuous function in 1, which 15 the prim- 
itive of a regulated function w', such that: (i) w’ is continuous in I except at 
a finite number of interior points; (ii) w’ has a continuous derivative w" 
in each interval in which it is continuous; (iii) w satisfies the boundary 


b 
conditions (11.7.2). Then, if c= (ωφ,) = [τ(ὴφ, (4, we have 


w(x) = D,c,@,(x) where the series is absolutely and uniformly convergent in 1. 

e) If A ts not one of the eigenvalues i, for each regulated function f, contin- 
uous in 1 except at a finite number of points, the Sturm-Liowville problem 
has a unique solution τὸ which is such that c, = (w|9,) ts given by the formula 


b 
c, = a, [(λ — λ,), where d, Ξε [{(ἢφ, (ἢ αἱ. 
ἢ For A = λ,. a necessary and sufficient condition for the Sturm-Liouville 
b 
problem to have a solution is that f f(t)p,(t)dt = 0. Then, for any solution w, 


c, = (w|p,) is arbitrary, and form #n, ο,, is given by the same formula 
aS in 6). 
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The homogeneous Sturm-Liouville problem cannot have two linearly 
independent solutions, otherwise it would have solutions y for which γ(α) 
and γ΄ (4) are arbitrary, which is absurd; this proves b). The fact that all 
eigenvalues 4, are real follows from (11.7.7) and (11.5.7); moreover it 
follows from (11.7.4) that at most finitely many 4, are negative. By 
Mercer’s theorem ((11.6.7) and (11.6.8)), we have for the Green function 


(11.7.10.1) K(x) = 2 τ. φρ(ἢφ,(“) 

the series being absolutely and uniformly convergent inI x I (it is supposed, 
as we may, that 0 is not one of the A,). We observe that d) follows from 
(11.6.3) and (11.7.8) when the additional assumption is made on w that w’ 
is continuous in I. To prove d) in general, let ἐ; (1 <7 < m) be the points 
of I where w’ has a discontinuity, and let a, = w'(t; +) — w'(t; —). Then 


m 


the function v=w+ 2 aK, satisfies all the conditions of d) and in 


i=1 
addition has a continuous derivative, by (11.7.6). Using (11.7.10.1) we 
conclude the proof of d). From the fact that the identity mapping of 
E = @,(I) into G is continuous, it follows that for the functions w satisfying 
the conditions of d), we can also write w = Σ᾿ σφ,» the sequence being 
convergent im the prehilbert space G. To prove c) it will then be enough 
to show that the set P of these functions w is dense in G. Now, for any 
function #€G, consider the continuous function w, equal to u in 


1 
c ΒΝ me b — Z| , to a linear function χα >ax + # satisfying the first 


τὰν J ] 
(resp. second) boundary condition (11.7.2) in lac + | (rsp. [ ἘΠΕ ") ᾿ 


; ᾿ : 1 1 
and to a linear function in each of the intervals σ om’ at 2] ) 


1 I ' 
> ries 5b — |. We can in addition suppose that at the points a,), 


the value of w, is 0 or 1; it is then clear that |u(x) — w,,(x)| < [|| + 1 


: : 1 1 
in each of the intervals laa + Η and [ Ἔν ,b|, and therefore || — τῷ] 


is arbitrarily small by the mean value theorem; as w,, satisfies all conditions 
in d), this proves our assertion. Once c) is thus proved, it is clear that the 
total sequence (φ,) must be infinite, and (applying (11.6.2)), a) is also 
completely proved. Finally, e) and f) follow at once from (11.5.11). 
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Remark. It is possible to obtain much more precise information on the 
g, and 4,, and to prove in particular that A,/n? tends to a finite limit 
(see problems 3 and 4). 


PROBLEMS 


1) Let I = [a,b] be a compact interval in R, and let Hy be the real vector space 
of all real-valued continuously differentiable functions in I; Ηρ is made into a real 
prehilbert space by the scalar product 


δ 
(5}») = [(ἀ γ΄ + xy)dt. 


a 


a) Show that H, is separable (approximate the derivative of a function x Ε Hy 
by polynomials (7.4.1)); Hg, is therefore a dense subspace of a separable Hilbert 
space H (6.6.2). 


b) If (χη) is a Cauchy sequence in the prehilbert space Hy, show that the sequence 
(x,) is uniformly convergent to a continuous function v in I, and that if (y,) is a 
second Cauchy sequence in Ηρ having the same limit in H, then (y,) converges 
uniformly in I to the same function v; the elements of H can thus be identified to 
some continuous functions in I, which however need not be differentiable at every 


b 
point of I. (Observe that for every function χ ΕΗ, [χ(ἢ -- #(a)|< γι -- α([χ΄34}}} 
a 
in I.) Show that, for any function ΖΕ Hy which is twice continuously differentiable 
b b 
in I and such that z’(a) = 2’(b) = 0, (v|z) = — [Ὁυα΄ αἱ + fvzdt. 
a a 


c) Let «,B be two real numbers, g a continuous function in I. Show that in Ho, 
b 
the function + > Φ(“) = fue + qx*)dt — a(x(a))? — B(x(b))? is continuous. Let A 


a 


b 
be the subset of H consisting of the functions ¥ such that [5361 = ] (observe that 


a 
this is not a bounded set in the Hilbert space H). Show that in AN Hp, the g.l.b. of 
@(x) is finite. (One need only consider the case a > 0, 6 > Ὁ. Assume there is a 
sequence (χη) in AMHy such that lim ®(x,) = — oo, and, if γ, = ([χη at)¥2, 
n—> 0 


lim yy, = +0; consider the sequence of the functions y, = #,/y,, and derive a 
n—> © 


b 
contradiction from the fact that, on one hand lim Jonat = Q, and on the other hand, 
R—> Oa 


there is an interval [a,c] CI and a number p > 0 such that |y,(¢)| > p for every ἢ 
and every point ¢ € [a,c].) 
4) Let μι be the g.l.b. of ®(x) in AN Hy. Show that if (¥,) is a sequence in AN Hy 


such that lim ®(%,) = μι, (¥,) is bounded in H (same method as in c)). Deduce 
n—-> Ὁ 
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from that result that, by extracting a convenient subsequence, one may assume that 
the sequence (%,) is uniformly convergent in I to a function uw (which, however, need 
not a priors belong to H) (use Ascoli’s theorem (7.5.7)). 

6) @(x) is a quadratic form in Hp, i.e. one has O(% + y) = O(x) + Oy) + 2W (x,y), 
where Y¥ is bilinear; for any function z which is twice continuously differentiable in I 


b b 
and such that 2’(a) = 2’(b) = z(a) = 2(b) = 0, one has W(x,z) = — [στ΄ αἱ os Saxzdt; 
a a 
Y(u,z) can be defined by the same formula for any function v continuous in I. Show that 


b 
for any such function z and any real number &, one has lim (@(%, + &2) Lf (@n + ξ2) 545 μι 
Ή--»ΟΟ a 
and deduce from that result that one must have 


b 
J (uz’’ — quz + py,uz)dt = 0. 


a 


Hence, if w is a twice continuously differentiable function such that τ΄ = gu — μη, 
b 
one has J (u — w)z’’dt = 0 by integration by parts; conclude that u — w is a pol- 
᾿ | 


ynomial of degree <1 (observe that by substracting from u— w a suitable 
polynomial » of degree 1, there exists a function z such that 27” =u—w-— ῥ, 
z(a) = 2(b) = 2’(a) = 2’(b) = 0). Hence » is twice continuously differentiable, satisfies 
the differential equation 


μ΄΄ — qu + pu = 0,. 
b 
and is such that furat = 1; furthermore, u’(a) = — au(a), u’(b) = Bulb). (To prove 
“ ὃ 
the last statement, express that for any z€ Hy, O(u + 2) > wy, J(u + &z)#dt, for 
a 


any real number | &.) 


2) a) With the notations of (11.7.10), suppose first that ἃ, 5 ~ 0, and let a = h,/Ay, 
8 = — h,/k,. Show that the , can be defined (up to sign) by the following condi- 
tions: 1° g, is such that, on the sphere A: (y|y) = 1 in Ὁ, the function ® (defined 
in problem 1 c)) reaches its minimum for y = q,, and that minimum is equal to 4,; 
2° for m > 1, let A, be the intersection of A and of the hyperplanes (y|gy,) = 0 for 
l<k<n-—1; then g, is such that on A,, ® reaches its minimum for y = Qy, 
and that minimum is equal to 4,. (The characterization of φ' follows at once from the 
results of problem 1; use the same kind of argument to characterize @y.) 

b) If αι = 0, ky # 0, prove similar results, replacing « by 0 in ®, but replacing 
the sphere A by its intersection with the hyperplane in G defined by y(a) = 0. Proceed 
similarly when k, # 0 and A, = 0, or when k, = k, = 0. 

c) Under the assumptions of a), let z,,...,z,—1 be ἢ — 1 arbitrary twice contin- 
uously differentiable functions in I, and let B(z,,...,2,—4) be the intersection of A 
and of the m — 1 hyperplanes (y|z,) = 0(1< k <n — 1). Show that in B(z,,...,2,— 1), 
the function ® reaches a minimum p(2,,...,2,—1) at a point of B(z,...,z, 1), and 
that A, is the lu.b. of p(z,,...,2,—1) when the z; vary over the set of twice contin- 
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uously differentiable functions in I (the ‘maximinimal”’ .principle; same method as 
in a) to prove the existence of the minimum; the inequality is proved by the same 
method as in section 11.5, problem 8). Extend the result to the cases k,k, = 0. 

3) a) One considers in the same interval I two linear differential equations of 
the second order y’”’ — gy + Ay = 0, γ΄ — 42 + Ay = 0, with the same boundary 
conditions (11.7.2); let (a ), (ai?) ) be the two strictly increasing sequences of 
eigenvalues of these two Sturm-Liouville problems. Show that if 4) Ξξ 4., then 
iV < alt) for every ἢ, and if |g,(#) — 4,(ἢ} < Min I, then a -- ai?) < M for every » 
(use the maximinimal principle). 

b) Conclude from a) that there is a constant ¢ such that 


ηπ3 
13 


ΞΟ 


for every η, with 1 = ὃ — a. (Study the Sturm-Liouville problem for the particular 
case in which 4 is a constant). 

4) a) Let y be any solution of (11.7.3) in I = [α,Ὁ] for A> 0. Show that there 
are two constants A,w such that y is a solution of the integral equation 


t 
Eon 1 = 
(*) y(t) = Asin V2 + ow) + la | (5) γ(5) sin EXC — s)ds. 


Show that there exists a constant B independent of A, such that A? < B(yly) (use 
Cauchy-Schwarz in order to majorize the integral on the right-hand side of (*)). 

b) Deduce from a) that if, in the Sturm-Liouville problem, kik, # Oor kh, = kg = 9, 
then there are two constants C,,C,, such that, for every ἢ, and every tel 


a(t) — γ: sin |/Ant 
24—-  ae 
gn(é) — γ᾽ 71. cos |/ Ant 


(use a), and the result of problem 3 b)). What is the corresponding result when only 
one of the constants ἃ. ἂς is 0? 


<Cy/n 


and 
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and 11.6, prob. 2 

Metric space: 3.1 

Minimal solution of a differential equa- 
tion: 10.7, prob. 4 

Minorant: 2.3 

Minorized set, minorized function: 2.3 

Minkowski’s inequality: 6.2 

Monotone function: 4.2 

Morera’s theorem: 9.10, prob. 2 


N 


Natural boundary: 9.15, prob. 7 
Natural injection: 1.6 

Natural ordering: 2.2 

Negative number: 2.2 

Negative real half-line: 9.5, prob. 8 
Neighborhood: 3.6 

Nondegenerate hermitian operator: 11.5 
Norm: 5.1 | 


INDEX 


Normally convergent series, normally 
summable family: 7.1 
Normed space: 5.1 


oO 


One-to-one mapping: 1.6 

Onto mapping: 1.6 

Open ball: 3.4 

Open covering: 3.16 

Open interval: 2.1 

Open neighborhood: 3.6 

Open polycylinder: 9.1 

Open set: 3.5 

Operator: 11.1 

Opposite path: 9.6 

Order of an analytic function at a point: 
9.15 

Order of a linear differential operator: 
8.13 

Ordered pair: 1.3 

Origin of an interval: 2.1 

Origin of a path: 9.6 

Orthogonal projection: 6.3 

Orthogonal supplement: 6.3 

Orthogonal system: 6.5 

Orthogonal to a set (vector): 6.1 

Orthogonal vectors: 6.1 

Orthonormal basis: 6.5 

Orthonormal system: 6.5 

Orthonormalization: 6.6 

Oscillation of a function: 3.14 


P 


p-adic distance: 3.2 

Parallel hyperplane: 5.8, prob. 3 

Parseval’s identities: 6.5 

Partial derivative: 8.9 

Partial sum (mth) of a series: 5.2 

Path: 9.6 and 10.2, prob. 6 

Path reduced to a point: 9.6 

Peano curve: 4,2, prob. 5 and 9.12, prob. 5 

Peano’s existence theorem: 10.5, prob. 4 

Phragmén-Lindeléf’s principle: 9.5, 
prob. 16 

Picard’s theorem: 10.3, prob. 8 

Piecewise linear function: 8.7 
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Point: 3.4 

Pole of an analytic function: 9.15 
Positive definite hermitian form: 6.2 
Positive hermitian form: 6.2 

Positive hermitian operator: 11.5 
Positive number: 2.2 

Power series: 9.1 

Precompact set: 3.17 

Precompact space: 3.16 

Prehilbert space: 6.2 

Primary factor: 9.12, prob. 1 
Primitive: 8.7 

Principle of analytic continuation: 9.4 
Principle of extension of identities: 3.15 
Principle of extension of inequalities: 3.15 
Principle of isolated zeros: 9.1 
Principle of maximum: 9.5 

Product of metric spaces: 3.20 
Product of normed spaces: 5.4 
Projection (first, second, 7th): 1.3 
Projections in a direct sum: 5.4 
Purely imaginary number: 4.4 
Pythagoras’s theorem: 6.2 


Q 


Quasi-derivative, quasi-differentiable 
function: 8.4, prob. 4 


R 


Radii of a polycylinder: 9.1 

Radius of a ball: 3.4 

Rational number: 2.2 

Rank theorem: 10.3 

Real line: 3.2 

Real number: 2.1 

Real part of a complex number: 4.4 

Real vector space: 5.1 

Regular frontier point for an analytic 
function: 9.15, prob. 7 

Regular value for an operator: 11.1 

Regularization: 8.12, prob. 2 

Regulated function: 7.6 

Relative maximum: 3.9, prob. 6 

Relatively compact set: 3.17 

Remainder (mth) of a series: 5.2 

Residue: 9.15 


360 


Resolvent of a linear differential equa- 
tion: 10.8 

Restriction of a mapping: 1.4 

Riemann sums: 8.7, prob. l 

Riesz (F.)’s theorem: 5.9 

Road: 9.6 

Rolle’s theorem: 8.2, prob. 4 

Rouché’s theorem: 9.17 


Scalar: 9.1 

Scalar product: 6.2 

Schoenflies’s theorem: 9. App., prob. 9 

Schottky’s theorem: 10.3, prob. 6 

Schwarz’s lemma: 9.5, prob. 6 

Second mean value theorem: 8.7, prob. 2 

Segment: 5.1, prob. 4, and 8.5 

Self-adjoint operator: 11.5 

Semi-open interval: 2.1 

Separable metric space: 3.10 

Separating points (set of functions): 7.3 
Separating two points (subset of the 


plane): 9. App. 3 
Sequence: 1.8 
Series: 5.2 
Set: 1.1 


Set of mappings: 1.4 

Set of uniqueness for analytic functions: 
9.4 

Simple arc, simple closed curve, simple 
loop, simple path: 9. App. 4 

Simply connected domain: 9.7 and 10.2, 
prob. 6 

Simply convergent sequence, 
convergent series: 7.1 

Simpson’s formula: 8.14, prob. 10 

Singular frontier point for an analytic 
function: 9.15, prob. 7 

Singular part of an analytic function at 
a point: 9.15 

Singular values of a compact operator: 
11.5, prob. 15 

Solution of a differential equation: 10.4 
and 11.7 

Spectral value, spectrum of an operator: 
11.1 


simply 


INDEX 


Sphere:. 3.4 

Square root of a positive hermitian 
compact operator: 11.5, prob. 12 

Star-shaped domain: 9.7 

Step function: 7.6 

Stone-Weierstrass theorem: 7.3 

Strict relative maximum: 3.9, prob. 6 

Strictly decreasing, strictly increasing, 
strictly monotone: 4.2 | 

Strictly negative, strictly positive num- 
ber: 2.2 

Sturm-Liouville problem: 11.7 

Subfamily: 1.8 

Subsequence: 3.13 

Subset: 1.4 

Subspace: 3.10 

Subspace of a normed space: 5.4 

Substitution of power series in power 
Series: 9.2 

Sum of a series: 5.2 

Sum of an absolutely summable family: 
5.3 

Supremum of a set, of a function: 2.3 

Surjection, surjective mapping: 1.6 

Symmetric bilinear form: 6.1 

System of scalar linear differential equa- 
tions: 10.6 


Τ 


Tangent mappings at a point: 8.1 

Tauber’s theorem: 9.3, prob. 2 

Taylor’s formula: 8.14 

Term (nth) of a series: 5,2 

Theorem of residues: 9.16 

Tietze-Urysohn extension theorem: 4.5 

Topological direct sum, topological direct 
summand, topological supplement: 5.4 

Topological notion: 3.12 

Topologically equivalent distances: 

Topology: 3.12 

Total derivative: 8.1 

Total subset: 5.4 

Totally disconnected set: 3.19 

Transcendental entire function: 9.15, 
prob. 3 

Transported distance: 3.3 


3.12 


Triangle inequality: 3.1 and 5.1 
Trigonometric polynomials: 7.4 
Trigonometric system: 6.5 


U 


Ultrametric inequality: 3.8, prob, 4 

Underlying real vector space: 5.1 

Uniformly continuous function: 3.11 

Uniformly convergent sequence, 
formly convergent series: 7.1 

Uniformly equicontinuous set: 7.5, prob, 5 

Uniformly equivalent distances; 3.14 

Union of two sets: 1.2 

Union of a family of sets: 1.8 

Unit circle: 9.5 

Unit circle taken » times: 9.8 


uni- 


INDEX 


ν 


Value of a mapping: 1.4 
Vector basis: 5.9, prob. 2 
Vector space: 5.1 

Volterra kernel: 11.6, prob. 8 


Ww 


Weierstrass’s approximation theorem: 7.4 
Weierstrass’s preparation theorem: 9.17, 
prob, 4 
Weierstrass’s theorem on essential sin- 
gularities: 9,15, prob. 2 


Ζ 


Zero of an analytic function: 9.15 
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